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Mat hematical Practice Standa rds (MP) summary of each standard

1. Make sense of problemsand persevere in solvingthem.

Mathematicaly proficient studentsinterpret and make meaning of the problem looking for starting
points. They analyzewhat isgivento find the meaning of the problem. They plan a solution pathway
instead of jumpingto a solution. These sudents can monitor their progressand change the approachif
necessary.They seerelationshipsbetween variousrepresertations. They relate current situationsto
concefisor skills previously learned and connect mathematicalideasto one another. Ingrade6,
students solve problemsinvolving ratiosand rates and discusshow they solved them. Sudentssole
real world problemsthrough the application of algebraicand geometric concefis. Sudentsseek the
meaning of a problem and look for efficient waysto representand solve it. They may checktheir
thinking by askingthemselves,& 2 K istlie mostefficient wayto solvethe probleY K & Besthis
make seise? ahR & /shlvgthelproblem in adifferent way?é

2. Reason abstactly and quantitatively.

Mathematicdly proficient students make senseof quantitiesand their relationships. They areableto
decontextualize (representa situation symbolically and manipulate the symbols)and contextualize
(make mearing of the symbolsin a problem) quantitativerelationships. Younger studentsrecognize that
anumber represertsa specific quantity. They connect the quantity to written symbols. Quantitative
reasoring entails creating arepresertation of a problem while attendingto the meanngsof the
guantities, not just how to compute them. Ingrade6, students represent awide variety of real world
contextsthrough the useof real numbersand variablesin mathematical expressons, equations,and
inequalities. Sudents cortextualize to understand the meaning of the number or vanable asrelated to
the problem and decontextualize to manipulate symbolic represertationsby applying properties of
operations.

3. Gonstruct viablearguments and critique the reasoning of others.

Mathematicdly proficient students analyze problemsand use stated mathematical asumptions,
definitions,and egablished resultsin constructingargumernts. Frst graders congruct argumentsusing
concrete referents, such as objects, pictures, drawings,and actions. Ingrade6, studentscongruct
argumentsusing verbal or writt en explanationsaccompanied by expressons,equations,inequalities,
models, and graphs,tables,and other data displays (i.e. box plots, dot plots, histograms, etc.). They
further refine their mathematical communication skills through mathematicaldiscussonsin which they
critically evduate their own thinking and the thinking of cther sudents. Theypose questionsli{ SHow
did you get that?¢ 2~ dsthétérue?®  @Bhat always work?¢ They explain their thinkingto others
and respond to otheNJhi{king.

4. Model with mathematics.

Mathematically proficient students undergand that models are a way to reasonquantitatively and
abstractly (eble to decontextualize and contextualize). In grade 6, stidents model problem situations
symbolicaly, graphically, tabularly, and contextually. Studentsform expressions,equations,or
inequalitiesfrom realworld contexts and connect ymbolic and graphical representations. Sudents begn
to explore covarianceand represent two quantities smultaneoudy. Sudents use mmber lines to
compare numbersand represent inequalities. Theyusemeasues ofcenterand vanabhility and data
displays (.e. box plots and histograms) todraw inferencesabout and make canpalisonsbetween data
sets. Students needmany opportunitiesto comect and explain the comectionsbetween the different
representations. Theyshoud be able to useall of theserepresentationsas appropriate to a problem
context.
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Mat hematical Practice Standa rds (MP) summary of each standard

5. Use appropriate tools strategically.

Mathematically proficient students useavalable tools recognizing the drengthsand imitations ofeach.
Sudents congder available tools (induding estimation and technology) when sdvinga mathematical
problem and dedade when cetain tools might be helpful. Foringance,studentsin grade 6may dedde to
represent similar data sets ugngdot plots with the same sa@le to visually compare the centerand
variability of the data. Additionally, students might usephysical objeds or applets toconstruct nets and
cdculate the surface areaof three-dimensimal figures.

6. Attend to predsion.

Mathematically proficient students conmunicate precisdy with othersand try to use cleamathematical
language whendiscus#ng their reasonng. Theyundergand meanings of symbols usedn mathematics
and can hbel quantitiesappropriately. Ingrade 6,students contnue to refine their mathematical
communication ills by using clearand predselanguage in their discussonswith othersand in their own
reasonng. Students useappropriate terminology whenreferring to rates, ratios,geometric figures,data
displays,and components ofexpressions,equations orinequalities.

7. Look for and make use of structure. (Deductive Re&soning)

Mathematically proficient students apply general mathematical rulesto sedfic situations. Theylookfor
the overall structure and patternsin mathematics. Studentsroutinely seek patterns orstructuresto
modeland sdve problems. Foringance, stidents recognize patternsthat existin ratio tablesrecognizing
both the additive and multiplicative properties. Students apply propertiesto generate equivalent
expressions (.e. 6 +2x=2 (3+Xx) by distributive property) and sdve equations(i.e. 2c+3 =15, 2c=12 by
subtraction property of equality; c=6 by division property of equality). Students canposeand decompose
two- and three-dimensional figuresto sdve real world problems involving areaand volume.

8. Look for and express regularity in repeated reasoning. (Inductive Resoning)

Mathemeatically proficient students seerepeated cdculationsand look for generalizaionsand shartcuts.
In grade 6, students userepeaed reasonngto undersand algorithms and make generalizationsabout
patterns. During multiple opportunities tosdve and model problems, they may noticethat a/b +c/d =
ad/bc and constuct other examydesand models that confirm their generalization. Stidents connecplace
value and their prior work with operations tounderstand algorithmsto fluently divide multi-digit numbers
and perform all operationswith multi-digit decimals. Sudentsinformally begin to make comections
between covariance,rates, and representations shovingthe relationships between quantities.
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Summary of Sandardsfor Mathematical Practice Questionsto Develop Mathematical Thinking

1. Make sense of problemsand persevere in solving them. Howwould you describe the prdblem in your own words? How|
would you describe what you are trying to find?

Interpret and make meaning of the problem looking for starting What do you notice about...?
points. Analyzewhat is given to explainto themsdvesthe
meaning of the problem.

What information isgivenin the prablem?
Describe the relationship between the quantities.

Plana soltion pathwayinstead of jumpingto a soution. Describe what you have alreadytried.
Canmonitor their progressand changethe approachif What might you change? o
necessary. Talkme through the stepsyouQ @i§:d to this point.

What stepsin the process are you most confident about? What

Seerelationshipsbetween variousrepresentations. are some other strategiesyou might try?

Relate current situationsto concepts or skills previously What are some other problemsthat are similar to thisone?
learned and connect mathematicalideasto one another. Howmight you use one of your previous problemsto help you
Canunderstand various approachesto solutions. begin?
Catinually ask themselvesdéDoesthis make sense?¢ Howelse might you organize...represert... show...?

2. Reason abstractly and quantitatively. What do the numbers usedin the prablem represert?
Makesense of quantitiesand their relationships. What is therelationship of the quantities?
Areable to decontextualize (represent a situation synbolically H?]W |_sﬁ_rela;t$d tbo —? d 5
and manipulate the symbols) and contextualize (makemeaning What :jSt erelationship etweeno abn I _
of the symbolsin a problem) quantitative relationships. W Ztiag?;sn)imeamo you? (e.g. symbol, quantity,

Understand the meaning of quantitiesand are flexible in the use

) ) ; What propertiesmight we use to find asdution?
of operationsand their properties.

How dd youdedde in thistask that youneededto use...?

Create a logicalrepresentation of the problem. Gould we have used arother operation or property to sdve
Attendsto the meaning of quantities, not just how to compute thistask? Why or why not?
them.
3. Qonstruct viable arguments and critique the reaoning What mathematical evidence would support your sdution?
of others How canwe be sure that...? / How @uld you provethat...?
) Will it still work if...?
Analyzeproblemsand use stated mathematicalassumptions, What were you considering when...?
definitions, and established results in constructingarguments. How did youdeddeto try that strategy?
Justify conclusionswith mathematicalideas. How didyoutestwhether your approach worked?

How didyoudedde whatthe prdblemwasaskingyouto
find? (What wasunknown?)

Did youtry a method that did not work? Why didnQitiwork?

Would it ever work? Why or why not?

What isthe same and what is different about...?
Camparetwo argumentsand determine correct or flawed logic. How ocould you demonstrate a counter-example?

Listen to the arguments of others and ask useful quegionsto
determineif an argument makessense.

Ask clarifying questionsor sugged ideasto improve/revise the
argument.

4. Model with mathematics.

Understand thisis a wayto reasonquantitatively and abstractly What number model cmuld you construct to representthe

(able to decontextualize and contextualize). problem?

What are some waysto represent the quantities?

WhatQ @n equation or expresdon that matchesthe diagram...,
number line.., chart..., table..?

Where did you see one of the quantitiesin the task inyour

Apply the math they know to solve problemsin everydaylife.

Areable to simplify a ammplex problem and identify important
quantitiesto look atrelationships.

Represent mathematicsto describe a situation either with an equation or expression?
equation or adiagram and interpret the results of a Would it helpto create a dagram, graph, table...?
mathematicalsituation. What are some waysto visually represent...?

Reflect on whether the results make sense, possibly improving or What formula might apply in this situation?
revisingthe model.

Askthemsdves & bw can | represent this mathematically?e
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Summary of Sandardsfor Mathematical Practice

Questionsto Develop Mathematical Thinking

5. Use appropriate tools strategically.
Use available toolsrecognizing the strengthsand limitations of
each.

Use estimation and other mathematicalknowledgeto detect
possble errors.

Identify relevant external mathematicalresourcesto pose and
solve problems.

Use technologicaltoolsto deepen their understanding of
mathematics.

What mathematical tools could weuse to visualizeand
represent the situation?

What information do you have?

What do you know that isnot stated inthe prdblem?

What approach are you considering trying first?

What estimate did you make for the sdution?

In this situation would it be helpiil to use...agraph...,
number line..., ruler..., diagram..., calculator..., manipulative?

Why wasit helpful to use...?

What can using a show us,that may rot?

Inwhat situationsmight it be more informative or

helpful to use...?

6. Attend to precigon.

Cammunicateprecisely with othersand try to use clear
mathematicallanguage when discussing their reasoning.

Understand meanings of symbolsused in mathematicsand can
label quantitiesappropriately.

Expressnumericalansverswith a degree of precision
appropriate for the problem context.

Calcute efficiently and accurately.

What mathematical terms apply inthis situation?

How did you know your solution wasreasonable?

Expain how you might show that your sdution answersthe
problem.

Isthere amore efficient strategy?

How are you showing the meaning of the quantities?

What symbols or mathematical notationsareimportant in this
problem?

What mathematical language...,definitions..., properties
can youuse to explain...?

How oould you testyour solution to seeif it answersthe
problem?

7. Lodk for and make use of structure.
Apply generalmathematicalrulesto specific situations.

Look for the overall structure and patternsin mathematics.

See complicated thingsas single objects or asbeing composed of
several objects.

What observationsdo youmake atout...?

What do you notice when...?

What parts of the problem might you eliminate...,.simplify...?

What patternsdoyoufindin...?

How doyouknow if somethingisa pattern?

What ideasthat we have learned before were useful in sdving
this problem?

What are some other problemsthat are similar to thisone?

How doesthisrelate to...?

In what waysdoesthis problem mnnectto other
mathematical mncepts?

8. Lok for and express regularity in repeated reasoning.

Seerepeated calculationsand look for generalizationsand
shortcuts.

Sethe overall process of the problem and still attend to the
details.

Understand the broader application of patternsand see the
structure in similar situations.

Camtinually evaluate the reasonablenessof their intermediate
results.

Will the same strategywork in other situations?
Isthisalwaystrue, sometimestrue or never true?
How would we prove that...?
What do you notice about...?
What is happeningin this situation?
What would happenif...?
Isthere amathematical rule for...?
What predictionsor generalizations can this pattern
support?
What mathematical mnsistendes doyou notice?
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MathematicsStandards for High Schoelntroduction

The high school ahdards specify the mathematics that all students should study in order to be college and career ready.
Additional mathematics that students should learn in fourth credit courses or advanced courses such as calculus, advanc
statistics, or discrete ma#matics is indicated by (+).

All standardsvithout a (+) symbol should be in the common mathematics curriculum for all college and career ready
students. Standards with a (+) symbol may also appear in courses intended for all students.

The high schodtandards are listed in conceptual categoridumber and Quantity Algebrg Functions, Modeling,
Geometry,and Statistics and Probability Conceptual categories portray a coherent view of high school mathematics; a
aGdzRSy i Qa ¢2N) @bl KrosFeda/nOriberdifradiiondl 2oise Hatihdaries, potentially up through and
including calculus.

Modeling is best interpreted not as a collection of isolated topics but in relation to other standards. Making mathematical
models is a Standard fordthematical Practice, and specific modeling standards appear throughout the high school
standards indicated by a star symbal.(

Number and Quantity

The Real Number System-iRiN)
Quantities (NQ)E

The Complex Number SystentQNl)
Vector and Matrix Quantities (NM) +

= = =| =

Algebra
Seeing Structure in ExpressionsS8E)

Arithmetic with Polynomials and Rational Expressior8RR)
Creating Equations (BED¥E
Reasoning with Equations and InequalitiesR(Al)

=a =4 -8 A

Funcions
9 Interpreting Functions )
9 Building Functions {BF)
9 Linear, Quadratic, and Exponential Modeld e
9 Trigonometric Functions {F9

Modeling

Geometry
Congruence (&€0)

Similarity, Right Triangles, and TrigonometrySiEsT)
CirclegGC)

Expressing Geometric Properties with Equation&HE)
Geometric Measurement and Dimension@MD)
Modeling with Geometry (1G) €

= =) =] =] =] =

Statistics and Probability
9 Interpreting Cateqgorical and Quantitative Data[$
1 Making Inferences and Justifying ConclusioA€)S
9 Conditional Probability and the Rules of ProbabilitC 3
1 Using Probability to Make DecisionsM®) +
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Conceptual Categoryodeling

(RETURN TO PG. 5

Modeling links classroom mathematics and statistics to everyday life, work, arsiashenaking. Modeling is the
process of choosing and using appropriate mathematics and statistics to analyze empirical situations, to understatr
them better, and to improve decisions. Quantities and their relationships in physical, economic, public policy, socie
and everyday situ#ons can be modeled using mathematical and statistical methods. When making mathematical
models, technology is valuable for varying assumptiorgloging consequences, and comparing potdins with

data.

A model can be very simple, such as writingit@ost as a product of unit price and number bought, or using a
geometric shape to describe a physichjext like a coin. Even such simple models involve making choices. Itis up
to us whether to model a coin as a thrdémensional cylinder, or whethex two-dimensional disk works well

enough for our purposes. Other situatianmodeling a delivery route, a production schedule, or enparison of

loan amortiationst need more elaborate models that use other tools from the mathematical sciences. Real
world situations are not organized and labeled for analysis; formulating tractable models, representing such
models, and analyzing them is apprigtely a creative process. Like every such process, this depends on acquired
expertise as well as cavity.

Sone examples of such situations might include:
w Estimating how much water and food is needed for emergency relief in a devastated cityltié3 paople,
and how it might be distributed.
Planning a table tennis tournament for 7 players aldavith 4 tables, where each player plays against each
other player.
Designing the layout of the stalls in a school fair so as to raise as much money as possible.
Analyzing stopping gtance for a car.
Modeling savings account baland&acterial colony growth, or investment growth.
Engaging in critical path analysis, e.g., applied to turnaround of an aircraft at an airport.
Analyzing risk in siaions such as extreme sports, pandemics, and terrorism.
Relating population stastics to individual predtions.

€

eegeegeege

In situations like these, the models devised depend on a number of factors: oisgan answer do we want or
need? What aspects of the situation do we most need to understand, control, or optimize? &&bataes dtime

and tools do we haveThe range of models that we can create and analyze is also constrained by the limitations of
our mathematical, statistical, and technical skills, and our ability to recognize significant variables and relationships
among them Diagrams of various kinds, spreadsheets and other technology, and algebra are powerful tools for
understanding and solving poems drawn from different types of realorld situations.

One of the insights provided by mathematical modeling is that dgdnthe ssme mathematical or statistical
structure can sometimes model seemingly different situatioldels can also shed light on the mathematical
structures themselves, for example, as when a model ofdvel growth makes more vivid the explosigeowth of
the expnential function.

Continued on next page



The basic modeling cycle is summarized in the diagtamyolves
(1) identifying variables in the situation and selecting those that represent essential features,

(2) formulatinga model by creating and selecting geometric, giaph tabular, algebraic, or statistical
representations that dscribe relationships between the variables,

(3) analyzing and performing operations on these relationships to draw conclusions,
(4) interpreting the results of the mathematics in terms of the original situation,

(5) validating the conclusions by comparing them with the situation, and then either improving the model or, if it
is acceptable,

(6) reporting on the conclusionsna the reasoning behind them. Choices, assumptions, and approximations are
present throughout this cycle.

Compute

In descriptive modeling, a model simply describes the phenomena or summarizes them in a compact form.
Graphs of observations are anfdiar descriptive model for example, graphs of global temperature and
atmospheric CQover time.

Analytic modeling seeks to explain data on the basis of deeper theoretical ideas, albeit with parameters that are
empirically based; for example, exponentibwth of bacterial colonies (until cuatff mechanisms such as

pollution or starvation intervene) follows from a constant reproduction rate.dians are an important tool for
analyzing such pitdems.

Graphing utilities, spreadsheets, computer algelystams, and dynamic geometry software are powerful tools
that can be used to model purely mathematical phenomena (e.g., the behavior of polynomials) as well as physical
phenomena.

Modeling Standarddviodeling is best interpreted not as a collection of ismlaopics but rather in relation to
other standards. Making mathematical models is a Standard for Mathematical Practice, and specific modeling
standards appear throughout the high school standardecatdd by a star symbgE ).

Modeling Progression
http://commoncoretools.me/wpcontent/uploads/2013/07/ccss progression _modeling 2013 07 04fpd



http://commoncoretools.me/wpcontent/uploads/2013/07/ccss_progression_modeling_2013_07_04.pd

ConceptualCategory Number and Quantity

Numbers and Number System®uring the years from kindergarten to eighth grade, students must
repeatedly extend their conception of number. i FANRG S daydzyo SNE YSEya ac
Soon afterthat, Oisuseéfl2 NBLINBaSyid ay2ySé¢ FyR (GKS gK2tS yd
numbers together with zeroThe next extension is fractions. At first, fractions are barely numbers and

tied strongly to pictorial representationsyet by the time students understamtivision of fractions, they

have a strong concept of fractions as numbers and have connected them, via their decimal
representations, with the basgen system used to represent the whole numbeBuring middle school,
fractions are augmented by negativaétions to form the rational numberdn Grade 8, students

extend this system once more, augmenting the rational numbers with the irrational numbers to form the
real numbers.In high school, students will be exposed to yet another extension of numlimemn the

real numbers are augmented by the imaginary numbers to form the complex numbers.

With each extension of number, the meanings of addition, subtraction, multiplication, and division are
extended. In each new number systermtegers, rational numberseal numbers, and complex

numberg the four operations stay the same in two important ways: They have the commutative,
associative, and distributive properties and their new meanings are consistent with their previous
meanings.

Extending the properties afhole-number exponents leads to new and productive notation.
For example, properties of whoteumber exponents suggest that'{}® should be §/®*=5 =5 and
that 5 should be the cube root of 5.

Calculators, spreadsheets, and computer algebséesys can provide ways for students to become
better acquainted with these new number systearsd their notation. They can be used to generate
data for numerical experiments, to help understand the workings of matrix, vector, and complex
number algebra, ad to experiment with nofinteger exponents.

Quantities. In real world problems, the answers are usually not numbers but quantities: numbers with
units, which involves measurement. In their work in measurement up through Grade 8, students
primarily measire commonly used attributes such as length, area, and voluméigh school, students
encounter a wider variety of units in modeling, e.g., acceleration, currency conversions, derived
guantities such as persemours and heating degree days, social sogerates such as p&apita income,

and rates in everyday life such as points scored per game or batting averlggsalso encounter novel
situations in which they themselves must conceive the attributes of interést.example, to find a good
measureof overall highway safety, they might propose measures such as fatalities per year, fatalities per
year per driver, or fatalities per vehietaile traveled. Such a conceptual process is sometimes called
quantification. Quantification is importantforgcSy OS> | 4 ¢KSy &adzNFI OS | NBI
important variable in evaporationQuantification is also important for companies, which must
conceptualize relevant attributes and create or choose suitable measures for them.

Number and
Quantity
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Number and Quatity Standards Overview

Note: The standards identified with &) contain additional mathematicsthat studerntsshouldlearn in order to take advanced
coursessuchascalculus, advanced statisticsor discrete mathematicsthat gobeyond the mathematicsthat allstudents should
studyin orderto be college- and career-ready. Explanations and examples of these standards are not included in this document

Modeling Standards: Specific modeling standards appear throughout the high school standaidatetthby a star
symbol (E). (RETURN TO PG. 5)

The Real Number System -RN)

) Extend the properties of exponents to rational expone
N.RN.1 N.RN.2

w Use properties of rational and irrational numbers.
N.RN.3

Quantities €) (N-Q)
w Reason gquantitatively and use units to solve problems.

NOHE) nNO2(=) N.O3(e)

The Complex Number System -(D\N)

\(Perform arithmetic operations with complex numbe
N.CN.1 N.CN.2 N.CN.3#)

f Represent complex numbers and their operations on the complexe. (+)
N.CN.4+) N.CN.5+) N.CN.6 (+)

f Use complex numbers in polynomial idties andequations.
N.CN.7 N.CN.8 (+) N.CN.9 (+)

Vector and Matrix Quantities (+) (NM)

The standards in this domainagoeyond the mathematicsthat all studentsshould study in orderto be college- and career-
ready. The clusteyand standarddisted are not included in this document.

w Represent and model with vector quantities.
N.VM.1  N.VM.2 N.VM.3

1 Perform operations orvectors.
N.VM.4 N.VM.5

f Perform operations on ratrices and use matrices applications.
N.VM.6 N.VM.7 N.VM.8 N.VM.9 N.VM.10 N.VM.11 N.VM.12

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Number and Quantity: The Real Number SysteniN-RN)

Quster: Extend the properties of exponents to rational expone

Sandard: N.RN.1 Explain how the definition of the meaning of rational expoiseiollows from extending the
properties of integer exponents to those values, allowing for a notation for radicals in terms of rational exponer
For example, we defir&” to be the cube root & because we wars"?)* = 533 to hold, so(5*°)* must equab.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of struct
MP.3 Construct viable arguments and critique the reasoafraghers.

Gonnections; [NARON

Integer exponentgboth positive and negative) and radicals were studied in Grade 8. In this cluster, students expand
the concept of exponent to include fractional exponentsand make a connectionto radicals. In more advanced courses,
rational exponentswill be extended to irrational exponents by meansof exponential and logarithmicfunctions.

For example, the definitions for integer and rational exponents will allow for the next step a definition of irration
expanents, such as2or 2 ®" " " *2h¥ ¥Hen a new class of functiogexponential functions of the forrf(x) =b*
wherebr wD. Thedomain of this dass of functions (the x values) is dl real numbers (rational and irrational) and
therangeis the set of all positive real numbers.)

Explanaionsand Examples: N.RN1

Understandthat the denaminator of the rational exponent isthe root index andthe numerator isthe exponent of the
radicand. Forexample,5"2=v5

Students &tend the propertiesof exponentsto justify that (5*2)?=5
Example Task

The goal of this task is to develop an understanding of ratignal exponents are defined as they aleRN.2J,
however it also raises important issues about distinguishing between linear and exponential beRaddti(and it
requires students to create an equation to modejaatext (ECEDIP

1 Abiology student is studying bacterial growth. She was surprised to find that the population of the bacteria doubled
every hour.

a. Complete the following table and plot the data.

\ Hours into study H 0 H 1 H 2 H 3 H 4 \
\ Population (thousands) H 4 H H H H \

b. Write an equation for P, the population of the bacteria, as a function of time, t, and verify that it produces correct
populationsfort =1, 2, 3, and 4.

Cotinuedonnext page

Major Clustes Supporting Cluster Additional Clusters
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Explanaionsand Examples: N.RN1

¢. The student condcting the study wants to create a table with more entries; specifically, she wants to fill in

population at each half hour. However, she forgot to make these measurements so she wants to estimate
values.

Instead she notes that the population inases by the same factor each hour, and reasons that this property
should hold over each hdlffour interval as wellFill in the part of the below table that you've already
computed, and decide what constant factor she should multiply the population By f&€hour in order to
produce consistent results. Use this multiplier to complete the table:

. 1 3 5
Hours into study 0 > 1 5 2 > 3

Population (thousands) 4

d. What if the student wanted to estimate the population every 20 minutessiagtof every 30 minutes.

What multiplier would be necessary to be consistent with the population doubling every hour?
Use this multiplier to complete the following table:

Hours into study 0

Wl
wlno
R
wlh

Population (thousands) 4

e. Use the population context to explain why it makes sense that we dé&firie beV2 and2: as 1/2_

f.  Another student working on the bacteria population problem makes the following claim:

If the popuation doulesin 1 hour, then half that growth ocaursin the first half-hour and the other half

ocaursin the second half-hour. So for example, we can find the popuation at t =—; by finding the average
of the popuationsat t =0andt =1.

Comment on this ide. How does it compare to the multipliers generated in the previous problems?
For what kind of function would this reasoning work?

Solution
a. ’

Hours into study H 0 H 1 H 2 H 3 H 4 \
] Population (thousands) H 4 H 8 H 16 H 32 H 64 \

Solution continued onnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples: N.RN1

a. Students would be expected to find these values by repeatedly multiplying Diye2plot below consists
of the exponential functiorP (t) = 4t 2t which students will derive in the next parthe plot of the data
alone would consist of the 5 blue points.

70

" N
o O

40

oW
o o

Population (thousands)
=

Time (seconds)

b. The equationisP =4(2)t, since aswe tallied above viarepeaed multiplication, we have 4(2)l =8, 4(2)2 =16,
4(2)3 =32, 4(2Y* =64, etc.

C.
. 1 3 5

Hours into study 0 > 1 > 2 > 3

Population (thousands) 4 5.657 8 11.314|| 16 22.627|| 32

Let xbe the multiplier for the half-hour time interval. Then since going forward a full hour in time hasthe effect
of multiplying the population by X2, we must have x2 =2, and so the student needsto multiply by v2 every half

hour.
d.
. 1 2 4 5
Hours into study 0 3 3 1 3 3 2
Population (thousands) 4 5.010 || 6.350 8 10.079| 12.699| 16

Similarly, since waiting three 2@inute intervals should double the population, the new multiplier has to sati
xtxix=2 which gives¢ =2 So you would need to multiply b§f2_ every20 minutes to have the effect of
doubling every hour.

e. We already know thathe equation for population i§>-4(2)t whent is a natural number.Given this, it's
reasonable to use the express@h-) 4(2)2 to define V2 . However, we reasoned above tH@(t—) =4§V2,
and equating the two glv&?ﬂ —\/_ Simikrly, equating the expressidy )_23WIth the calculatior?( ) \/_
gives the reasonable defInItICQi =32

Solution ontinuedon next page

Major Clwsters Supporting Cluste Additional Clusters
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Explanaionsand Examples: N.RN1

f.

The reasoning mistakenly assumes linear growth within each hour, i.e., that thentumfopopulation growth
is the same each half houwe know instead that theercentagegrowth is constant, not the raw change in
population. If we were to apply the faulty reasoning to the first hour, we would get the following values:

Hours into study 0

o ||Nl-

Population (thousands) 4 8

. 1 . .
However, this does not have constant percentage growth: ften®to t :; this population grew by 50%

1
(ratio = 1.5, but then fromt =3 to t = 1the ratio is onlyl.33 If you graphed this dat instead of seeing

smoothly increasing curve, you would seeseries of connected line segments of increasing slopes.

1 Complete the table below:
Expression Numerical Value Expression Numerical Value
4% =7 f,‘-'ﬁ =4 =7
643 =7 Veal =2
g5 =7 ez =2
163 =7 ‘:"."]_61 =7
2573 =2 X2yt = — =
Y2
(2%): = V@F =2
1. What do you notice about your answers to the problems in the same row?
2. Is there some fiern that relates the two expressions in each row to one another? Describe the pattern.
3. Given the expressic{ﬁEg)%, what expression using a root symbol would yield the same numerical value?
4. Given the expressic V54, what expresditining a fractional exponent would yield the same numerical va

Cotinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth (pportunities(DO)
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Instructional Strategies NAROM:
In the traditional pathway, for Algetra lin implementingthe standardsin curriculum, these standards shauld ocar
before discussingexponeantial functions with continuous domains.

The goal is to show that a fik@nal exponent can be expressed as a radical or a rBot example, an exponent of
s equivalent to a cube root; an exponent of % is equivalent to a fourth root.

Review the pwer rule,(b")™ =b™" for whole number exponentse., (79 % = 7.

Campare examples, such as ( 7]72)2 =71 = 7and W7 )2 = 7, to help students establish a connection between radicals

1 1

and rational exponents; 77 =7 and, in general,b5=\/6.

Provide opportunities for students to explore the equality of the values using calculators, sYl]éhaasI V7.

Offer sufficient examples and exercises to prompt the definition of fractional exponents, and give students pra
conveting expressions between radical and exponential forms.

1 m
Whennis a positive integer, generalize the meaninb® = Vbland then tob™ = Vb™, wherenandm are
integers anch is greater than or equal to 2. Whemis a negative integer, the resultttse reciprocal of the root

—Hm 1

bn =

n -
VBT

Stress the two rules of rational exponentg:0 G KS ydzZYSNI 2N 2F (GKS Q)EHeRy Sy
denominatorof the exponent is the order of the rootWhen evaluating expressions involving rational exponents,
often helpful to break an exponent into its pas power and a root, and then decide if it is easier to perform the
root operation or the exponential operation first.

Model the use of precise mathematics vocabulary (e.g., base, exponent, raditatube root, square root etc.).
The rules for integer exponents are applicable to rational exponents as heellever, the operations can be slightly
more complicated because of the fractiond/hen multlplylng exponents, powers are add@el b™ =b n+m)

When dividing exponents, powers are subtracte— = b"™™. When raising an exponent to an exponent, powet
are multiplied(b™)™ =b"™.

Common Misconceptions{NAR{NM Y

Students sometimes misunderstand the meaning of exponeogiatations, the way powers and roots relate to ong
another, and the order i |n which the%/ should be performed. Attention to the base is very important.

Consider examples:- $14 ) and{81)“ . The position of a negative sign of a term with a ratiex@dnentcan mean
that the rational exponenshould be elther applied first to the base, 81, and then the opposite of the result is tak

4
(- 8?“ ), or the rational exponent should be applied to a negative teB‘m?( . The answer 681 will be not ral if
the denominator of the exponent is even. If the root is odd, the answer will be a negative number.

Students should be able to make use of estimation when incorrectly using multiplication instegabokntiation.

1 .
Students mayelieve that tle fractional exponent in the expression 36 means the same as a fa&gnm’f
multiplication expression, 36373 and multiple the base by thexponent

Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters
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Tools/Resources:

LftfdzaaN 6AOS al 6KSYI GA0OaY
http://www.illustrativemathematics.org/illustrations/385

arigtionssy R A y 3

GKS 5STAYAIL

For detailed information see Progression on the Number System (Grad@sahd Number (HS):
http://commoncoretools.me/wp -content/uploads/2013/07/ccssm_progression NS+Number 260309.pdf

Major Clustes Supporting Cluste

Additional Clusters

Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/385
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf
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Number and Quantity:The Real Number Systen{N-RN)

Quster: Extend the properties of exponents to rational expones

Sandard: N.RN2 Rewrite expressions involving radicals and rational exponents using the properties of
exponents.

Suggested tandards for Mathematical Practice (MP):
MP.7 Look for and make use of strugu

Connections, SedNINE Common MisconceptionsSecNIxNg

Explanaionsand Examples: N.RN2

Gonvert from radicalrepresentation to using rational exponents and vice versa.

Students can explain and apply mathematical concepts and carry out mathematical procedures with
precision and fluency.
Examples
2 2
1 7 =5 5=

4
1 Rewrite using fractional exponents§/1_6 = *\5/ *> =5

3
1 Rewriteiz(in at least three alternate forms.Solution: x 2 :is -1 1
X 2 Oé xlx
1 Rewritey/2* using only rational exponents.
1 Rewrite¥x®+3x% 8x %Hin simplest form.
Cotinuedonnext page
Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanations and ExamplesN.RN2

1 Foritems 1& 1e, determine whether each equation is True or False.

la.

1b.

1c.

1d.

le.

Solution 1a T

1b.
1c.
1d.
le.

T

F
T
=

@True ® False

Instructional Strategies:Se

Tools/Resources:

LtfdzadNI GADS

al GKSYF GAOay

http://www.illustrativemathematics.org/illustrations/608

LffdzaGNI GADS

al GKSYFGAOay

http://www.illustrativemathematics.org/illustrations/1220

awl A2yl ¢

G/ KSOl Ay 3

2NJ ANNI GA2VI

I Okt Odzft I GA 2

For detailed information see Progression on the Number System (Grad@sahd Number (HS):
http://commoncoretools.me/wp -content/uploads/2013/07/ccssm_progression NS+Number 2603-09.pdf

Major Clustes

Supporting Cluste

Additional Clusters

Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/608
http://www.illustrativemathematics.org/illustrations/1220
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf
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Number and Quantity: The Real Number SysteniN-RN)

Clster: Use properties of rational and irrational numbers.

Standard: N.RN.3 Explain whythe sum or praluct of two rational numbers igational; that the sum of a
rational number and an irrational number is irrational; and that the product of a nonzero rational number and
irrational number is irrational.

Suggested tandards for Mathematica Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.

Gonnections:
In highschool, practicing operationswith rational and irrational numbers helpsstudentsto understand the
propertiesof real numbersand the relationshipsbetweennumber sets.

Algebraic manipulationsand reasoning become a powerful tool for transferringstudey” (i é&p@rience in proofsfrom
geometryto proofsin algebra.

Explanaionsand Examples N.RN.3

Know and justify that when adding or multiplyingtwo rational numbersthe resut is arational number.

Know and justify that when adding a rational number and anirrational number the result isirrational.

Know and justify that when multiplying of a nonzero rational number andanirrational number the resut isirrational.
Since every difference is a sum and every quotient is a product, this includes differences and quotients as w:
Explairing why the four operations on rational numbers produce rational numbers can be a review of student
understanding of fractions and negative numbeEsplaining why the sum of a rational and an irrational numbei

irrational, or why the product is irrainal, includes reasoning about the inverse relationship between addition g
subtraction (or between multiplication and addition).

Examples:
 Explainwhythe number2ydza i o6S ANNI GA2Yy Il f3>X IAGSY GKIG - A
Sample Responsé 2 were rationa) then half of 2 would also be rational, sowould have to be rational a
well.

Cmtinuedon next page

Major Clustas Supporting Cluster Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples N.RN.3
1 Part A

The ectangle shown below has alength of 6feet.

6 feet

Thevalue ofthe area of the rectangle, in square feet, isan irrational number.
Therefore, the number that represents the width of he rectanglemustbS X

A. a whole number.
B. a rational number.
C. an irrational number.

D. a norreal complex number.

Part B

Thelength, I, and width, w, of the rectangle shown below have véues that are rational numbers.

w feet

| feet

Gonstruct an informal proof that shows thet the value of thearea, in square feet, of the rectangle nust be
arational number.

Sample Resporise

Part A: C

Cmtinuedon next page

Major Clustas Supporting Cluster Additional Clusters Depth Opportunities(DO)



20

Explanaionsand Examples N.RN.3
Part B

Gven: | isrational; wisrational.
Prove: | x wis rational.

[# )
Proof: Sncel isrational, by the definition of rationalnumber, | can be written in the form _b , whereaandb
are both integers an8 is norzero. Similarly sincew is rational, by the definition of rational numbew can

o, ac
O—=—.

(s ~
be written in the formE , Whereandd are both integers and is nonzero. Then Ow = p

o |
=0

Since the set of integers is closed under dperation of multiplication, bottacandbd are integers.

Thusl xw is the ration of two integers. So by the definition of rational numbgny is rational.

Instructional Strategies N.RN3

This cluster is anexcellent opportunity to incorporate algebraic proof, both direct and indirect, in teaching properties
of number systems.

Sudents should explore concrete examplesthat illustrate that for any two rational numberswrittenin form %y,
and 74 whereb and d are natural numbersand a and c areintegers, the followingaretrue:

a ¢ _ad+bc

b d

represents a rational number, and

a c ac .
— ¥ — =— represents a rational number.
b d bd

Cortinue exploringsituationswhere the sum ofarational number and anirrational number isirrational (e.g., a
sum ofrational number 2 and irrational number /3 is (2+,3 ), whichis anirrational).

Proofsare valid waysto justify not only geometry statements also algebraic statements.
Use indirect algebraic proofto generalize the statement that the sum of arational andirrational numberisirrational.

s
Assume thakis an irrational number and the sumwénd a rational numbeT is also rational and is represen
s
as— .
d

—d .
X=— represents a rational number.

Sncethe last statement contradicts a gvenfact that x is anirrational number, the assumptioniswrongand a sum of
arationalnumber and anirrational number hasto beirrational. Smilarly, it canbe proven that the product of a
non- zero rational and an irrational number isirrational.

Cotinuedon next page

Major Clustas Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies N.RN.3

Students need to see that results of the operations performed between numbers from a particulaensetb
does not always belong to the same set. For example, the sum of two irrational numbeig )@nd (2-+/3)
is 4, which is a rational number.

Gonned N.RN.3 to fhysical Stuations,e.g., findingthe perimeter of a square of area 2.

Common Misconceptions N.RN.3

Some students may believe that both terminatingand repeating decimals are rational numbers, without considering
nonrepeatingand nonterminatingdecimals asirrational numbers.

Sudents may also confuse irrational numbers and complexnumbers, andtherefore mix their properties. Inthis
case, students should encounter examplesthat support or contradict propertiesand relationshipsbetween number
sets(i.e., irrational numbersare real numbers and complexnumbers are non-real numbers. The set of real numbers
is asubset of the set of complexnumbers).

By using false extensions of propertiesof rational numbers, some students may assume that the sum ofany two
irrational numbersis dso irrational. This statement isnot alwaystrue (e.g., (2 +/3 )+ (2-+/3)= 4,arational

number), and therefore, cannot be consideredas aproperty.

Tools/Resources:

GwikA 2y £ YR L NNWathdnagtd AssedsuePjEcNE G
This lesson unit is intended to Ipeyou assess how well students are able to distinguish between rational and irratiomélers

. In particular, it aims to help you identify and assist studevho have difficulties inlassifying numbers as rational or
irrational or noving between dferent representations of rational and irrational numbers.
http://map.mathshell.org/materials/lessons.php?taskid=424&subpage=concept

awl GA2Yy It B dfRo  NBdtheirétigsyAsséssment Project
This lesson unit is intended to help you assess how well students reason about the properties of rational and irrational
numbes. In particular, this unit aims to help you identify and assist students eh@ difficulties in finding irrational and
rationalnumbers to exemplify general statements or reasoning with properties of rational and irrational numbers
http://map.mathshell.org/materials/lessons.php?taskid=434&subpage=concept

LffdzaGNI GADS al GKSYFGAOAY G/ FtOdzE I GAYy3a GKS aljdz
http://www.illustrativemathematics.org/ilustrations/764

LffdzaaGNI GAGDS al 6KSYI GAOAY GhLISNI GAZ2YyaE BAGK wl
http://www.illustrativemathematics.org/illustrations/690

For detailed informationsee Progression on the Number System (Gradeél &Gnd Number (HS):
http://commoncoretools.me/wp -content/uploads/2013/07/ccssm_progression NStihber 201307-09.pdf

Major Clustas Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=424&subpage=concept
http://map.mathshell.org/materials/lessons.php?taskid=434&subpage=concept
http://www.illustrativemathematics.org/illustrations/764
http://www.illustrativemathematics.org/illustrations/690
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf
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Number and Quantity:Quantities® (N-Q)

Clster: Reason quantitatively and use units to solve problems.

Standard: - Use units as a way to understand problems and to guide the solution of-stejitiproblems;
choose and interpret unitsomsistently in formulas; choose and interpret the scale and the origin in graphs and
displays.(E)

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5. Use appropriate tools strategically.
MP.4 Model with mathematics. MP.6 Attend to precision.

Gonnections: N.Q.%3

Measuring commonly used object and choosing proper units for the measurements is parnadttnematics
curriculum prior to high schoolin high school, students experience a broader variety of units throughwesddl
situations and modeling along with the exploration of the different levels of accuracy and precision of the ans
Working with quantities andthe relationships letween them povides grounding for work with expressons,
equations,and functions.

Explanaionsand Examples -

Interpret units in the context of the problemVhen solving a mukltep problemuse units to ealuate the
appropriateness of the solutionChoose the appropriate units for a specific formula and interpret the meaning
the unit in that context Choose and interpret both the scale and the origin in graphs and data displays

Include word problera where quantities are given in different units, which must be converted to make sense (
problem. For example, a problem might have an object moviidgeet per second and another at 5 miles per hol

To compare speeds, students convert 18tfpersecond to miles per hot 12 ft g 1mile g60sec ¢ 60min_43200 mile, g ;4
lsec 5280 ft 1min  1hr 5280 hr

Graphical representations and data displays include, but are not limited to:
line graphs, circle graphs, histograms, mlitte graphs, scattefpts, and multibar graphs.

Examples
1 The density of kerosene épproximately 0.82%_.
m

Drag a rate or quantity from the box to each blank édcalate the mass, in kilograms, of 20 liters of kerose

1 O_ 2 Oo__3 o_ 4

20 L 820 kg 820 mL 2,000 mL
0.82 g 2000 mL 1L 1.000 g
1 mL 20 L 1.000 mL 1 kg
1 kg 1 kg 1.000 mL 1,000 L
1.000 g 1,000 L 1L 1 kg Continued on next pag
Major Clustes Supporting Cluste Additional Clusters
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Explanaionsand Examples -

Solution
The studeninust choose the following four rates of quantities (order does not matter):
1,000mL 0.82g _ ., 1Kg

20L, ; . .
1L 1mL 1,000 g

1 Hannah makes 6 cups of cake batt&he pours and levels #hle batter into a rectangular cake pan with a
length of11 inches, a width of 7 inches, and a depth of 2 inches.

One cibicinchisapproximately equal to 0.069 cup.

What is the depth of the hatter in the pan when it is completely poured in?
Round your answer to the nearejég of an inch.

Solution 1]/8 or 1.125 inches

1 A fuel oil dealer buys 20,000 gallons of heating oil at $2.65 per gallon and another 14,000 gallons at $
gallon. (The oil is the same grade and quality, but the price varies due to the market.) He has a contr
sellup to 35,000 gallons of oil next month at $3.25 per gallon, but wants to use as much cash as possi
immediately for future investments. To raise cash, he can sell some of his oil to another distributor, wi
pay $2.75 per gallon now. How much istreent money can the dealer raise now by selling oil and still b
able to break even after selling the remainder next month?

Solution The dealer has spent20,000 gal.*2.65gal. + 14,000 gal.>$3.00gal. = $95,000.

He has 34,000 gallons, and if$mlsx3a | t f 2ya y26 |yR o6onZnnnbE0 3 {

xgal. 1> Igs +6 0 n Txngalm b Ig = 34,0001$3.25b X 1$0.50

= $(110,500 %).

x
Thus, the dealer breaks even {110,500 > ) =95,000, orx=31,000.

He can sell 31,000 gallons now, raising a total of $85,250 for investment, and break even by selling th
remaining 3,000 gallons next month.
Cmtinued on next pag
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Instructional Strategies N.Q.1-3

In realworld situations, answers are usually represented by numbers associated with units. Units involve
measurement and often require a conversion. Measurement involves both precision and@cctstimation
and approximation often precede more exact computations.

Students need to develop sound mathematical reasoning skills and forms of argument to make reasonable
judgments about their solutions. They should be able to decide whether agonotdlls for an estimate, for an
approximation, or for an exact answer. To accomplish this goal, teachers should provide students with a bt
range of contextual problems that offer opportunities for performing operations with quantities involving unit
These problems should be connected to science, engineering, economics, finance, medicine, etc.

Some contextual problems may require an understanding of derived measurements and capability in unit &
Keeping track of derived units during computasoand making reasonable estimates and rational conclusions
about accuracy and the precision of the answers help in the proisieling process.

For example, while driving in the United Kingdom (UK), a U.S. tourist puts 60 liters of gasoline in his car.
The gasoline cost is £1.28 per liter The exchange rate is £ 0.62978 for each $1.00. The price for a gallon @
gasoline in the United States is $3.05. The driver wants to compare the costs for the same amount and the
type of gasoline when he/she pain UK pounds. Making reasonable estimates should be encouraged prior
solving this problem. Since the current exchange rate has inflated the UK pound at almost twice the U.S. d
the driver will pay more for less gasoline.

By dividing $3.05 b$.79L (the number of liters in one gallon), students can see that 80.47 cents per liter of
gasoline in US is less expensive than £1.28 or $ 2.03 per liter of the same type of gasoline in the UK when

U.S. dollars. The cost of 60 liters of gampin UK i £30.41 (2222 x 1998 o gop, x ZE09278 _ g £30.41).
1 gal 2.79L Us $1.00
In order to compute the cost of the same quantity of gasoline in the United States in UK currency, it is nece

convert between both monetary systems and units of volume. Based on UK pounds, the cost of 60 liters of
Us$3.05 1 gal

intheU.S. is£30.41 (7 %X S5 X 60L x UKE0.62978 _ UK £30.41).

3.79L US $1.00

The computation shows that the gasoline is less expensive in the United States and how an analysis can b
in keeping track of unit conversations. Students should be able to correctly identify the degree of precision
answers whiclshould not be far greater than the actual accuracy of the measurements.

Graphical representations serve as visual models for understanding phenomena that take place iryour dail
surroundings. The use of different kinds of graphical representations alithgheir units, labels and titles
RSY2YAGNIGS GKS S@St 2F ad0dzRSyidaQ dzy Rk éxanyiieA vy
relationships and establish the validity of arguments. Students need to be able to identify misleadindograp
choosing correct units and scales to create a correct representation of a situation or to make a correct con
from it.

Common MisconceptionsN.Q.13
{GdzRSy(Ga YIre& y2G NBIFIftATS GKS AYLRNII yOSutaiohwhiek S
solving problems involving measuremengtudents often have difficulty understanding how ratios expressed

different units can be equal to oneFor example, 5280 ft is simply one, and it is permissible to multiply by that ratio.
1 mile

Students needo make sure to put the quantities in the numerator or denominator so that the terms can cang
appropriately.

{AyOS (2RIFeQa OFftOdAFiAy3a RSHAOSE 2F0iSy RAALI I &
much greater degree of preston than the required.

Major Clustas Supporting Cluste Additional Clusters Depth Opporturities(DO)
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Tools/Resources:
N.Q.13

ORelatbnships Between Quantities & Reasoning with Equatiofitéir Graphs- EngageNMAlgebra IModule 1:
In this module students analyze and explain precisely the process of solvingaioaqurhrough repeated reasoning,

students develop fluency in writing, interpreting, and translating between various forms of linear equations and inequg
and make conjectures about the form that a linear equation might take in a solution tabdepmo They reason abstractly
and quantitatively by choosing and interpreting units in the context of creating equations in two variables to represent
relationships between quantities. They master the solution of linear equations and apply relatédrstdehniques and

the properties of exponents to the creation and solution of simple exponential equations.
http://www.engageny.org/resource/algebramodule-1

llustrative Mathematd a Y A¢CNF FFAO WI YE
http://www.illustrativemathematics.org/illustrations/84

Nlustrath S al GKSYI GAOaY a2 SSR YAff SNE
http://www.illustrativemathematics.org/illustrations/81

llustrative Mathematicsd L OS / NBFY =z yé
http://www.illustrativemathematics.org/illustrations/85

llustratvS  a b G KSY I GAOaY Gl 26 adzOK Aa | tSyye
http://www.illustrativemathematics.org/illustrations/473

LffdaAaGNY GADS al GKSYI GAOaAY a{StftAy3 CdzSt
http://www.illustrativemathematics.org/illustrations/474

Ltfdz2aGNI GADS al GKSYFGAOAY GCdzStf 9FFAOASYyOeé

http://www.illustrativemathematics.org/illustrations/930

LffdzaldNGAGS al GKSYFGAOAY Gwdzy Yy SNARU 2 2 NI R¢

http://www.illustrativemathematics.org/illustrations/19

2 2 NIl KK

hAt
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Number and Quantity:Quantities® (N-Q)

Cluster: Reason quantitatively and use units to solve problems.

Standard: N.Q.2 Define appropriate quantities for the purpose of descriptive modelifty)

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.6 Attend to precision.
MP.4 Model with mathematics.

Connections: See NIGH Common Misconceptions:SecNION

Explanaionsand Examples N.Q.2

Determine and interpret appropriate quantitieswhen wsing descriptive modeling.

Given a situation or problem, students propose and debate the best quantities used to answer the question
group discussions

Examples
1 What type of measurements would one use to determtheir income and expenses for one month?

1 How could one express the numberaar accidents in Kansas

I Fnd a good measure of overall highway safety; propose and debate measures such as fatalities per y
driver, fatalities per year, or fatalitigger vehiclemile traveled

1 Give an example of a realorld situation and explain what unit or quantity you expressed the answer in
why.

1 How can you determine which scale and unit to use when creating a graph to represent a set of data?

Instructiond Strategies See-

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

LffdzaliONF GABS al 6KSYIFGAOAY Gl F NBSadAy3a GKS

http://www.illustrativemathematics.org/illustrations/83

Major Clustes Supporting Cluste Additional Clusters

Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/83
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Number andQuantity: Quantities® (N-Q)
Custer: Reason quantitatively and use units to solve problems.

Standard: N.Q.3 Choose a level of accuracy appropriate to limitations on measurement when reporting
quantities. (E)

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5. Use appropriate tools strategicall
MP.3 Construct viable arguments and critique the reasoofrgghers. MP.6 Attend to precision.
MP.4 Model with mathematics.

Connections: See NIGH Common Misconcgtions: SecNION

Bxplanaionsand Examples N.Q.3

Determine the acairacyof valuesbased ontheir limitationsin the cantext of the situation.

The margin of error and tolerance limit varies according to the measoweused, and context.
Examples:

9 Determining price of gas by estimating to the nearest cent is appropriate because you will not pay in
fractions of a cent but the cost of gasw.
gallon
1 A liquid weedkiller comes in four different bottke all with the same active ingredient. The accompanying
table gives information about the concentration of active ingredient in the bottles, the size of the bottles,

the price of the bottles. Each bottle's contents is made up of active ingredienivater.

Concentration Amount in Bottle Price of Bottle
A 1.04% 64 fl oz. $12.99
B 18.00% 32floz. $2299
C 41.00% 32floz. $39.99
D 1.04% 241l oz. $5.99

a. You need to aplp a 1% solution of the weed killer to your lawRank the four bottlesn order of best to worst
buy. How did you decide what made a bottle a better buy than another?

b. The size of your lawn requires a total offl4z of active ingredient. Approximately how much wouwadu
need to spend if you bought only the A betl? Only the B bottles®nly the C bottles? Only the D bottles?

Supposing you can only buy one type of bottle, which type should you buy so that the total cost to you is th
for this particular application of weed killer?

The principal purpose d@he task is to explore a realorld application problem with algebra, working with units
and maintainingeasonable levels of accuracy throughout. Of particular interest is that the optimal solution
long-term purchasing of the active ingredieistacheved by purchasing bottle C, whereas minimizing total cosf
aparticularapplication comes from purchasing bottle B. Students might need the instructor's aid to see tha
is just the observation that buying in bulk may not be a better deakifetktra bulk will gainused.

Continued on next pag
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Explanaionsand Examples N.Q.3

Solution:

a. All of the bottles have the same active ingredient, and all can be diluted down to a 1% solution, so all th
matters in determiningalue is the cost per.fbz of active ingredient.We estimate this in the following tablg

Amount active in Bottle Price of bottle Cost per ounce
A |14 PR cnfloE ndcn PmMHPHP F P|LI3F bparfioz
B |[my®dnmx: fPzoH C PHH®PD F P c2)_36{-fl penfl oz
6
C |[nmdnsrk: HRozoH MoPo pdPpdp F P|40F peofloz
D (mdnnm: P fllem F ndHPp PP F Pc EF Pperil oz
0.24

If we assumehtat receiving more active ingredient per dollar is a better buy than less active ingredient

per dollar, the ranking in order of be&t-worst buy is C,B,A,D.

b. The A bottles have abo@t64fl. oz of active ingredient per bottle so to gé&#fl. oz we need

14 fl. oz.
0.64 fl oz /bottle

F 22Dbottles.

Purchasin@2 A bottles at abou$13each will cost abou$286

The B bottles have a little less thérfl. oz. of active ingredient per bottle so to getfl. 0z. we nee® bottles.

Purchasin@ B bottles at about$23each will cost abou$69.

The C bottles have a little more thaB8fl. oz. of active ingredient per bottle, so we ne2tottles.
Purchasin@ C bottles at abou$40each will cost abou$80.

The D bottles have only 0.24 fl. oz. of activgrédient per bottle, so to get 14 fl. oz. we need

14 fl. oz.
0.24 fl. oz /bottle

F 58bottles.

Purchasing8D bottles at abou6 each will cost abou$348

Thus, although the C bottle is the cheapest when measured in dollars/fl. 0z., the B bottles are the best
deal for this job because there is toouch unused when you buy C bottles.

Instructional Strategies See NIQH.

Tools/Resources:

LffdzaaGgNF A @65 a Rk OKBHEE AERIRUEStivamathematics.org/illustrations/80

Illustrative Mathematic¥
llustrativs
LffdzaGN GAODS

a/ I £ 2 NR S & httpywwhv.illdgstdgybdidnthemRtdoytfillgstrations/1203

al GKSY!Il (A 04 Yé httg//Soaw/ilRistrhtidehatherBayicS.drg/illustrations/16

a I i K&ty pwini.iudtrdtivemathedstics lord/iRustiatiomskL 7

Supporting Cluste

Additional Clusters

Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/80
http://www.illustrativemathematics.org/illustrations/1203
http://www.illustrativemathematics.org/illustrations/16
http://www.illustrativemathematics.org/illustrations/17
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Number and Quantity:The Complex Number SysteniN-CN

Clster: Perform arithmetic operations with complex numbe

Standard: N.CN.1 Know there is a complex numbisuch thati’’’ bt mME YR SOSNE 02V
form a+biwith aandb real.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP 6 Attend to precision.

Connections: [\Hof)\WeY

The use of complex numbers is spread throughout mathematics and its applications to science, such as ele
engineering, physics, statistics and aeronautical engineering.

The existence of coplex numbers makes every quadratic equation with real coefficients solvable over the co
number system.This paves the way for the Fundamental Theorem of Algebra, which says umtﬁdalgree
polynomial has solutions in the complex humbers

BExplanationsand Examples N.CN.1

Every complex number can be written in the foam bi wherea andb are real numbersThe square root of a
negative number is a complex number. Complex numbers can be added, subtracted, and multiplied like bir]
The conmutative, associative, and distributive properties hold true when adding, subtracting, and multiplying
complex numbers.

Examples:
T .
Problem Solution bi Form
1. V=36 V=36 =+/-1++36=6i 6i
2. 24/—49 2V—49 = 2V—1 /49 = 2 7i = 14i 14i
3. —3v/-10 —3V=10 = —3V=1 V10 = —3 i e/10 = —3iV10 —3iv10
4. 5vV—8 5V—8=5V—1evV8="5eie2V2 =10iV2 10iV2
1 J-1=i
1 J-4=2i
q J-7=47i

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies [\K®\Ig

Before introducingcomplexnumbers, revisit simpler examplesdemonstratinghow number systemscanbe seenas
oexpandingé from ather number systemsin order to solve more equations. Forexample,the equation x+ 5 =3 has
no solution asawhole numbers, but it hasa solution x =-2 asanintegers. Similarly, although 7x =5 hasno sdution

in the integers, it hasa solutionx = 5/7 in the rational numbers. The linear equation ax+b =c, wherea, b, and care
(c=b)

rational numbers, always has a solutioin the rational nibers: x =

When moving to quadratic equations, once again some equations do not have solutions, creating a need fq

number systems. For exampié,c 2 = 0 has no solution in the rational numbers. But it has solutlpf& inthe

real numbers. (The real number line augments the rational numbers, completing the line with the irrational
numbers.)

Point out that solving the equatioxf ¢ 2 = 0 in terms ok is equivalent to finding-intercepts of a graph of
y =x2¢ 2, whichcrosses thec-axis af(- 2, 0)and (2, Q. Thus, the graph illustrates that the solutions are

x=Hh/2 .

Next, use an example of a quadratic equation with real coefficients, such-a& = 0, which can be written
equivalently as®=-1. Becausthe square of any real number is npoagative, it follows thak’ =-1 has no
solution in the real numbers. One can see this graphically by noticing that the grgu;;h(?cﬁL 1 does not cross
the x-axis.

The dsolutioy” o thisdimpassS s tointroduce a new number, the imaginary unit i, where i =-1, and to consider
complexnumbersof the form a +bi, wherea and b are real numbersandi is rot areal number. Becauseiisnot a
real number, expressonsof the form a +bi cannot be simplified.

The existence of i, allows every quadratic equation to have two solutions of the form a + bi ¢ either real whenb
= 0,or complexwhenbr' 0.

In orderto find solutionsof quadratic equationsor to create quadratic equationsfrom its solutions, introduce
studentsto the condition of equality of complexnumbers, with addition, subtraction and multiplication of
complexnumbers.

Stress themportance of the relationships between different number sets and their properties. The complex
number system possesses the same basic properties as the real number system: that addition and multipli
are commutative and associative; the existentadditive identity and multiplicative identity; the existence of &
additive inverse for every complex number and the existence of multiplicative inverse or reciprocal for every
zero complex number; and the distributive property of multiplication aweraddition. An awareness of the
LINPLISNIASa YAYAYAT S& aiddzRSyGaQ NRGS YSY2NRT I GAZ2
system to the rules for manipulations with binomials with real coefficients of the fo#rbx.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Common Misonceptions N4\

If irrational numbers are confused with non-real or complexnumbers, remind students about the relationships
between thesetsof numbers.

If an imaginary unitis misinterpreted asl instead of- 1, re-establish a definition aif
Some properties of radicals that are true for real numbers are not true for complex humbers. In particular, f
. \{E a a a
positive real numberaandb, va-vb = /(a-b) but v—a-vV=b = \/(—a)(=b) and ‘% = J(;) and % = /(&) but

V=a (-a) . . . . :

= 7 | Ifthose properties are getting misused, provide students aitrexample, such as

10 =100 = /(-25)(—4) = V=25 - V=4 = 5i - 2i = 10i> = —10 that leads to a contradiction that a positive real number ig
eqgual to a negative number.

Tools/Resources:

oPolynomialRational, and Radical RelationsliipEEngageNMlgebra 1l Module 1:
In this module, tudents draw on their foundation of the analogies between polynomial arithmetic and-tease
computation, focusing oproperties of operations, particularihe distributive property. Students identify and make
connections between zeros pblynomials and solutions of polynomial equations. The role of factoring, as both an aid
the algebra and to the graphing of polynomials, is explored. Studenténeento build upon the reasoning process of
solving equations as they solpelynomial, rational, and radical equations, as well as linear andinear systems of
equations. An additional theme of thimodule is that the arithmetic of rational pressions is governed by the same rules
the arithmetic of rational numbers.
http://www.engageny.org/resource/algebra-module-1

LftfdZAaOGNI GADS al G§KSYIISANY&AYE G/ 2YLX SE ydzY o SNJ LJ
http://www.illustrativemathematics.org/illustrations/722

For detailed information see Progression on the Number System (Grad&sahd Number (HS):
http://commoncoretools.me/wp -content/uploads/2013/07/ccssm_progression NS+Number 260309.pdf

Major Clustes Supporting Cluste Additional Clusters



http://www.engageny.org/resource/algebra-ii-module-1
http://www.illustrativemathematics.org/illustrations/722
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf




33

Number and Quantity: The Complex Number SysteniN-CN)

Clster: Perform arithmetic operations with complex numbe

Standard: N.CN.2 Use the relatiori? =¢1 and the commutative, associative, and distributive properties tq
add, subtract, and multiply complex numbers.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure.
MP.8 Look for and express regularity in repeated reasoning.

connections  SecYKeYR Common Misconceptions: SecNKOINK

Explanaionsand Bxamples N.CN.2
Apply the fact that the complex numberi? =c1.
Recognize thaif =i =i2=i"*" Xif* (wherekisa positive integer) = 1, and use the relatiér= ¢1 to justify this fact

Recognize thaf =i®=i°=i"1" Xif*2 (wherek isa positive integer) =1, and usehe relationi® = ¢1 to justify this
fact.

Recognize thaf =i =i'=i"®" Xif* 1 (wherekisa positive integer) =i, and use the relatioi? =c1 to justify this
fact.

Recognize thait=i> =i°=i*I' Xif*® (wherek isa positive integer) # and use the relatioi? =c1 to justify this fact
Usethe assodative, canmutative, and dstributive properties, to add, subtract, and multiply complex numbers.
Examples:

1 Simplify the following expression. Justify each step using the commutata@giasve and distributive
properties.
(3- 2i)(-7+4i)

Solutions may vary; one solution follows:
(3- 2i)(- 7+4i)
3(- 7+4i)- 2i(- 7+4i) Distributive Property
- 21+12i +14i - 8i?  Distributive Property
- 21+(12i +14i)- 8i% Associative Property
- 21+i(12+14)- 8i2 Distributive Property

- 21+26i - 8i? Computation
- 21+26i - 8(-1) i=-1
- 21+26i +8 Computation
- 21+8+26i Commutative Property
- 13+26i Computation
Major Clustes Additional Clusters Depth Opportunities(DO)
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Tools/Resources

LtfdzadNI GABS al GKSYFGAOAY G/ 2YLdziF GA2ya 6AGK [ 2
http://www.illustrativemathematics.org/illustrations/617

For detailed information see Progression on the Number System (Grad&sahd Number (HS):
http://commoncoretools.me/wp -content/uploads/2013/07/ccssm_progression NS+Number 260309.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/617
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf
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Number and Quantity: The Complex Number SysteniN-CN)

Cluster: Use omplex numbers in polynomial identities and equations.

Standard: N.CN7 Solve quadratic equations with real coefficients that have complex solutions.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere inisglthem.
MP.7 Look for and make use of structure.

Connections:

This standard has a direct connection to the stand@liSEI4n the Algebra conceptual categonf solid
understanding of number systems, including complexnumbers, is foundational for advancingin solving various
typesof equations, investigating functionsand sketching their graphs.

BExplanaionsand Examples N.CN7

Sole quadatic equationswith real coefficients that have solutionsof the form a + bi anda ¢ bi.
Determine when a quadratic equation in standard foax’, + bx+c = 0, has complex roots by looking at a graph
f(x) =axt + bx+ cor by calculating th discriminant.

Examples:
1 Within which number system cafi =¢ 2 be solved?Explain how you know.
1 Solvex’+ 2+ 2 = 0 over the complex numbers.
1 Find all solutions a» + 5 = X and express them in the fora+ bi.

1 Will a quadratic equation with & coefficients always have real solutions? Why or why not?

Instructional Strategies N.CN7

Revisit quadratic equationswith real coefficients and a negative disciiminant and point out that thistype of
equation has noreal number solution. Emphasize that with the extension of the real number system to complex
numbersany quadratic equation hasa solution. Snce the process of solvinga quadratic equation may involve the
use of thequadratic formula with a negative discriminant, defining a square ob@t negative number becomes
critical' N=iVN, whereN is a positiveeal number; is the imaginary unit anif =-1). After the square root of a
negative numbehas been defined, emphasize that the quadratic formula can be used without restriction.

While sdving quadratic equationsusing the quadratic formula, students should observe that the quadratic equation
always hasa pair of solutionsregardless of the value of the discliminant.

Common MisconceptionisN.CN.7

In the cases of quadratic eqii@ns, when the use of quadratic formula is not critical, students sometime ignore
negative solutions. For example, for the equati3n= 9, students may mention 3 and forget abog8], or mention
3i and forget about-(3i) for the equatior1><2 =-9. If this misconception persists, advise students to solve this ty
of quadratic equation either by factoring or by the quadratic formula

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

Gal yALdz I ( §WMathematicRAs@$sihentéProject

This lesson unitisintended St LJ 82dz FaaSaa Kz2¢g ¢Sttt aiddzRSyida FNB |06
rational exponents, and manipulate algebraic statements involving radicals. Discriminate between equations and iden
In this lesson there is also an oppanity to consider the role of the imaginary number, but this is optional.

http://map.mathshell.org/materials/lessons.php?taskid=547#task547

For detailed information see Figression on the Number System (Grade8)6and Number (HS):
http://commoncoretools.me/wp -content/uploads/2013/07/ccssm_progression NS+Number 13307-09.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=547#task547
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf
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Conceptual Category Algebra

ExpressionsAn expression is a record of a computation with numbers, symbols that represent numbers, arithmeti
operations, exponentiation, and, at more advanced levels, the operation of evajuafunction. Conventions about

the use of parentheses and the order of operations assure that each expression is unambiguous. Creating an
expression that describes a computation involving a general quantity requires the ability to express the computatio
in general terms, abstracting from specific instances.

Reading an expression with comprehension involves analysis of its underlying structure. This may suggest a differ:
but equivalent way of writing the expression that exhibits some different asgets meaning.For example,

p +0.050 can be interpreted as the addition of a 5% tax to a ppic®ewritingp +0.05 as 1.0% shows that adding

a tax is the same as multiplying the price by a constant factor.

Algebraic manipulations are governed I tproperties of operations and exponents, and theamtions of

algebraic notation.At times, an expression is the result of applying operations to simpler expressions. For example,
p +0.05 is the sum of the simpler expressignand 0.0%. Viewing & expression as the result of operation on
simpler expressions can sometimes clarify its underlying structure.

A spreadsheet or a computer algebra system (CAS) can be used to experiment with algebraic expressions, perforr
complicated algebraic manipulatis, and understand how algebraic manipulations behave.

Equations and InequalitiesAn equation is a statement of equality between two expressions, often viewed as a
question asking for which values of the variables the expressions on either side aceequal. These values are

the solutions to the equation. An identity, in contrast, is true for all values of the variables; identities are often
developed by rewriting an expression in an equivalent form.

The solutions of an equation in one variafdem a set of numbers; the solutions of an equation in two variables
form a set of ordered pairs of numbers, which can be plotted in the coordinate plame.or more equations and/or
inequalities form a systemA solution for such a system must satiefiery equation and inequality in the system.

An equation can often be solved by successively deducing from it one or more simpler equBtiorgample, one
can add the same constant to both sides without changing the solutions, but squaring botimsitiekead to
extraneous solutionsStrategic competence in solving includes looking ahead for productive manipulations and
anticipating the nature and number of solutions.

Some equations have no solutions in a given number system, but have a soluidarger system. For example,
the solution ofx+ 1 = 0 is an integer, not a whole number; the solutiomof 2 = 0 is a rational number, not an
integer; the solutions of? ¢ 2 = 0 are real numbers, not rational numbers; and the solutiond ®f2 =0 are
complex numbers, not real numbers.

The same solution techniques used to solve equations can be used to rearrange forfarlazample, the formula
for the area of a trapezoidi = (fp,+b,)/2)h, can be solved fdn using the same deductive proces

Inequalities can be solved by reasoning about the properties of inequality. Many, but not all, of the properties of
equality continue to hold for inequalities and can be useful in solving them.

Connections to Functions and Modeling:xpressions catefine functions, and equivalent expressions define
the same function.Asking when two functions have the same value for the same input leads to an equation;
graphing the two functions allows for finding approximate solutions of the equati@amvertirg a verbal
description to an equation, inequality, or system of thesansssential skill in modeling.

Major Clustes Supporting Cluste Additional Clusters Depth (pportunities(DO)
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AlgebraStandards Overview

Note: The standards identified with &) contain additional mathematicsthat studentsshouldlearn in order to take advanced
coursessuchascalculus, advanced statisticsor discrete mathematicsthat go beymd the mathematicsthat allstudents should
studyin orderto be college- and career-ready. Explanations and examples of these standards are not iedlidthis document

Modeling Standards: Specific modeling standards appear throughout the high school standaidatetiby a star
symbol (E). (RETURN TO PG. 5)

Seeing Structure in Expression@-SSE)

w Interpret the structure of expressions.

A.SSE.te) RISSE?
w Write expressions in equivalent forms to solve problems.
ASSEl=) ASSE.4)

Arithmetic with Polynomials and Rational Expression®-APR)

w Perform arithmetic operations on polynomials.

w Understand the relationship between zeros and factors ofyr@mials.
A.APR.2 A.APR.3

1 Use polynomial identities to solve problems.
A.APR.4 A.APR.5 (+)

1 Rewrite rational expressions.
AAPR.6 AAPR.7 (+)

Creating Equationge) (A-CED)
1 Create equations that describe numbers or relationships.
ACED.1e) MICGEDI?2=) A.CED.3e) A.CED.4e)

Reasoning with Equations and InequalitieA-REI)

w Understand solving equations asprocess of reasoning and explain the reasoning.
A.REI.L1 A.REI.2

1 Solve equations and inequalities in one variable.

AREL3 RREM
ISolve systems of equatio

AREL5 A.REL6 AREL7 AREL8(+) AREL9 ()

1 Represent and solve equatis and inequalities graphically.
A.REL.L1I0 A.REL1XE) A.REI.12

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Algebra Seeing Structure in Expressiong\-SSE)

Clster: Interpret the structure of expressions.

Standard: A.SSE.1 Interpret expressions that represent a quantity in termstsfdontext.(€ )
a. Interpret parts of an expression, such as terms, factors, and coefficients.

b. Interpret complicated expressions by viewing one or more of their parts as a single Eotitgxample, interpre
P(1+r) as the product of P and a factor not dependingPon

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theiP.4 Model with mathematics.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of struct

Connections. A.SSER
An introduction to the use of variable expressions and their meaning, as well as the use of variables and
expressions in redife situations is included in the Expressions and Equations Domain of Grade 7.

Explanaionsand Bxamples A.SSE.1

In Algebra I, students work with linear, exponential, and quadratic expressions. In Algebra 2, students exter
concepts to general fynomials and rational expressions.

Idertify the different parts ofthe expression and explain their mearingwithin the @ntext of a problem.
Decamposeexpressions and make sense of the multiple factors andterms by exgainingthe meaning of the
individual parts.

Students should understand the vocabulary for the parts that make up the whole expression and be able to
those parts and interpret there meaning in terms of a context.

Examples:
1 What are the factors oP(@1+r)"? Which part(s) of this expréea depend orP?

1 (a) A mixture containg\liters of liquid fertilizer in 10 liters of water. Write an expression for the concentras
of fertilizer in the mixture, and explain what each part of the expression represents.

1 (b) Another mixture contamtwice as much fertilizer in the same amount of water as the mixture in part (g
Write an expression for the concentration of the new mixture, and explain why this concentration is not ty
as much as the concentration of the first mixture.

A companyuses two different sized trucks to deliver sand. The first truck can transgaitbic yards, and the
secondwcubic yards.The first truck makeStrips to a job site, while the second maKesrips.
What do the following expressions represent in practieains?

a. W’y
b. ©+w
C. OI+WJY

d. O+ Y
Y Camtinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples A.SSE.1
Sample Response
a. Sis the number of trips the first truck makes to a job site, anslthe number of trips the second truck
makes to a job site. follows thatS+T = the total number of trips both trucks make to a job site.

b. We know thatxandy are the amount of sand, in cubic yards, that the first and second truck can transp
respectively. Ther+y = the total amount of sand that both tris can transport together

In other words, the company can transpart y cubic yards of sand in a single trip using both trucks.

c. We can think okS+yTin separate terms. The first termS multipliesx, the amount of sand the first truck
can transprt, by S the number of trips the first truck makes to a job siehis meangS=the total amount
of sand being delivered to a job site by the first truck

In the second termy, the amount of sand the second truck can transport, is being multipleq the
number of trips the second truck makeshis meangT=the total amount of sand being delivered to a jok
site by the second truck

We then have thakS+yT=the total amount of sand (in cubic yards) being delivered to a job site by bot
trucks.

d. From part (c), we know thatS+yTis the total amount of sand, in cubic yards, being delivered to a job s
We also know from part (a) th&+ Tis the number of total trips being made to a job site.

By dividingkS+yThby S+ T, we are averagg out the amount of sand being transported over the total
number of trips. So, WY+ &Y
T~y
1 Suppose the cost of cell phone service for a month is represented by the expression Q205 Students
can analyze how the coefficient of 0.40 represents the cosnhefminute (40¢), while the constant of 12.95

represents a fixed, monthly fee, asdtands for the number of cell phone minutes used in the month.
Similar realorld examples, such as tax rates, can also be used to explore the meaning of expressions.

Instructional Strategies A.SSE P

Extending beyond simplifying an expression, this cluster addresses interpretation of the components in an
algebraic expressionA student should recognize that in the expressiamb2 M>X aGaHE Aa UKE O
FNE FFO02NEX YR awmé€ k¥Rl Gendspiind bingaial expréssiabebéeopmerd ¢
and proper use of mathematical language is an important building block for future coritisimg real-world
context examples, the nature of algebraic expressonscan be explored.

Have students create their own expressions that meet specific criteria (e.g., humber of terms factorable, diffe
of two squares, etc.) and verbalize how they can be written and rewritten in different forms
Additionally,pair3 NP dzLJ dGdzZRSy Ga (G2 &aKINB GKSANI SELINBA&AZ2Y

Handson materials, such as algebra tiles, can be used to establish a visual understanding of algebraic expre
and the meaning of terms, factorsid coefficients. Technology may be useful to help a student recognize that t
different expressions represent the same relationstior example, since € y)(x +y) can be rewritten ag’c y?,
they can put both expressions into a graphing calculédospreadsheet) and have it generate two tables (or twg
columns of one table), displaying the same output values for eaphession.

Factoring by grouping is another example of how students might analyze the structure of an expression

Tofactor X(x¢5)+2kcp 0 &G dzRSy (i a &K2dzgpRE MNMBRO20PYWAYI2S iRl B 20K
so it simplifies to (8+ 2)k ¢ 5). Students should become comfortable with rewriting expressions in a variety of
ways until a structure emerges.

Cotinuedon next page
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Common Misconceptions A.SSE P

Students may believe that the use of algebraic expressions is merely the abstract manipulation of symbols.
Use of realworld context examples to demonstrate the meaning of the parts of algebraic expressions is nee
to counter this misconception.

Students may also believe that an expression cannot be factored because it does not fit into a form they reg
They need help with reorganizing the terms until structures become evident.

Students will often combine terntbat are not like terms. For example, 2%=35<or 3x + 2y = 5y.

Students sometimes forget the coefficient of 1 when adding like terms.
For examplex + 2+ 3 = 5 rather than &.

Students will change the degree of the variable when addirgifacting like terms. For examplex 2 3 = 5¢
rather than .

Students will forget to distribute to all terms when multiplying. For examples 6@ = 12+ 1 rather than 12+ 6.

Students may not follow the Order of Operations when simipifyexpressions. For example? whenx = 3 may
0S8 AyO2NNBOGtH&E1H G IMndali NI GFKES Nd oK 'Y nwd ' oc ® !
distributive property should be used prior to adding/subtracting. For example, 2c-13{ncorrectly becomes
5(x¢l)=%¢5instead of 2+ 3(1) =2 + 8¢ 3 =X 1.

Students fail to use the property of exponents correctly when using the distributive property.
For example, §2x ¢ 1) = & ¢ 3x = Xinstead of simplifying asx@x ¢ 1) = 6¢ ¢ 3x.

Students fail to understand the structure of expressions. For example, they will write 4xwtis 43 insteadf
4xI' xsowhenx=3, 4 nwo I MHO® LY | RRAGA XY IO rathedtgdf<ica. O
Students routinely see3? as the same ag8)°=9. A method that may clear up the misconception is to have
students rewrite agx’ =M & so they know to apply the exponent before the multiplicatiorgbf

{idzRSy(ia FTNBI|dSFétBELNBEY LBy d@ dakRy® addzRSyda | R
simplify. Students need to understand the difference between an equation and an expression.

Students commonly confuse the properties of exponents, specifically the prodpoiars property with the
power of a power property. For example, students will often simpkfy’ € X instead of.

Students will incorrectly translate expressions that contain a difference of terms. For example, 8 less than 5
number isoften incorrectly translated as 85nrather than 5 ¢ 8.

Cotinuedon next page
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Tools/Resources:

A.SSE.tA.SSE.2

at2tey2YAlf YR vdzZ- RN} GAO 9 EE@EB%I‘&I@%MIQ\/EJWI@H dzl GA2VY 3
In this module, students continue to intergrexpressions, create equations, rewrite equations and functions in different |
equivalent forms, and graph and interpret functions, but this time using polynomial functions, and more specifically qu
functions, as well as square root andbe root functions.

http://www.engageny.org/resource/algebramodule-4

GLYGSNLINBGAY 3 | ¢ Mafherdfcd ASseshaniNBjach A 2 vV & £

This lesson unit is intended to lpeyou assess how well students are able to translate between words, symbols,
tables, and area representations of algebraic expressions. It will help you to identify and support students who
havedifficulty in: Recognizing therder of algebraic oprations. /Rec@nizing equivalent expressions. @nderstanding the
distributive laws of multiplication and division over addition (expansion of parentheses).

http://m ap.mathshell.org/materials/lessons.php?taskid=221#task221

A.SSE.1
lllustrative Mathematicsd a A EA Y 3 1@t /Nind.iflustrhtiS8eXithematics.org/illustrations/88

Mua G NI GAGPS al GKSYFGAOAY AGLYONBIFaAAYI 2N 53ONBI a4
http://www.illustrativemathematics.org/illustrations/89

LtfdzadNI GABS al G§KSYI {h@/Aaww.illustrdtikexBtidemafics.orb/Bustiat®rsRE S & £
LffdzaGNI GADS al GKSYIFGAOaY GvdzZr RNHzLX Ay3a [ SI Ra (43
http://www.illustrativemathematics.org/illustrations/187

LtfdzadNI GABS al (KS Y Ihipy/Ownllustrativeraiheragcyg.orgiliugdratiotl/215 f S & ¢
llustrathvS  al G KSYF GA OaY htp/évawiligirgtiiemathenfaiids. Sralikustrations/389
LffdzadNI GADS al GKS Y hitg/awillustraticemar®matids. grd/illustrion?/89¢ | ¢
LftfdzadNI GADS al (K S Mip:dwwe.BugtrativenmtBematigsD dBlustatiNdszeB] a ¢
LftfdzadNI GADS al GKSY!I kth:/OW.illustdativdmBthedztics 2rg/illustratiodsfLI6F R S N
LftfdzadGNF GADS al G§KSYL (ktd/EwWw.illustrativeih&themasiés riy/iuatratioddP3F S

aa

For detailed information se¢he High School Progression on Algebra
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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http://www.illustrativemathematics.org/illustrations/215
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http://www.illustrativemathematics.org/illustrations/390
http://www.illustrativemathematics.org/illustrations/531
http://www.illustrativemathematics.org/illustrations/1366
http://www.illustrativemathematics.org/illustrations/23
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Seeing Structure in Expression@-SSE)

Clster: Interpret the structure of expressions.

Standard. -2 Use the structure of an expression to identify ways to rewritéFitr example, se€ g y* as
0¢4)? ¢ (Y))?, thus recognizing it as a difference qbiares that can be factored &€ ¢ y°)(¢ + y).

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure.

Gonnections. SeeA.SSE.1 Common Misconceptions:SeeA.SSE. 1

Explanaionsand Bxamples -2

Linear, qualratic, andexponential expressionsare the focusin Algebra |, andinteger exponentsare exended to
rational exponats (only thosewith square orcubed roots). In Algebra 2, the expetation isto extendto polynomial
and rational expressions.

Rewrite algebraic expressions in diffetequivalent forms such as factoring or combining like terms.

Use factoring techniques such as common factors, grouping, the difference of two squares, the sum or differ
two cubes, or a combination of methods to factor completeéBiudents shoule@xtract the greatest common facto
(whether a constant, a variable, or a combination of each). If the remaining expression is quadratic, students
factor the expression further.

Simplify expressionsincluding combining like terms, wsingthe distributive property and other operations with
polynomials.

Examples:

 Factorx’- 2x°- 35x.

f Find a value fo€) a value fofQ and a value fog, so that (80+ 2)(2ob pun? +Too+¢.

Solution: Using the distributive property of multiplicatiasver addition, we have, for all real numbexs
(3x+2)(2b p U x+P)(2PH0(Xb H U 6 tXR +4b M o1 1 X Tb i M 1 &
So,a=6,k=-11, andn=-10.

1 Write two expressions that are equivaleforms ofexpressiorbelow:
m*+5m°+ 4

Solution: (m?)? + 5(n°) + 4; in° + 4)* +1)

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters
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Explanaionsand Bxamples -2

1 Suppose?andQgive the sizes of two different animal populations, wheP. In (ag(d), say which of the
IABSY LI ANJ 2F SELINBAAA 2 Y anindidterid o SndJpopulationsh S b &

a. P+Qand2P

b. — L _amg £X€
P+Q 2

c. (Q—P)/2and @ — P2

d. P+ 50tand @ + 50t

Sample Response:
a. The expressioR+Qis larger.
o The expressio®+Q gives the total size of the two populations put together.
o The expressionRgives the size of a population twice as larg®.as

o Putting the smaller population together with the larger yields more animals than merely doublil
the smaller.

Another way to see this is to notice thaP 2 P+P, which is smaller thaR+ Qbecause addin@to Pis less
than addingQto P.

b. The exprasionP+Qis larger.
2

o The total size of the two populations put togethePis Q, so the expressioR+Q gives the fraction
P

of this total belonging td. SinceP <P+ Q, this will be a number less than Eor instance, iP=100
andQ=150, this fraction equal%ool 100+150)= 0.4=40%.

o The average or mean size of the tpopulations is their sum divided by two, ..
This will be a number betwedhandQ, so it is larger than 1 (sinéeand Q describe animal
populations).For instance, iP=100 andQ =150, the average @00+150)2= 125.

C. The expressio@b P/gliS larger.
o The expressiofl ¥ 73 dives half the difference betwedPand Q. For instance, Q=150 andP=100,
half the difference i§ " P " 7 L/0%Y
o The expressio@b ", gives the difference betwee@ and a population half the size Bf
For instance, iQ=150 andP=100, this difference equals 1%0'°%,=100.
To see why the second of these is bigger, write
F2=%,6 7,
In the expressioQ ¢ Pl,, we subtracf’, from Q. But in® v b3, tve subtract the same valu,, from a
smaller amount,le.

d. The expressio®+ 5Q is larger.
o In both expressions, the same valuef,56 added to the population.
o SinceP<Q, adding 50to Presults in a smaller value than adding the same amour@.to

Major Clustes SupportingCluster Additional Clusters Depth Opportunities(DO)
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Tools/Resurces:
LffdzaGOGNI GADS al G§KSYI G hhdl/wvww.illustradiverdathe@haticSoyalilluserafidaas 3 a A

LffdaGNY GAGS al G§KSYI ( ktd:Awvw.illusttafvelnathengticso@d/BustratiogsR98h R R

LffdzZaGNI GADS al (KSY IhttpNv@wsy Mlustrativeraathenatizé.crofillustra@ichs/9id G & €

LffdzaGNF GA DS al K Shfd:/inswdlistativemath@niaficS.drg/ilBistr&tignd/ 21

LtfdzadNI GASBSYyaViKSyY R dlpdEvivilgsifaiiéermnathematics.org/illustrations/436

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters


http://www.illustrativemathematics.org/illustrations/87
http://www.illustrativemathematics.org/illustrations/198
http://www.illustrativemathematics.org/illustrations/919
http://www.illustrativemathematics.org/illustrations/21
http://www.illustrativemathematics.org/illustrations/436
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf




46

Algebra Seeing Structure in Expression$A-SSE)

Clster: Write expressions in equivalent forms to solve problem

Standard: -3 Choose and produce an equivalent form of an expression to reveal and explain @epe
of the quantity represented by the expressidiE )

a. Factor a quadratic expression to reveal the zeros of the function it defines.

b. Complete the square in a quadratic expression to reveal the maximunminimom value of the function it
defines.

c. Use the properties of exponents to transifio expressions for exponential functianBor example the expressio
1.15 can be rewritten as (1.18%)'F m & tomeneal the approximate equivalent monthly interest rate if th
annual rate is 15%.

Suggested Standards for Mathematical PracticeRM

MP.1 Make sense of problems and persevere in solving theP.4 Model with mathematics.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of struct

Connections. A.SSE3

In Grade 8, students compare tables, graphs expressonsand equationsof linear relationships. In high school,
examination of expressonsand equationsis intendedto include quadratic and exponential, aswell as rot linear
seguencesand series. Sudents will recognize how the form ofthe expresdon or equation canprovide information
about its graph(vertex, minimum, maximum, etc).

Explanaionsand Bxamples -3
A.SSE.3alNrite expressionsin equivalent forms by fadoringto find the zeros ofa quadratic function and explain the
mearning of the zeros.

1 Gven aquadratic function expain the meanngof the zeros ofthe function. Thatisif f(x)=(x ¢ c) (x ¢ a)then
f(a) = Oandf(c)= 0.

1 Given aquadratic expression, expain the meaning of the zerosgraphically. That isfor anexpression;
(xga) (x¢ c), aandc correspond to the x-intercepts (if aand c are real).

I Expres2(X ¢ 3¢ +x¢6)¢ (x¢3)(x+ 4 in factored form and use your answer to say for what valuecthoé
expression is zero.

1 For numbers 1g le, select the two equations with equivalent zeros.

la. y=x*+14 Solutions
1p. Y =x*+9x+14 la. The nomealszeros are+j14

’ , 1b. The zeros are7 and- 2
1c. y- [X ,E] _25 1c. The zeros are 7 and 2.

2 4 1d. the zeros are7 and- 2.
1d. vy =(x+7)(x+2) le. The zeros arel4d and- 1.
le. y :[%x+7)(2x+2) Catinued onnext page
Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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BExplanaionsand Examples -3

A.SSE.3bWrite expressionsin equivalent forms by completingthe square to conwveythe vertexform, to find the
maximum or minimum value ofa quadratic function, andto explain the mearing of the vertex.

1 What attributes of a graph will factoring and completing the square reveal about a quadratic function?

1 Consider the following algebraic expriesss:
(n+2)2 q4 andn® + 4n.
a. Use the figures below to illustrate why the following expressions are equivalent

b. Find some algebraic deductions of the same result.

Solution:
a. A geometric approach to the problem proceeds by identifying,esamere in then -th figure, the valuen,
and seeing two ways of looking at the dots, givingboth (#2712 I YR y H bny® hyS
many) is below.
Letn be the number of the figure, with = 1 at the left. We count the dots in each figure in terms iof
two different ways.One representsm2 +4n and the other representsn(kZ)2 bno
Visualiing % +4n:;

o n?is the inside full square.

o 4nis the four outside borders within each.

Visualizingr+2f'b n Y
o Imagine the larger square with the four additional dots filled in at the corners.
Then (1+2)2 is the number of dots in the larger square.
o 4 isthe number of dots added.

b. Perhaps most directly, we haVIere+2)2 b (n2 +4n+4)c4= n® +4n.

Alternatively, reversing the steps in this series of equalities is precisely the process of completing the
for the expressionn2 + 4n. Simihrly, the lefthand side could be viewed as a difference of two squares, i
which case we can reason:

(+2fc4=(0+2)+2)ffb H U B+HA)O) Fn® O,

The purpose of aboviask is to identify the structure in the two algebraic expressionsmberpreting them in terms of a
geometric context. Students will have likely seen this type of process before, so the principal source of challengasia th
is to encourage a multitude and variety of approaches, both in terms of the geometric arggameéim terms of the algebrai
manipulation.

Some students might show the equivalence algebraically from the start, either by expanding or by factoring. The alge
approach should be rewarded, not discouragédstudent who expands could be askethdre is another algebraic method
a student who factors could be asked if there is a way of relating thistimtire figure. Observéhat the factored form,
(n+4)n, can be related to the figures as follows: If you take the top and bottom borders, them vertically, and place them
next to the rest of the figure, you get an € 4) x n rectangle of dots.

There is also an opportunity here to discuss the process of justifying an algebraic idEntityne, the algebraic solution in
part (b) appliesa all real numbers, whereas the proof by pictures only directly applies to the case tthiata positive

integer (though students could be encouraged to replace "numbers of dots" with "areas of regions" to give a version ¢
geometricproof that worksfor all positive real numbers

Catinuedonnext page

Major Clustes Supporting Cluste Additional Clusters -
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Explanaionsand Examples -3

A.SSE.3dJse propertiesof exponents (such aspower of a power, product of powers, power of a product, and
rational exporents, etc.)to write anequivalent form of an exmnential function to reveal and explain specific
information about its approximate rate of growth or decay.

1 Write the expression below as a constant times a powetafd use your answer to decide whether the
expression gets larger or smallenagets larger.

(2x°)*(3x*)
(x*)°
1 Ifxis positive anc, 0, simplifyﬁl

¥ 3

Instructional Strategies -3

It is important to balance conceptual understanding and procedural fluency in work with equivaleassxms.
For example, development of skill in factoring and completing the square goesrirhadd with understanding
what different forms of a quadratic expression reveal.

This cluster focuses on linking expressions and functions, i.e., creating doneduttween multiple
representations of functional relationsthe dependence between a quadratic expression and a graph of the
guadratic function it defines, and the dependence between different symbolic representations of exponential
functions. Teacherneed to foster the idea that changing the forms of expressions, such as factoring or comy
the square, or transforming expressions from one exponential form to another, are not independent algorithr
are learned for the sake of symbol manipuideis. They are processes that are guided by goals (e.g., investigat
properties of families of functions and solving contextual problems).

Factoring methods that are typically introduced in elementary algebra and the method of completing the squ
reveals attributes of the graphs of quadratic functions, represented by quadratic equations.
1 The solutions of quadratic equations solved by factoring arexthimtercepts of the parabola or
zeros of quadratic functions.
1 A pair of coordinatesh( k) from thegeneral formf(x) =a(x ¢ h)2 +k represents the vertex of the
parabola, wheréh represents a horizontal shift aldrepresents a vertical shift of the parabqlzapx2
from its original position at the origin.
1 Avertexf, K is the minimum point of thgraph of the quadratic function &> 0 and is the maximum poini
of the graph of the quadratic functionaf< 0. Understanding an algorithm of completing the square proy\
a solid foundation for deriving a quadratic formula.

Translating among differs forms of expressions, equations and graphs helps students to understand some k
connections among arithmetic, algebra and geomefrhe reverse thinking technique (a process that allows
working backwards from the answer to the starting point) can &y effective. Have students derive information
Fo2dzi + FdzyOiA2yQa Slidd GA2ys NBLNBASYGSR Ay adly
Offer multiple realworld examples of exponential functions. For instance, to illustrate an exyh decay,
students need to recognize that in the equation for an automobile cd$t=C{0,000(0.75%), the base is 0.75 and
between 0 and 1 and the value of $20,000 represents the initial cost of an automobile that depreciates 25%
year over the carse oft years.

Similarly, to illustrate exponential growth, in the equation for the value of an investment over tithe A(

10,000(1.0§) where the base is 1.03 and is greater than 1; and the $10,000 represents the value of an inve
when increamg invalue by 3% per year faryears. Catinuedon next page
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Common MisconceptionsA.SSE.3

Some students may believe that factoringand completingthe square are isolated techniqueswithin a unit of
guadratic equations. Teachersshould help studentsto seethe value of these skillsin the context of solving higher
degree eguationsand examining different familiesof functions.

Sudents may think that the minimum (the vertex) of the graph of y = (x + 5)2 is shifted to the right of the minimum
(the vertex) of the graphy = 2 due to the addition sign. Sudents should explore examplesboth analytically and
graphically to overcome this misconception.

Some students may believe that the minimum of the graph of aquadratic function always occur at the y-intercept.

Toolk/Resources:
A.SSE .3
lllustrative Mathematicsé ¢ | ES & | hfg/wwk.ilfus$raitig¢emathematics.org/illustrations/677

A.SSE.3
lllustrative Mathematicsd L Y ONB I a A a3 yAMIZE SOMB | GA2Yy HE
http://www.illustrativemathematics.org/illustrations/167

lllustrative Mathematicsd L O S/ h@/inWiéillustrativemathematics.org/illustrations/551
lllustrative Mathematicséd t N F A { 2 T http://wing.iMiktiatyeinathematics.org/illustrations/434

lllustrative Mathematics:dt N2 FAG 2F | / 2YLIl yes FaasSaayvySyd I NA
http://www.illustrativemathematics.org/illustrations/1344

lllustrative Mathematicsd C2 N¥a 2 F SEWRWREGAL £ SELINS
http://www.illustrativemathematics.org/illustrations/1305

a

Q¢

For detailed information see¢he High School Progression on Algebra
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Algebra Seeing Structure in Expression@-SSE)

Clster: Write expressions in equivalent forms to solve problems.

Standard: A.SSE. Derive the formula for the sum of a finite geometric ser{@hen the common ratio is naj)
and use the formula to solve problenfor example, calculatmortgage payment{E )

Suggested Standards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others1P.4 Model with mathematics
MP.7 Look for and make use of structure. MP.8 Look foand express regularity in repeated reason

Connections: Sec/lISSE 3

Explanaionsand Examples A.SSHE

Students understand that a geometric series is the sum of terragggometric sequence and can be used to sol
realworld problems. The sum of a finite geometric series with common ratio not equal to 1 can be written ag
simple formula.Develop the formulafor the sumof afinite geometric series whentheratio isnot 1.

Usethe formulato sdve realworld problems suchas calculatingthe height of atree after n years giventhe initial
height of the tree andthe rate the tree grows eachyear. Calculate mortgage payments.

Examples:

 In February, the Bezansonfamilyii F NIida &l gAy3a F2NJ I GNARLI G2 ! dzad N
vacation to cos$5375. They start with $529ach month they plan to deposit 20% more than the previous
month. Will they have enough money for their trip?

 Aproblemsuch&@> a!y |Y2dzyi 2F bmnn ¢l &4 RSLRAAGSR Ay
2010,2011, 2012, and so on to 2019, with annual yield of 7%. What will be the balance in the savings ac
2y Wl ydzt NB MZ HAHAKE Adrdgeeméthcdseriés, = 22 Syhalrd Rpresants the

. : . ; ) (1-r)
value of the geometric series with the first tegnconstant ratiomr ' M 2ntermg.rR

Before usingthe formula, it might be reasonable to demonstrate the way the formulais derived,

Multiply byr Sa=g+gr+gr+gr’+ .o
ISa=gr+gf+ . +g’ +g"

Subtract  S-rsS=g-g/
Factor S(‘] - r) = g(“] - fﬂ)

Divide by (: 1) S, = 98;’;’3‘

The amount of the investment for January 1, 2020 can be found using: 100(1.07)'° +100(1.07)° +X  B0(117).
If the first term ofthis geometric seriesisg = 100(1.07), the ratio is 107 and the number of termsn =10, the
formulafor the value of geometric seriesis:

g(1—7r% 100(1.07)(1.07*° - 1) 107(1.07° - 1)
ST Ta oy T (1.07 - 1) N 0.07

Sip=$1478.36 Gontinuedon next page
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Instructional Strategies Sec/AISSE3

Common MisconceptionsA.SSE.4

Some students cannot distinguish between arithmetic and geometric sequences, or between sequencesand series.
To avoid this confusion, students need to experience both typesof sequencesand series.

Students commonly do not understand what it means to find the sum of a series. For example, if a student i
to find the sum of the first 17 terms of a series, they will only find tH& té¥m.

Studens often do not recognize that there are multiple ways of finding sums of series. Although it is not alw
practical, students could use a conceptual method to find the sums rather than using a formula.

Tools/Resources:
Ltfdzad N GAGS yaatiSK §hEbMnad@EBastrativeimatieiatics.org/illustrations/442

LffdzadNF 0AQGS al KSYI (hitgd/awn.illusirdtigeceddEréatic’. drg/illusfiatidons/802 G A O

lllustrative Mathematics / |y (i 2 Mip:Awdnit.iflustrativemathematics.org/illustrations/929

lllugrative Mathematics:ad ! [ A ¥ S { A Y Bttp:#vilvw.{llust@tvehAtheinatics.org/illustrations/1283

For detailed information se¢he High School Progression on Algebra
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Algebra Arithmetic with Polynomials and Ratical Expressions(A-APR)

Cluster: Perform arithmetic operations on polynomials.

Standard: - Understand that polynomials form a system analogous to the integers, namely, they
closed under the operations of additi, subtraction, and multiplication; add, swatt, and multiply polynomials.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure.

Connections:

To further explore connections, students might look for commonalitiesbetweenfactoring polynomials and
factoringintegers. Forexample, some polynomialsare factorable, just as some integersarefactorable, and
some polynomials areprime or not factorable, just as some integersare prime numbers.

Explanaionsand Examples -

Focus on polynomial expressions that simplify to forms that are linear or quadratic in a positive integer powe
Linearand quadratic polynomial expressions are the expedation in Algebra land beyond qualratic polynomial
expressions isthe expectation for Algebra 2.

Understandthe definition of a pdynomial. Understandthe concepts of combining like terms and dosure.
Add, subtract, and multiply polynomials andunderstand howclosure appliesunder these operations.

Examples: -
1 Simplify:2=2_

a+b

1 Expand and Simplifyxi(+3x% - 2x+ 5)k- 7)

1 PartA
A town @uncil plans to kuild apublic parkinglot. The ouline below representsthe proposed shape of the
parking lot.
x yd.
T
x - 5 yd.
Y
2x - 5 yd.
2x + 15 yd.

Write an expression for thearea, in square feet, ofthisproposed parkinglot. Explain the reasoningyou used
to find the expression.

Cotinuedonnext page
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Explanaionsand Examples -
f PartB

The tovn cowndl has plans todouble thearea of the parkinglot in afew years. They aeate two plans to do
this. Thefirst plan increases the length of thebaseof the parkinglot by p yards, as shownin the diagram
below.

X yd.

2x - 5 yd.

2x + 15 yd. f p yd.

Write an expression in terms ofx to represent the value ofp, in feet. Explain the reasoning you used to find
the value ofp.

1 PartC
¢tKS G2y O2dzyOAt Qa aSO2yR LIy G42 R2dzfS GKS
shown in the diagram below.
X yd.

—_— e e e e — e —— ——

|
:
2x - 5 yd. |
|
I
1

2x + 15 yd. F——2zyd.—

Can thevalue ofzbe represented as apolynomial with integer coefficients? Justify your reasoning.

Sample Response

Part A Part C
Missgngverticaldimensionis2xb 5b (xb 5) =x. If zis a polynomial with integer coefficients, the length of
Area = X(Xb 5) +x(2x +15) the rectangle, 2x + 15+ z, would be a factor of the
= %% b 5x+2%2 + 15x doubled area. Likewise 2x b 5 would be afactor of the
= 3x2 +10x square yards doubled area. But 2xb 5isnot afactor of 6x* +20x.
S 2x+ 15+ zisnot afactor either. Therefore, z cannot
Part B be represented as a polynomial with integer coefficients.

Doubled area =6x? +20x square yards.
Areaof top left corner = x* b Bx square yards.
Area of lower portion with doubled area = 6x% + 20xb (x* b 5x)
= 5x° + 25x square yards

Snce the width remainsx yards, the longest length must be (5x% + 25x) + x = 5x + 25 yardslong.

S,y =5x+25b (2x+15)=5x+25b 2xb 15=3x + 10yards. Cantinuedon next page
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Instructional Strategies-

The primary strategy for this cluster is to make connections between arithmetic of integers and arithmetic of
polynomials.In order to understand this standard, students need to work towarchhotderstanding and
fluency with polynomial arithmeticFurthermore, to talk about their work, students will need to use correct
vocabulary, such as integer, monomial, polynomial, factor, and term.

In arithmetic of polynomials, a central idea is the diBitive property, because it is fundamental not only in
polynomial multiplication but also in polynomial addition and subtraction.

With the distributive property, there is little need to emphasmésleading mnemoni¢such agOll which is
relevanto/ f & GKSYy Ydzf GALX @Ay3a (62 O0AY2YAlLtAX FyR (KS
consequence of the distributive property. For example, when adding the polynomials 3x and 2x, the result ¢
explained with the distributive property as followdx+ 2x= (3 + 2§ = 5.

An important connection between the arithmetic of integers and the arithmetic of polynomials can be seen b
considering whole numbers in base ten place value to be polynomials in thébas@. For twedigit whole
numbers andinear binomials, this connection can be illustrated with area models and algebraBileshe
connections between methods of multiplication can be generalized furtker.example, compare the product

213 x 47 with the produd®b® + 1b + 3)(4 + 7).

2b? + 1b + 3 200+ 10 + 3 213

X 4b + 7 X 40 + 7 X 47
14b%2 + 7b + 21 1400 + 70 + 21 1491

8b% + 4b% + 12b 8000 + 400 + 120 8520
8b3 + 18b% + 19b + 21 8000 + 1800 + 190 + 21 10011

Note how the distributive property is in play in each of these examples: In thmteft computation, each term in
the factor(4b + 7)must be multiplied by each term in the other fact(>2b2 + 1b + 3) just like the value of each
digit in 47 nust be multiplied by the value of each digit in 213, as in the middle computation, which is similar
GLI NIOAFE LINPRdAzOGA YSGK2R&¢ GKIFG a2yYS addzRRSyda Y
common algorithm on the right is merely ahlaeviation of the partial products method.

The new idea in this standard is callddsure A set ixclosedunder an operation if when any two elements are
combined with that operation, the result is always another element of the same set. In orded&ysiand that

polynomials are closed under addition, subtraction and multiplication, students can compare these ideas wit
analogous claims for integer3he sum, difference or product of any two integers is an integer, but the quotier
two intege's is not always an integer.

For polynomials, students need to reason that the sum (difference or product) of any two polynomials is inde
polynomial. At first, restrict attention to polynomials with integer coefficients. Later, students should epnsid
polynomials with rational or real coefficients and reason that such polynomials are closed under these opera

For contrast, students need to reason that polynomials are not closed under the operation of division:
The quotient of two polynomials inot always a polynomiakor examplé(2 +x) Uxis not a polynomial.
Of course, the quotient of two polynomials is sometimes a polynorﬁal.example(xz- 9 U (x- 3) =x+3.

Cotinuedonnext page
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Common Misconceptions-l

Some students will apply thdistributive property inappropriately. Emphasize that it is thstributive property of
multiplication over addition For example, the distributive property can be used to rewritet3() as X + 2,
because in this product the second factor is a sue, (involving addition). But in the productxg), the second
factor,(xy), is itself a product, not a sum.

Some students will still struggle with the arithmetic of negative numbers. Consider the expre&®ifi + ¢ 2)).
On the one hand-@) 1(2 + € 2)) = €3) 1(0) = 0 But using the distributive property; 3) (2 + € 2)) =

(-3)T(2) + €3)1(- 2). Because the first calculation gave 0, the two terms on the right in the second calculatic
must be oppositén sign. Thus, if we agree that 3) (2) =- 6, then it must follow that- 3) (- 2) = 6.

Students often forget to distribute the subtraction to terms other than the first one. For example, students w
write (4x+ 3)¢ (2x+ 1) = &+ 3¢ 2x+ 1 = X+ 4 rather than #+ 3¢ 2x¢ 1= X+ 2.

Students will change the degree of the variable when adding/subtracting like terms. For exatpBe=25¢
rather than .

Students may not distribute the multiplication of polynomials correctly and only multiply like terms. For exan
they will write (x + 3X¢ 2) =X ¢ 6 rather thand ¢ 2x + 3 ¢ 6.

Tools/Resources:

Gal yA Lz I GA ycMathethdtiés YAssesdilerit Brdject
This lesson unit is intended to help you assess how well students are able to manipulate and caitufadé/nomials. In
particular, it aims to identify and help stants who have difficulties inngtching between visual and algebraic representation
of polynomial expressions an@égorming arithmetic operations on algebraic representations of/pomials, factorizing and
expanding appropriately when it helps to make the operations easier
http://map.mathshell.org/materials/lessons.php?taskid=437#task437

For detailed information seehe High School Progression on Algebra
http://commoncoretools.me/wp -content/uploads/2013/07/ccss _progression _algebr2a013 07 03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Algebra Arithmetic with Polynomials and Rational Expression&-APR)

Cluster: Understand the relationship between zeros and factors of polynomials.

Standard: A.APR2 Know andapply the Remainder TheorenfFor a polynomigh(x) and a numbea, the
remainder on division by ¢ aisp(a), sop(a) = 0 if and only if(g a) is a factor op(x). Know and apply the
Remainder Theorem:For a polynomigb(x) and a numbea, the remander on division bx ¢ aisp(a), sop(a) = O if
and only if X ¢ a) is a factor op(x).

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstrig and quantitatively. MP.8 Look for and express regularity in repeated reasd
MP.3 Construct viable arguments and critique the reasoning of others.

Connections: AIAPRIZ; ISSES-AABPRL

This cluster is about the relationship between the factors of a polynomial, the zeros of the function defined b
polynomial, ad the graph of that function.

Explanaionsand Examples A.APR2
Understandhow this standard relatesto A.SE 3a.
Understandthat ais aroot of a polynomial funcion if and only if x-aisafactor of the function.

The Remainder theoremsays thatfia polynomialp(x) is divided by ¢ a for some numbeg, then the remainder is
the constantp(a). That isp(x)=q(x)(x - a)+p(a). So ifp(a) = 0, thenp(x) = q(x)(x T a).

Examples:
1 Let p(X) =x3- 3x*+ 8- 9x+ 30 Evaluatep(c2).
What does your answer tell you abtthe factors ofp(x)?

Solution:p(¢2) = 0, sx + 2 is a factor gh(X).

1 Consider the polynomial function P(X) =x*t xo-ab x€14,whereais an unknown real number.
If (xb2) is a factor of this polynomial, what is the valuea8f

Solution:

By the Remainder Theorem,¥(H 0 A & M), fRdnB2) dusd egual zero.
Therefore, P(2)=16b G8+ai4¢6t2+14=0. Simplifying, we find thata¢6=0, and a=",.

The purpose of this task is to emphasize the use of the Remainder Theorem as a method for determinir,
structure in polynomial in equations, and in this particular instance, @placement for division of polynomi

One possible solution path is to use polynomial division to dieEby (Xb2) and determine the remainder ir
terms ofa and then solve foa by setting the remainder equal to zero. However, the divisiparation
becomes unwieldy with the unknown parametein play. A more straightforward approach is to use the
Remainder Theorem.

Cotinuedonnext page
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Instructional Strategies:A.APR.23

As discussed for the previous clustBe(form arithmetic operations on polynomiajspolynomials can often be
factored. Even though polynomials (i.e., polynomial expressions) can be explored as mathematical objects
without consideration of functions, in school mathematics, polynomials are usually taken to define functions.
Some equationsnay include polynomials on one or both sides. The importance here is in distinction betweer
equations that have solutions, and functions that have zeros. Thus, polynomial functions have zeros.
This cluster is about the relationship between the factwira polynomial, the zeros of the function defined by the
polynomial, and the graph of that function. The zeros of a polynomial function aveithercepts of the graph
of the function.

Through some experience with long division of polynomialsbyaj, students get a sense that the quotient is
always a polynomial of a polynomial that is one degree less than the degree of the original polynomial, and t
remainder is always a constant. In other wonalg) =q(X)(x- a) +r. Using this equationstudents reason that
p(a) =r. Thus, ifp(a) = 0,then the remainder = Q, the polynomiap(x) is divisible byx- a) and(x- a)is a factor
of p(x). Conversely, ifx- a) is a factor ofp(x), thenp(a) = 0.

Whereas, the first standard specitilly targets the relationship between factors and zeros of polynomials, the
second standard requires more general exploration of polynomial functions: graphically, numerically, verball
symbolically.

Through experience graphing polynomial functiam$aictored form, students can interpret the Remainder
Theorem in the graph of the polynomial function. Specifically, wkerg] is a factor of a polynomigd(x), then
p(a) = 0 and thereforex =ais anx-intercept of the grapty =p(x). Converselywhen students notice ar-
intercept nearx =b in the graph of a polynomial functiga(x), then the function has a zero nearb , andp(b}
is near zero.Zeros are located approximately when reasoning from a grdpierefore, if p(b} is not exactly
zero, then(x- b)is not a factor op(x).

Students can benefit from exploring the rational root theorem, which can be used to find all of the possible
rational roots (i.e., zeros) of a polynomial with integer coefficients. When the goal is to iddhtdgpts of a
polynomial, including irrational or complex roots, it is useful to graph the polynomial function to determine th
most likely candidates for the roots of the polynomial that are tkietercepts of the graph.

When at least one rationalroot x =r isidentified, the original polynomial can be dvided by x - r, so that additional
roots canbe sought in the quotient. Long division will suffice in simple cases. Synthetic division isan abbreviated
methodthat is lessproneto error in complicated cases, but Computer Algebra Systemsmay be helpful in such cases.
Graphsare used to understand the end-behavior of nth degree polynomial functions, to locate roots and to infer the
existence of complexroots. By usingtechnologyto explore the graphs of many polynomialfunctions, and
describingthe shape, end behavior and number of zeros, students canbegin to make the followinginformal
observations:

9 Thegraphsof polynomialfunctionsare continuous.

7 An n" degreepolynomialhasat most n roots and at most n - 1 dchangesof directioné (i.e., from increasingto

decreasing or vice versa).
1 An evendegree polynomial has the same ehdhavior in both the positive and negative directions: both

heading to positive infinity, or both heading to negativerniiifi, depending upon the sign of the leading
coefficient.

1 An odddegree polynomial has opposite ebehavior in the positive versus the negative directions,
depending upon the sign of the leading coefficient.

1 An odddegree polynomial function must havelatast one real root.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:
LffdzZaGNI GADBS al GKSYI GA GtpXwww.illdsttativEmathdniaticsoytAllusirafidBstsg2An (

lllustrative Mathemh G A O& Y G%SNRPS&a YR FILOB2NAT FGA2Yy 2F |
http://www.illustrativemathematics.org/illustrations/787

lllustrative Mathematics:a %2S NB Sa I y R FF O (lj2dRAR NI GiAr20) LRt 8y 2 YA I €
http://www.illustrativemathematics.org/illustrations/789

LtfdzadNI GABS al GKSYFGAOAY 4%SNRSa YR FFOG2NAIT
http://www.illustrativemathematics.org/illustrations/788

lllustrative Mathematics:d %S NP S& YR FlLOG2NAT FGA2Y 2F | y2y LR
http://www.illustrativemathematics.org/illustrations/796

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters
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Algebra Arithmetic with Polynomials and Rational Expression&-APR)

Cluster: Understand the relationship between zeros and factors of polynomials.

Standard: A.APR3 Identify zerosof polynomials when suitable factorizations are available, and use the z
to construct a rough graph of the functionfiteed by the polynomial.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.
MP.2 Reason abstriig and quantitatively. MP.5 Use appropriate tools strategically.
MP.4 Mael with mathematics. MP.8 Look for and express regularity in repeated reaso

Qonnections: | EESSIERS-AUABRE

This cluster is about theelationship between tk factors of a polynomial, the zeros of the function defined by th
polynomial, and the graph of that function.

Explanaionsand Examples A.APR3

Identify the multiplicity of the zeroesf a factored polynomial and explain how the multiplicity of #ezoes provides
a clue as to how the graph will behave when it approaches and leavesntercept.

Sketch a rough graph using the zeroes of a polynomial and other easily identifiable points suciiateticept.
Graphing calculators or programs camsed to generate graphs of polynomial functions.

Exanple:

9 Factor the expressiorx3+ 4¢ - 59 - 126and explain how your answer can be used to solve the equatio
X+ 4¢ - 59x- 126=Q

Explain why the solutions to this equation are the same asdintercepts of the graph of the function
f(x) =X+ 4¢ - 59 - 126.

Instructional Strategies:A.APR3

Graphsare used to understand the end-behavior of nth degree polynomialfunctions, to locate roots and to infer the
existence of complexroots. By usingtechnologyto explore the graphsof many polynomialfunctions, and
describingthe shape, end behavior and number of zeros, students can begin to make the followinginformal
observations:

9 Thegraphsof polynomialfunctionsare continuous.

7 An n" degree polynomialhasat most n roots and at most n - 1 dchangesof directioné (i.e., from increasingto
decreasing or vice versa).

1 An evendegree polynomial has the same ehdhavior in both the positive and negative directions: both

heading to positive infiity, or both heading to negative infinity, depending upon the sign of the leading
coefficient.

1 An odddegree polynomial has opposite ei@havior in the positive versus the negative directions,
depending upon the sign of the leading coefficient.
9 An odddegree polynomial function must have at least one real root.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

For detailed information see the High School Progression on Algebra:

http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters

Depth Opportunities(DO)



http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Arithmetic with Polynomials and Rational Expsions (A-APR)

Cluster: Use polynomial identities to solve problems.

Standard: A.APR4 Prove polynomial identities and use them to describe numerical relationships.
For example, the polynomial identi¥+y?)? = ¢ y°)? + (2y)*can be used to generate Pythagorean triples.

Suggested Standards for Mathematical Practice (MP):

MP.7 Look for and make use of structure.
MP.8 Look for and express regularity in repeateabming

Gonnections:

When students dsee structure in expressonsX. they are more likely to use these identitiesprodudively in solving
problems.

Explanaionsand Examples A.APR4

Understandthat polynomial identitiesinclude butare not limited to the product of the sum anddifference
of two terms, the difference oftwo squares, the sumand dfference of two cubes, the square of a binomial, etc .

Prove polynomial identities by showingsteps and providing reasons and describing relationships
(eg. determine 81- 80? by applying differences of squares which leads to (81 + 803(B1= 161.

lllustrate howpolynomial identitiesare used to determine numerical relationshipssuch as
25°=(20+5)=20b H wd+5%n

Exanples:

| Use the disthiutive law to explain why¢ ¢ y* = ¢ y)(x +Y) for any two numbers andy.
1 Derive the identityX ¢ y)* =X ¢ 2xy +y*from (x +y)> =x* + Xy +Yy” by replacings by cy.

1 Use an identity to explain the pattern
2°¢1°=3

3c2’°=5
HgF=7
5°c4*=9

Solution:(n + 1¥ - n?= 2 + 1 for any whole numbaet.

Catinuedonnext page

Major Clustes Supporting Cluste Additional Clusters




62

Instructional Strategies:A.APR.4

In Grade 6, students began using the properties of operations to rewrite expressions in equivalent\ners.

two expressions are equivalent, aguation relating the two is called agientity because it is true for all values of
the variables.This cluster is an opportunity to highlight polynomial identities that are commonly used in solvir
problems. To learn these identities, students neecpexience using them to solve problems.

Sudents should develop familiarity with the followingspecial products:
(x+y)" =X +2y+y
(x-y) =X -2y +y’
(X +Y)(K-y) =X -y
(x+a)(x+b) =X +(a+b)x+ab
(x+y)’ =X+ 3y + 3y +y’
(x- y)3 —3 szy N 3xy2 . y3

Sudents should be able to prove any of these identities. Futhermore,they should develop sufficient fluency with
the first four of these sothat they can recognize expressonsof the form on either side of these identitiesin order
to replace that expressionwith an eguivalent expressonin the form of the other side of the identity.

1 With identitiessuch asthese, students can disaover and explain facts about the number system.
Forexample, in the multiplication table, the perfect squaresappear on the diagonal. Diagonally, next to
the perfect squares aretnear squaresz which are one lessthanthe perfect square. Why?

1 Whyisthe sum of consecutive odd numbers beginningwith 1 alwaysa perfect square?

1 Numbers that can be expressed as the sum of the counting numbers from 1 to n are called triangula
numbers.
What do younotice about the sum oftwo consecutive triangular numbers? Explain why it works.

9 Thesum and difference of cubesare also reasonable for studentsto prove. The focusof this proof
should be ongeneralizingthe difference of cubesformulawith an emphasistowardfinite geometric
series.

Tools/Resources:
llustrative Mathema A O& Y A ¢ Nty @ illustidfiveématBein&ids. org/illustrations/594

For detailed information se¢he High School Progression on Algebra
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Algebra Arithmetic with Polynomials and Rational Expression&-APR

Clster: Rewrite rational expressions.

Standard: A.APR6 Rewrite simple rational expressions in different forms; weige/ b(X) in the form
gx) +r(x)/ b(x), wherea(x), b(x), q(x), andr(x) are polynomials with the degree dk) less than the degree tfx),
using inspection, long division, or, for the more complicated examples, a computer algebra system.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make usésiructure.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reaso

Connections:

A.SSEeeing Sructure in Expressons. The arithmetic of rational expresgonsis fundamentally about seeingthe
same structure in rational expressionsasthe arithmetic of rational numbers (i.e., fractions).

Explanations and ExampleA.APR.6

The limitations on rational functions apply to the rational expssin AAPR.6.
Define rational expressions.

Determine the best method afimplifying agiven rationakxpression.

Rewrite rational expresshs,%, in the form g( x) % by using factoring, long division, syntheticdivision.
X

The polynomiaf|(x) is called the quotient and the polynomig¥) is called the remainderExpressing a rational
expression in this form allows one to see different properties of the graph, such as horizontal asymptotes.

Use a corputer algebra system for complicated examples to assist with building a broader conceptual
understanding.

Examples:

3 _ 2 _
{ Find the quotient and remainder for the rational expressi)én 3); +2X 6 and use them to write the
X~ +

expression in a different form.

1 Expessf(x)= 2% +11 in a form that reveals the horizontal asymptote of its graph.
X -
Solution f(x) = 2+l _2Ax-D*3_2Ax-D, 3 _ 2+—>_ 50 the horizontal asymptote ys= 2.
x-1 x-1 x-1 x-1 x-1

Cotinuedonnext page
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Instructional Strategies:A.APR6

This cluster is the logical extension of the earlier standards gmpuoiials and the connection to the integers.
Now, the arithmetic of rational functions is governed by the same rules as the arithmetic of fractions, based 1
on division.

In particular, in order to write;:—x; in the fogfx) +@, students need to work through the long division
= b(x)

described for AAPR.23. This is merely writing the result of the division as a quotient and a remainder.

For example, we can rewrit@g in the form 9 +3/8. Note that the fraction75/8 is interpretedas the divisior75U 8,
so that 75 is the dividend and 8 is tti&visor. The result indicates that 9 is the quotient and 3 is the remainder.
Note that for division of integers, we expect the remainder to be between 0 and the divisor, which in this 8ag
(If the remainder were greater than or equal to 8, we could subtract another 8, and increase the quotient by

In order to rewrite simple rational expressions in different forms, students need to understand that the ru
governing the arithmetic forational expressions are the same rules that govern the arithmetic of ration
numbers (i.e., fractions). To add fractions, we use a common denominator:

a c_ad. bc.'_ad—i—bc
bTd bd bd  bd

as long ap, d, 0. Although in simple situations,, b, ¢ andd would each be whole numbers fact they
can be polynomialsSo now suppose tha=2,b= (- 1),c=x andd = k+ 1), then

2 x 2+ (x—Dx  2(x+1D+(x-1x
1 x4+l G-Dx+D x-Dx+D  x-Dx+D

And then the numerator can be simplified further:

_2x+2+x2—x_ x2+x+2
C (x—DEx+1) (x-D(x+1)

In order to meet A.APR.6, students will need some experiences with the arithmetic of sitgu@lraxpressions.
For most students, the above example helps illustrating the similarity of the form of the arithmetic used with
rational expressions and the form of the arithmetic used with rational numbers.

Common MisconceptionsA.APRG6

Studentswil K 2y f & LINRPOSRdAz2NI f dzy RSNRAGFYRAY3I 2F TN OGAZ2
numerator and denominator of a fraction. Emphasize the structure of the rational expression: thahthe

numeratoris divided by thevhole denonmatord® Ly FILO0GzX (G4KS 62NR aOl yOSt ¢
It would be more accurate to talk about dividing the numerator dedominator by a common factor.

Tools/Resources:
LffdzZaGNI GADS al
LffdzaGNI GADS al

KS YL A Ority//www.ikugtrativeanathe@diics.erdafustrations/825 d
K S Y I Ghipd/énmv.illustratigemathedtanck.ofg/ilDAtiEnE/ 1326y &

[ eI en-N

For detailed information see¢he High School Progression on Algebra
http://commoncor etools.me/wp-content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf
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http://www.illustrativemathematics.org/illustrations/825
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Algebra Creating Equations (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: A.CEDL cCreate equations and inequalities in one variable and use them to solve prolterusie
equations arising from linear and adratic functions, and simple rational and exponential functiqiis)

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theiP.4 Model with mathematics
MP.2 Reason abstractly and quartiikaly. MP.5 Use appropriate tools strategical

Gonnections. A.CED.#4
Working with expressions and equations, including formulas, is an integral part of the curriculum in Grades 7
In high shool, students explore in more depth the use of equations and inequalities to modevoeal problems,
AyOf dzZRAYy3 NBAGNAROGAYI R2YIFAya YR Nry3aSa (G2 TFAl
interest.

Explanations and Exaples: A.CE[L

In Algebra 1imit A.CED.1 and @ED.2 to linear and exponential equations, and, in the case of exponential equatior
to situations requiring evaluation of exponential functions at integer inputs. Start with work on linear and reigdone
equations, then, later in the year, extend to quadratic equations.

In Algebra 2 use all available types of functions to create such equations, including root functions but constrain to
cases.

Create linear, quadratic, rational and exponahtquations and inequalities in one variable and use tirem
contextual situation to solve problems.

Equations can represent realorld and mathematical problems. Include equations and inequalities that arise
comparing the values of two differefiinctions, such as one describing linear growth and one describing
exponential growth.

Examples:

1 Given that the following trapezoid has area 54°caet up an equation to find the length of the unknown ba
and solve the equation. 10 cm

1 Lava coming fronthe eruption of a volcano follows a parabolic path. The helightfeet of a piece of lava
seconds after it is ejected from the volcano is giverhfiy= - 16:% + 64 +936. After how many seconds doe
the lava reach its maximum height of 1000 feet?

1 The value ofin investment over time is given by the equation A(t) = 10,000(1.08hat does each part of th
equation represent?

Solution: The $10,000 represents the initial value of the investment. The 1.03 means that the investmen
grow exponentially at sate of 3% per year fdryears.

Catinuedonnext page
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Explanations and ExamplesA.CED.1

1 You bought a car at a cost of $20,000. Each year that you own the car the value of the car will decreas
rate of 25%. Write an equation that can be used to find the vafube car aftett years.

Solution:C¢) = $20,000(0.75) The base isd0.25 = 0.75 and is between 0 and 1, representing exponentiz
decay. The value of $20,000 represents the initial cost of the car.

1 Suppose a friend tells you she paid a total b8, 868 for a car, and you'd like to know the car's list price (th
price before taxes) so that you can compare prices at various dealers. Find the list price of the car if yo
friend bought the car in:

a. Arizona, where the sales tax is 5.6%.
b. New York, whe the sales tax is 8.25%.
c. A state where the sales taxris

Solution:
a. If pis the list price in dollars then the tax on the purchase is (p09®e total amount paid ip+0.056 , so

p+0.056 (1+0.056)= 16,368

(1+0.056p = 16,368

16,368

pP= 1+ 0056 = $15,500.

b. The total amount paid j3+0.085p , so
p +0.082% =16,368
(1+0.0829p =16,368

16,368
P=1700s5 = $15,120.55.

c. The total amount paid s+rp, so
p+rp=16,368
(1 +r)p =16,368

16,268
p= dollars.
1+r

Instructional Strategies:A.CED.4

Provide examples of reaforld problems that can be modeled by writing equation or inequality. Begin with
simple equations and inequalities and build up to more complex equations in two or more variables that may
involve quadratic, exponential or rational functions.

Disaussthe importance of usng appropriate labels and scaleson the axeswhen representingfunctionswith graphs.

Examine realorld graphs in terms of constraints that are necessary to balance a mathematical model with t
realworld context. For example, a student writing an equation to model the maxi@w@a when the perimeter of
a rectangle is 12 inches should recognize §hak(6 ¢ X) only makes sense when &< 6. This restriction on the

domain is necessary because the side of a rectangle under these conditions cannot be less than or equél tg
must be less than 6. Students can discuss the difference between the parabola that models the problem an

portion of the parabola that applies to the context. _
Cotinuedonnext page
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Instructional Strategies:A.CED.4

Explore examples illustrating when it is usatutewrite a formula by solving for one of the variables in the form
For example, the formula for the area of a trapezoid (A = 3¥-+hfb) ) can be solved fdrif the area and lengths g
the bases are known but the height needs to be calculaf#us strategy of selecting a different representation I
many applications in science and business winging formulas.

Provide examplesof real-world problemsthat can be solved by writing an equation, and have students explore the
graphsof the equations on a graphing calculator to determine which parts of the graph are relevant to the
problem context.

Use a graphing calculator to demonstrate how dramatically the shape of a curve can change when the scale of the
graphis altered for one or both variables.

Give studentsformulas, such as areaand volume (or from sdence or business) and have students solve the
equationsfor each of the differentvariablesin the formula.

Common MisconceptionsA.CED.#4

Sudents may believe that equationsof linear, quadratic and other functionsare abstract and exist only éin a math
bookZ without seeing the usefulness of these functionsasmodelingreal-world phenomena.

Additionally, they believe that the labels and scaleson a graph are not important and can be assumed by areader,
and that it is dways necessary to use the entire graph of afunction when solvinga problemthat usesthat function
asits model.

Students may interchange slope ayphtercept when creating equationsFor example, a taxi cab co§4 for a
dropped flag and charges $2 per mil&tudents may fail to see that $2 is a rate of change and is slope while th
is the starting cost and incorrectly write the equationyas 4x + 2 instead oy = 2 + 4.

Given a graph of a line, studentse the xintercept for b instead of the-intercept.

Given a graph, students incorrectly compute slope as run over rise rather than rise ovdfauaxample, they wil
compute slope with the change kover the change iw.

Students do notknowwdy (2 Ay Of dzZRS GKS Ga2NJ Sljdzrt G2¢é¢ ol N &

Students do not correctly identify whether a situation should be represented by a linear, quadratic, or expong
function.

Students often do not understand what the vaies represent. For example, if the heighitin feet of a piece of
lavat seconds after it is ejected from a volcano is giveh(by=-16t>+ 64 + 936 and the student is asked to find
the time it takes for the piece of lava to hit the ground, the stotiwill have difficulties understanding thhat= 0 at
the ground and that they need to solve for

Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)




68

Tools/Resources:

lllustrative Mathematicsd ¢ K NB ¢ A Y Htp:/lwww.illustriti&’zemathematics.org/illustrations/437
lllustrative Mathematics:at f | Y S & | hitd/wévKilSidtratigemathematics.org/illustrations/580
lllustrative Mahematics at I @ A y 3 [ittgBvwiNiBugtiatdsemathematics.org/illustrations/581
lllustrative Mathematics:¢ . dz& A y Jhtt://w@w.iINgtrativemathematics.org/illustrations/582

lllustrative Mathematics:a { dzy 2F Fy3f Sa Ay | LRfte&3a2yé
http://www.illustrativemathematics.org/illustrations/1124

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/437
http://www.illustrativemathematics.org/illustrations/580
http://www.illustrativemathematics.org/illustrations/581
http://www.illustrativemathematics.org/illustrations/582
http://www.illustrativemathematics.org/illustrations/1124
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Creating Equations (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: - Create equations in two or more variables to represent relationships between quantit
graph equations on coordinate axeghviabels and scaleqE )

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theidP.4 Model with mathematics
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategical

Qonnections. See A.CED.1 Common Misconceptions:See A.CED.1

Explanations and Example-Z

Algebra 1:Limit A.CED.1 and@ED.2 to linear and exponential equations, and, in the case of exponential equ
limit to situations requiring evaluation of exponential functions a¢gar inputs.Start with work on linear and
exponential equations, then, later in the year, extend to quadratic equations.

Algebra 2:While functions used in @ED.2, 3, and 4 will often be linear, exponential, or quadratic, the types of
problems shouldrw from more complex situations than those addressed in Algebra 1. For example, finding
equation of a line through a given point perpendicular to another line allows one to find the distance from a
a line.Find the distance from the poimg, 5) to the liney =3x +1.

Examples:

§ The formula for the surface area of a cylinder is givet: by [*h, whisiter represents the radius of the circuls
crosssection of the cylinder anldrepresents the height. Choose a fixed valuehfand graphvvs.r.
Then pick a fixed value foand graphvvs.h. Compare the graphs.

What is the appropriate domain ferandh? Be sure to label your graphs and use an appropriate scale.

1 Goldis dloyed with different metalsto make it hard enoughto be used n jewelry. The amount of gdd
presentin agold ally ismeasuredin 24ths called karats. 24-karat gold is 100%gadd. Smilarly, 18-karat
gold is 75%gold.

How many ouncesof 18karat gdd should be adledto an anount of 12-karat gald to make 4 ouncesof
14-karatgold? Graph equationson coordinate axeswith labels and scales.

1 Ametalalloyis 25%copper. How much of each alloy should be used to make 1000grams of ametal alloy that
is 45%copper?

1 Find a formula for the volume of a singdeoop icecream cone in terms of the radius and height of the con
Rewrite your formula to express the height in terms of the radius and volu@®aph the height as a functio
of radius when the volume is held constant.

Catinuedonnext page
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Explanations and Example_Z

1 David comparesthe szesand casts of photobooks ofered at an onine sbre. Thetable below shows thecost
for each sze phao book.

Book Size Base Price Cost for Each
Additional Page
7-in. by 9-in. $20 $1.00
8-in. by 11-in. $25 $1.00
12-in. by 12-in. $45 $1.50

1. Write an equation to represent the relationship between the costy, in dollars, and the number of pages, x, for

each book &ze. Besure to place each equation next to the appropriate book $ze. Assume that xisat least 20
pages.

Book Size Equation

7-in. by 9-in.
8-in. by 11-in.
12-in. by 12-in.

2. What is the ast of al2-in. by12-in. bookwith 28 pages?

3. Howmany pagesarein an &in. by11-in. bookthat costs$49?
Solution
1. 7-in.by9-in. y=x
8-in.by11-in. y=x+5
12-in.by 12-in. y=1.50x+15

2. $57
3. 44 pages

Instructional Strategies: SeeA.CED.1

Tools/Resources:

LtfdzadNI GABS ayt (K/S Yol alikiodanyi. Bustitifeddtherdatics.org/illustrations/1003
LtfdzaidNI GABS al (KSY IhtpNv@év Wustrativénfathdém@te Nar gl & aiions/1380 S ¢
For detailed information see the High School Progression on Algebra:

http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/1003
http://www.illustrativemathematics.org/illustrations/1489
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Creating Equations (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: A.CEDB Represent constraints by equations or inequalities, and by systems of equations and
inequalities, and interpret solutions as viable or ngable options in a modeling contexEor examplerepresent
inequalities describing nutritional and ¢a®nstraints on combinations of different food& )

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theiP.4 Model with mathematics
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriateols strategically,

(onnections. See A.CED.1 Common Misconceptions:See A.CED.1

Explanations and ExampleA.CELB

Algebra 1:Limit ACED.3o linear andinequalities. Algebra 2:While functions used in-8ED.2, 3, and 4 will often
be linear, exponential, or quadratic, the types of problems should draw from more compidiosguhan those
addressed in Algebra 1.

Write and use a system of equations and/ or inequalitiesto sdve areal world problem.

Recagnize that the equaions and inequalitiesrepresent the canstraints ofthe problem.

Examples:

1 A clubis selling hatnd jackets as a fundraisefheir budget is $1500 and they want to order at least 250
items. They must buy at least as many hats as they buy jacketsh hat costs $5 and each jacket costs $8

1 Write a system of inequalities to represent the situation

1 Graph the inequalities.

9 If the club buys 150 hats and 100 jackets, will the conditions be satisfied?

1 What is the maximum number of jackets they can buy and still meet the conditions?

1 Represent inequalities describing nutritional and cost constraintsnabinations of different foods.

I The coffee variet@rabicayields about 750 kg of coffee beans per hectare, WwRdbustayields about 1200 kg
per hectare Suppose that a plantation hashectares ofArabicaandr hectares oRobusta

a) Write an equatiorrelatinga andr if the plantation yields 1,000,000 kg of coffee.
b) On August 14, 2003, the world market price of coffee was$1.42 perAwbfcaand $0.73 per kg of
Robusta Write an equation relating andr if the plantation produces coffee worth $100,000.

This task is designed to make students think about the meaning of the quantities presented in the context and ¢
which ones are appropriate for the two different cgimaints presented. fie purpose of the task is to have students
generatethe monstraint equations for each part (thoughe problemand not to have studentsolvesaid equations.

If desired, instructors could also use this task to touch on such solutions by finding and interpreting solutions to
system of equations created irafs (a) and (b).

Cotinuedonnext page
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Explanations and ExampleA.CED.3

Solution:

a) We see that hectares ofArabicawill yield 75@ kg of beans, and thathectares ofRobustawill yield 1200r
kg of beans. So the constraint equation is

750a+ 1200 = 1,000,000.
b) We know that a hectares dfrabicayield 75@& kg of beans worth $1.42/kg for a total dollar value of
1.42(75@) = 106%. Likewiser hectares oRobustayield 1200 kg of beans worth $0.73/kg for a total dollz

value of 0.73(1200Q = 8786. So the equatiogoverning the possible valuesaandr coming from the total
market value of the coffee is

1065 + 876 = 1,000,000.

Instructional Strategies SeeA.CED.1

Tools/Resources:
LffdzZAGNY GADS al G§KSYI GhtgdAww.illustrétibemaftfe@atids.gidillustrdibris@28 NA& §
LftfdzaidNI GABS al (@ByWa ihMIORWAGIEstradiverilhéntatés.org/illustrations/610
LftfdzadNFI GADS al (KSY htip:Anwdnd. MustrativemtNen gtigsyo /il uSteaffo s S Bl &
LftfdzaGNI GADS al G4KSY!I iitpdvéaw.illustrativengaihematdadry/illGRabhris/i3S K ¢

LffdaAaGNY GAGS al GKSYI GAOAY G. SNYINR2 |yR {&f Al
http://www.illustrativemathematics.org/illustrations/1010

For detailed information see thdligh School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Oppatunities(DO)


http://www.illustrativemathematics.org/illustrations/220
http://www.illustrativemathematics.org/illustrations/610
http://www.illustrativemathematics.org/illustrations/611
http://www.illustrativemathematics.org/illustrations/1351
http://www.illustrativemathematics.org/illustrations/1010
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Creating Equation§ (A-CED)

Cluster: Create equations that describe numbers or relationships.

Standard: A.CED! Rearrange formulas to highlight a quantity of interest, using the same reasoning as i
solving equationsFor example, rearfi3 S h K Y IR tothighlight resistance fE )

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theiP.5 Use appropriate tools strategical
MP.2 Reason abstractly and quiatively. MP.7 Look for and make use of struct
MP.4 Model with mathematics

Gonnections. See A.CED.1 Common Misconceptions:See A.CED.1

Explanations and ExampleA.CED4
Solre multi-variable formulasor literal equations,for a spedfic variable.

Examples:

1 The Pythagorean Theorem expresses the relation between thealagdb of a right triangle and its
hypotenusec with the equationa® +b? = 2.

0 Why might the theorem need to be solved ftit
0 Solve the equation for and write a prol#m situation where this form of the equation might be usefu

4
1 SolveV =§p r® for radiusr.

1 Motion can be described by the formula below, whéretime elapsedy = initial velocitya = acceleration,
ands= distance traveled.

s=ut+vat?

0 Why might the equation need to be rewritten in terms &t

0 Rewrite the equation in terms @&.

1 Thefigure below ismade up of asquare with height, h units, and aright triangle with height, h units,and
baselength, b units.

-

Thearea of thisfigure is 80 sguare units.

Write an equation that solves for the height, h, in termsof b.

Showall work necessary to justify your answer. Cotinuedonnext page
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Explanations and ExamplesA.CED.4

Sample Response

, 1
h? + = bh =80
i)
hz+l;‘;ﬂh+ibz:80+ib2
2 16 16
y 1 \-.2_ 1 )
\_h+zb;‘ _80+Eb
1 1,
h+=b=80+-——b
"2 “16
1, 1
h=.80+—b —=h
16" "2

Instructional Strategies: _1

Tools/Resources:
lllustrative Mathematics:& 9 lj dzi G A 2 y &

| htfp / WvBA2ilINSWF atizfe inathématics.org/illustrations/393

For detailed informaton see the High School Progression on Algebra:

http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 03.pdf

Major Clustes Supporting Cluste

Additional Clusters

Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/393
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Reasoning with Equations and InequalitiefA-REI)

Clster: Understand solving equations as a process of reasoning and explain the reasoning.

Standard: A.REIl Explain each step in solving a simple equatiorolisviing from the equality of numbers
asserted at the previous step, starting from the assumption that the original equation has a solDtiostruct a
viable argument to justify a solution method.

Suggested Standards for Mathematical Practice (MP):

MP1 Make sense of problems and persevere in solving theriP.7 Look for and make use of structy
MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of ithe

Connections. A.REL32

Solving linear equations in one variable and analyzing pairs of simultaneous linear equations are part of the
curriculum. In high school, students extend these ideas into radical and rational equations,imcjustification of
steps taken to solve equations and recognition of extraneous solutions when they occur.

Explanations and ExampledA.REIL

In Algebra 1tzidents should focus onand master A.RA.1 for linearequationsand be dle to extend andapply their
reasoning to other typesof equationsin future courses. In Algebra2, extend to simple rational andradical equations.

Assuming an equation has a solution, construct a convincing argument that justifies each step in the solutio
process. Justifations may include the associative, commutative, and division properties, combining like term
multiplication by 1, etc.

Properties of operations can be used to change expressions on either side of the equation to equivalent exp
In addition, adéhg the same term to both sides of an equation or multiplying both sides by -a&m@nconstant
produces an equation with the same solutions. Other operations, such as squaring both sides, may produce
equations that have extraneous solutions.

Examples:

1 Explain why the equatio)r(ii2+7/3 =5 has the same solutions as the equatier+34 = 30.
Does this mean tha)?2+7/3 is equal to 3 + 147

1 Show thatx = 2 andx =¢3 are solutions to the equation?® +x = 6.
Write the equation in a form thashows these are the only solutions, explaining each step in your reasoni

1 Transform 2¢ 5 =7 to 2= 12 and tell what property of equality was used.

Solution:
2x-5=7
2x - 5+5=7+5 Additionpropertyof equality.
2x =12 _
Cotinuedonnext page
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Instructional Strategies:A.REIL-2

Challenge students tjustify each step of solving an equation. Transformirg®= 7 to =12 is possible becaus
5 =5, so adding the same quantity to both sides of an equation makes the resulting equation true as well. E
of solving an equation can be defendedlich like providing evidence for steps of a geometric proof.

Provide examples for how the same equation might be solved in a variety of ways as long as equivalent qua
are added or subtracted to both sides of the equation, the order of steps tallenav matter.

3n+2=n-10 3n+2=n-10 3n+2=n-10
- 2= -2 + 10= +10 -n =-n
3n =n-12 OR 3n+12=n OR 2n+2=-10
-n =-n -3n =-3n -2==-2
2n =-12 12 =-2n 2n=-12
n=-6 n=-6 n=-6

Connect the idea of adding two equations together as a means of justifying steps of solving a simple equati
the process of solving a system of equations. A system consisting of two linear functions su¢t8as 8 and
x-3y=1 can be solved by adding the equations together, and can be justified by exactly the same reason t
solving the equation2- 4 = 5 can begin by adding the equation 4 = 4.

Investigate the solutions to equations such as x+ v2Zx—3. By graphing the two functiong,= 3 and

y= x++v2x-3, students can visualize that graphs of the functions only intersect at one pdmiever,
subtractingx = x from the original equation yields —x = v2x—3 which when both sides are squared prodace
guadratic equation that has two roots= 2 andx = 6. Students should recognize that there is only one solution
(x=2) and thak = 6 is generated when a quadratic equation results from squaring both; side® is extraneous

to the originalequaion. Some rational equations, such(«a’éz—) = % + 2 result in extraneous solutions as well
x— x— x

Begin with simple, onstep equations and require students to write out a justification for each step used to
solve the equation.

Ensure that studentare proficient with solving simple rational and radical equations that have no extraneous
solutions before moving on to equations that result in quadratics and possible solutions that need to be
eliminated.

Provide visual examples of radical and raticeliations with technology so that students can see the solution
as the intersection of two functions and further understand how extraneous solutions do not fit the model.

It is very important that students are able to reason how and why extraneous cusudirise.

Camputer softwarethat generates graphsfor visually examining solutionsto equations, particularly rational
and radical. Examplesof radical equationsthat do and do not result in the generation of extraneous solutions
should be prepared for exploration.

Common MisconceptionsA.REI. 12

Students may believe that solving an equationsuchds 3 m I T Ay @2t @dSa az2yfté& NI
that the equation 1 = 1 is being subtracted to produce the next step.

Additionally, studentsnay believe that all solutions to radical and rational equations are viable, without recog
that there are times when extraneous solutions are generated and have to be eliminated.

Major Clisters Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:
A.REI.12

G. dzA £t RAYy 3 |y RH g ®Rdthémayicd AsSefsdrentiProfeef &

This lesson unit is intended to help you assess how well students are able to create and solve linearlarghnequations.
In particular, the lesson will help identify and help students who have the foitpelifficulties: Solvingquations where the
unknownappears once or more than oncgplving equations in more than one way.
http://map.mathshell.org/materials/lesons.php?taskid=554#task554

lllustrative Mathematicsad { I YS & 2 thidgd/Mv@vyilldsikativemathematics.org/illustrations/613

lllustrative Mathematicsd | 2 ¢ R2S& GKS &az2fdziazy OKIy3aSKE
http://www.illustrativemathematics.org/illustrations/614

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters


http://map.mathshell.org/materials/lessons.php?taskid=554#task554
http://www.illustrativemathematics.org/illustrations/613
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http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Reasoning with Equations and Inequalitie(A-REI)
Chster: Understand solving equations as a process of reasoning and explain the reasoning.

Standard: A.RER Solve simple rational and radical equations in one variable, and give examples showir]
extraneoussolutions may arise.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving thetP.7 Look for and make use of structy
MP.2 Reason abstractly and quantitatively.

MP.3 Construct viable arguments and critique the reasoning of others.

Connections:  SeeAiREL1 Common Misconceptions SeeA.REL1

Explanations and ExampleA.RER

Give arexample of a simple rational or radical equation that hag@naneoussolution and explain why it is an
extraneous solution.

Examples:
1 Solve for x

. x+2=5

1 a. Solve the following two equations by isolating the radical on one side and squaring both sides:

i. y224+1-5=-2
ii. v224+14+5=2

Be sure to check your solutions

Cotinuedonnext page
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Explanations and Example#A.REI.2

b. If we raise both sides of an equation a power, we sometimes obtain aatieguvhich has more solutions
than the original one. (Sometimes the extra solutions are called extraneous solutions.)

Which of the following equations result in extraneous solutions when you raise both sides to the indig
power ? Explain.

i. /=5, square both sides
ii. /&= -5, square both sides
ii. ) =5, cube both sides
iv. JJZ = -5, cube both sides

c. Create a square root equation similar to the one in part (a) that has an extraneous solution.

Show the algebraic steps you would follow to look for a solution, and indicate where the extraneous
solution arises.

Solutions:
a. i JITFI—5=-2 Checking: VIEFI-5=-2 So,x= 4 is the solution to the equation.
(vizT1)2 =3 VA-5=-2
2m 4 = g (; D = _2
% =8 —2=-2
T =4
ii. VIZFi+5= Chet 4+ 1+5=2 this equati®o has no solution.
(v2z + 1)2 = (-3) \/’ﬁ +5=2
2 +1=9 3+5=1
20 =8 8 #
x=4

b. The only one of the equations that produces an extraneous solut ,/Z = —5

The square root symbol (like all even roots) is defined to be the positive square root, so a positive root ¢
never be equal to a negative numbeSquaring both sides of the equation will make that discrepancy
disappear;i KS aljdzt NB 2F || LRAAGADS ydzYoSNI Aa LIRaAiAdAa
up with a solution to the new equation even though there was no solutioméodriginal equation.

¢tKAA AayQil (KS-acubexddtobaipdsiive BuRBer iN@ditileaand a cube root of a negati
number is negative. When we cube both sides of the last equation, the negative remains, and we end u
a true soldion to the equation.

Catinuedon next page
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Explanations and ExampleA.REI.2

c. If we start with a square root set equal to a negative number, we know that squaring both sides will g
into trouble. Something like ,/2z+1= -5 will work.

If we can add a positive number to both sides, it will be less obvious. Per /2z+ 1+ 7T =2.

Solving this equation:

VIEFI+T =2
(v2z + 1)2 = (_5}2 *

2z +1 =25
2r =24
r =12
*¢KA&d Ad 6KSNB (KS SEijNJ-ySZdzé aztdziazy 0O2YSa
AARS&X gtlafimMidematiog. a A y 3

Instructional Strategies: SeeA.REI.1

Tools/Resources:
lllustrative Mathematicsa wl RA O f  Bttl:/datwnii.iludtrndtdy émathematics.org/illustrations/391

LEfdzaGNI GAGDS al i KBtE/iv.ihstrétivematiiematissjor§/ifiustratiofs02

For detailed information seehe High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opporturities(DO)


http://www.illustrativemathematics.org/illustrations/391
http://www.illustrativemathematics.org/illustrations/702
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algetra: Reasoning with Equations and InequalitiefA-REI)

Cluster: Solve equations and inequalities in one variable.

Standard: A.REI Solve linear equations and inequalities in one variable, including equations withcarefi
represented by letters.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure MP.8 Look for and express regularityepeated reasonin

Gonnections. A:RELL34
In Gades 68, students learned how to approach linear equations in which justification of procedures was the
for proofs. In high school, based on experience gained in solving quadratic equatiodentst will understand the

need for a variety of methods when solving other types of equations, including conics (i.e., ellipses, parabol:
hyperbolas).

Explanations and ExampleA.REI3

Extend earlier work with solving linear equations to solvingglineequalities in one variable and to solving litera
eqguations that are linear in the variable being solved foclude simple exponential equations that rely only on

application of the laws of exponents, suchsis 125 or 3= 1/16.

Examples:

Solve for the variable:

’ 8 =111
s —y—8=11"
3y

¢ 3x>9
e ax+7=12
3Itx x—9
. —=—
7 4

2
s  Solve for x: Ex-l—g{:: 18

Catinuedonnext page
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Explanations and Example#A.REI.3

1 Match each inequality in itemsd3 with the number line in items AF that represent the
solution to the inequality.

1. | -4x < -12 A

e —t————— —————+—
6-5-4-3-2-1 01 2 3 4 5 6

6-5-4-3-2-1 0 1 23 45 6

2. |2(x+2)<8 ©
- + t t + t : + e } }
-6-5-4-3-2-1 01 2 3 4 5 6

6-5-4-3-2-1 01 2 3 4 5 6

3. |5-2x<2-x ®

6-5-4-3-2-1 01 2 3 4 5 6

-6-5-4-3-2-1 01 2 3 4 5 6

Solutions:1. F /2. B /3. F

Instructional Strategies: A.REI.34

There are two major reasonsfor disaussgngthe topic of inequalitiesalong with equations: Frst, there are analogies
between solving equationsand inequalitiesthat help students understand them both. Second, the applicationsthat
lead to equationsalmost always lead in the same way to inequalities.

In grades 6B, students solve and graph linear equations and inequalities. Graphing experience with inequal
limited to graphing on a number line diagram. Despite this weokne students will still need more practice to be
proficient. It may be beneficial to remind students of the most common solving techniques, such as convert
fractions from one form to another, removing parentheses in the sentences, or multiplyingioeth of an
equation or inequality by the common denominator of the fractions. Students must be aware of what it meatr
OKSO1l 'y AySldzatAadeqQa azfdzirAzyo ¢ KS &dzoadAdldziag
should give equaltregardless of the presence or the absence of an equal sign in the original seniéece
substitution of any value from the rest of the solution set should give a correct inequality.

Cotinuedonnext page
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Instructional Strategies:A.REI.3

Careful selection of examplescdexercises is needed to provide students with meaningful review and to intro
other important concepts, such as the use of properties and applications of solving linear equations and ine
Stress the idea that the application of propertieslsoaappropriate when working with equations or inequalities
that include more than one variable, fractions and decimals. Regardless of the type of numbers or variables
equation or inequality, students have to examine the validity of each step iadh#tion process.

Solving equations for the specified letter with coefficients represented by letters @=zg2h(B+b) when
solving br b) is similar to solving an equation with one variabirovide students with an opportunity to abstract
from particular numbers and apply the same kind of manipulations to formulas as they did to equafinasf
the purposes of doing abstraction is to learn how to evaluate the formulas in easier ways and use the techn
across mathematics and science.

Drawd G dzZRSy 1aQ FGiSyadAz2y (2 Sldad dAaz2ya O2ydFAyAy3a @
subscripts (e.gx; andx2) should be viewed as different variables that cannot be combined as like terms.

A variable with a variable subscript,cuasa;,, must be treated as a single variakléhe nth term, where variables
aandn have different meaning.

Common MisconceptionsA.REI.3

Some students may believe that for equationscontainingfractionsonly on one side, it requiresdéclearing fractionsé
(the use of multiplication) only on that side of the equation. To address this misconception, start by demons
the solution methods for equations similar t&x+ s x +%/¢ x+ 46 = and stress that the Multiplication Propert
of Equally is applied to both sides, which are multiplied by 60.

Students may confuse the rule of changing a sign of an inequality when multiplying or dividing by a negatiy
number with changing the sign of an inequality when one or two sides of the inequatityrizenegative
(for ex., X>-15 orx<-5).

Some students may believe that subscripts can be combinéd-ab, =bs and the sum of different variablesand
D is 2Dd +D = 2D).

Tools/Resources:
A.REL.2A

lllustrative Mathematics:d L y (1 S&EN2 Yy 2FtG2 Ly Sljdz t Ad@¢
http://www.illustrativemathematics.org/illustrations/1000

A.REI.3
lllustrative Mathematicsd wS I+ a2y Ay 3 gAGK fAYSEFENI AySldza t AGASa¢
http://www.illustrativemathematics.org/illustrations/807

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Algebra Reasoning with Equations and InequalitiefA-REI)

Cluster: Solve equations and inequalities in one variable.

Standard: - Solve quadratic equations in one variable.
a. Use the method of completing the square to transform any quadratic equatigmiio an equation of the form
(x ¢ p)* =qthat has the same solutionderive the quadratic formula from this form.

b. Solve quadratic equations by inspection (e.g. xfor 49), taking square roots, completing the square, the
guadratic formula and factoring, as appropriate to thdial form of the equation.Recognize when the quadratic
formula gives complex solutions and write themaasbi for real numbersaandb.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.7 Look for and make use of structure MP.8 Look for and express regularity in repeated reaso

(onnections; SeeA.REIL.3

Explanations and Example-4

In Algebra 1, student shitid be able to recognize when the solution to a quadratic equation yields a complex
solution; however writing the solution in the complex fa@rm bi for real numbers a and b will be addressed in
Algebra 2.

Transform a quadratic equation written in stamddorm to an equation in vertex form ()p)2 =q by completing

the square.

Derive the quadratic formula bycompleting the square onthe standard form of a quadratic equation.

Solve quadratic equations in one variable by simple inspection, takirggthere root, factoring, andompleting the
square.

Understand why taking the square root of both sides of an equation yields two solutions.

Use the quadratic formula to solve any quadratic equation, recognizing the formula produces all complex
solutions Write the solutions in the forna = bi, wherea andb are real numbers.

Explain how complex solutions affect the graph of a quadratic equation.

Students should solve by factoring, completing the square, and using the quadratic foithelaero prodct
property is used to explain why the factors are set equal to z8tadents should relate the value of the
discriminantto the type of root to expectA natural extension would be to relate the type of solutions to
axX +bx+c =0 to the behavior of the graph pf=ax +bx+c.

Value of Discriminant Nature of Rots Nature of Graph
b?c4ac=0 1 real roots intersectsx-axis once
b?c 4ac>0 2 real roots intersectsx-axis twice
b?c 4ac<0 2 complex roots does not interseck-axis
Cotinuedonnext page
Major Clustes Supporting Cluste Additional Clusters
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Explanations and Example-4
Examples:

1 Are the roots of + 5 = Xreal or complex?How many roots does it haveRind all solutions of the equatior]

1 What is the nature of the roots of + 6«+ 10 = 0?Solve the equation using the quadic formula and
completing the squareHow are the two methods related?

1 Projectile motion problems, in which the initial conditions establish one of the solutions as extraneous w
the context of the problem.

0 An objectis launched at 14.7 metersrsacond (m/s) from a 4fneter tall platform. The equation for
the object's heighsat timet seconds after launch &t) =c4.9t° + 14.% + 49, wheresis in meters.
When does the object strike the ground?

Solution:
0=-4.9°+14.7+49
0=t>- 3t- 10
0=¢+2)¢- 5)

So the solutions fararet = 5 or t =2, butt =¢2 does not make sense in the context of this problem
and therdore is an extraneous solution.

Instructional Strategies-4

Completing the square is usuailbyroduced for several reasorts find the vertex of a parabola whose equation h
been expanded; to look at the parabola through the lenses of translatior2 ¥ | & LJ w;&?y andto LJ-
derive a quadratic formula. Completing the square is a very useful tool that will be used repeatedly by studs
many areas ofnathematics. Teachers should carefully balance traditional ppeecil skills of ranipulating
guadratic expressions and solving quadratic equations along with an analysis of the relationship between
parameters of quadratic equations and properties of their graphs.

Sart by inspecting equationssuch asx? = 9that hastwo solutions, 3 and -3. Next, progressto equationssuch as
(x- 7)2 =9 by substitutingx ¢ 7 for x and solvingthem either by dinspectioné or by takingthe square root on each
side:

X¢7=3and x¢7 =-3
x=10 X=4

Graph both pairs of solutions3(and 3, 4 and 10) on the number line and notice that 4 and 10 are 7 units to th
right of¢ 3 and 3. So, the substitution Bf; 7 for xmoved the solutions 7 units to the right. Next, graph the
functiony = k¢ 7)2 ¢ 9, pointing out that thex-intercepts are 4 and 10, and emphasizing that the graph is the
translation of 7 units to the right and 9 units down from the position of the graph of the parent fur;cttof\that

passes through the origin (0).0Generate more equations of the form B ¢ h)2 +kand compare their graphs
using a graphing technology.

Catinuedon next page
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Instructional Strategies-4

Highlight and compare different approaches to solving the same problem. Use technology to redogiize t
different expressions or equations may represent the same relationship. For example(zs'rme+25 =0 can be
rewritten as - 5)(x¢5) = 0 orx ¢ 5)2= 0 ond = 25, these are all representations of the same equation that has
double solution x = 5. Support it by putting all expressions into graphing calculator. Compare their graphs a
generate their tables displaying the same output values for each expression.

Guide students in transforming a quadratic equation in standard formaxd =bx + ¢, to the vertex form
0 =a(x ¢ h)* +k by separating your examples into groups wath 1 andar ™M ' YR KIF @8 & @ dzR S
that needs to be added to the binomials of the tyﬁek 6, X C 2X%, x2+9x, X C 2/3 xto form complete square of the
binomial & ¢ m)z.

Then generalize the process by showing the expressionz(tbvab has to be dded to the binomiak® + bx.

Completing the square for an expression whaSeoefficient is not 1 can be complicated for some students.
Present multiple examples of the type 0¥ 25x-9to emphasize the logic behind every step, keeping in mind
that the same process will be used to complete the square in the proof of the quadratic formula.

Discourage students from giving a preference to a particular method of solving quadratic equations. Studen
experience in analyzing a given problem to cdman appropriate solution method before their computations
become burdensome. Point out that the Quadratic Formxika, -»+b*>—4ac is a universal tool that can solve ar
2a '
qguadratic equation;however, it is not reasonable to use the Quadratic Forrmhan the quadratic equation is
missing either a middle ternix, or a constant term¢. When it is missing a constant term, (e.g(z, 810x=0)a
factoring method becomes more efficienif a middle term is missing (e.gxzz 15 = 0), a square rootethod is
the most appropriate. Introduce the concept of discriminants and their relationship to the number and nature
the roots of quadratic equation.

Offer students examples of a quadratic equation, suck’as9 = 0. Since the graph of the quadrdunction
y=x2+ 9 is situated above thecaxis and opens up, the graph does not hayiatercepts and therefore, the
guadratic equation does not have real solutions. At this stage introduce students feabsolutions, such as
x= +/—9 or x = +3V—1 and a new number typ@maginary unii that equak v—1 . Usingi in place of V-1 isa
way topresent the two solutions of a quadratic equation in the complex numbers &otrhi, if aandb are real
numbers andbr Ha®e students observe that if a quadratic equation has complex solutions, the solutions a
appear in conjugateairs, in the forma +bianda ¢ bi. Particularly, for the equatiow2= -9, a conjugate pair of
solutions are 0 #3and0 ¢ 3i.

Common Misconceptions-4

Some students may think that rewriting equations into various forms (taking square roots, completing the
square, using quadratic formula and factoring) are isolated techniques within a unit of quadratic equations.
Teachersisould help students see the value of these skills in the context of solving higher degree equations
and examining different families of functions.

Major Clustes Supporting Cluste Additional Clusters
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Tools/Resources:

LffdzadNI GADS al GKS¥ thiipXddvYiustrativémathiniatics/oy/illGstraliang/5860 S

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opporturities(DO)


http://www.illustrativemathematics.org/illustrations/586
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Reasoning with Equations and InequalitieA-REI)

Clster: Solve systemsf equations

Standard: A.REB Prove that, given a system of two equations in two variables, replacing one equation
sum of that equation and a multiplef the other produces a system with the same solutions

Suggested Standards for Mathematl Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.

Connections:

Students use their experience in solving and anadysystems of two linear equations as a foundation for solvin
and analyzing linear systems with more than two linear equations and systems wiHmaanequations.

Explanations and ExampleA.REB

The focus of this standard is to provide mathemaiiistification for the addition (elimination) and substitution
methods of solving systems of equations that transform a given system of two equations into a simpler
equivalent system that has the same solutions as the original.

Build on student experiensan graphing and solving systems of linear equations from middle school to focus
justification of the methods used. Include cases where the two equations describe the same line (yielding inf
many solutions) and cases where two equations desqérallel lines (yielding no solution); connect to GPE.5
when it is taught in Geometry, which requires students to prove the slope criteria for parallel lines.

Systems of linear equations can also have one solution, infinitely many solutions or nonsol8tiadents will
discover these cases as they graph systems of linear equations and solve them algebraically.

A system of linear equations whose graphs meet at one point (intersecting lines) has only one solution, the ¢
pair representing the poirof intersection. A system of linear equations whose graphs do not meet (parallel lin
has no solutions and the slopes of these lines are the same. A system of linear equations whose graphs are
coincident (the same line) has infinitely many solutiohg, $et of ordered pairs representing all the points on the
line.

By making connections between algebraic and graphical solutions and the context of the system of linear eq
students are able to make sense of their solutid®isidents need opportuties to work with equations and contex
that include whole number and/or decimals/fractions.

Examples:
1 Find x and y using elimination and then using substitution.
x+4y =7
i2x+8y =10

1 Given that the sum of two numbers is 10datheir difference is 4, what are the numbers?
Explain how your answer can be deduced from the fact that they two numbarg]y, satisfy the equationg
x+y=10ankqy=4.

Cotinuedonnext page
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Instructional Strategies /AW a{=I Kk

The Addition and Multiptiation Properties of Equality allow finding solutions to certain systems of equations.
general, any linear combinatiom(Ax + By) +n(Cx + Dy) =mE +F, of two linear equations

Ax+B/=E and

X+Dy=F
intersecting in a single point contains thatint. The multipliers m and n can be chosen so that the resulting
combination has only arterm or only ay-term in it. That is, the combination will be a horizontal or vertical line
containing the point of intersection.

In the proof of a system oo equations in two variables, wheome equation is replaced by the sum of that
equation and a multiple of the other equation, produces a system that has the same solutions, lekpoyt (
be a solution of both equations:

Ax+ B = E (true)

O(l + [y]_: F (true)

Replace the equationx® B/= E with &+ B/ +k(Cx+ Dy) on its left side and with EkF on its right side.
The new equation isx+ By +k(Cx + Dy) = E KF.

Show that the ordered pair of numbergl(yl) is a solution of this e@tion by replacingx, v1) in the left side
of this equation and verifying that the right side really equalskE: +

Axg+ By +k(Cq + D) = E KF (true)

Systems of equations are classified into two groups, consistent or inconsistent, dependihgtbier or not

solutions exist. The solution set of a system of equations is the intersection of the solution sets for the indivi
equations. Stress the benefit of making the appropriate selection of a method for solving systems (graphing
addition s. substitution). This depends on the type of equations and combination of coefficients for correspo
variables, without giving a preference to either method.

The graphing method can be the first step in solving systems of equatidrset of poits representing solutions
of each equation is found by graphing these equatidagen though the graphing method is limited in finding
exact solutions and often yields approximate values, the use of it helps to discover whether solutions exist
so,how many are there

t NA2NJ 02 a2t @Ay3a aedaidsSvya 2F SldzZ G6A2ya 3INI LKAOI
techniques for graphing different classes of functions. Alert students to the fact that if one equation in the s\
can beobtained by multiplying both sides of another equation by a nonzero constant, the system is called
consistent, the equations in the system are called dependent and the system has an infinite number of solu
that produces coinciding graph®rovide staents opportunities to practice linear vs. ntinear systems;
consistent vs. inconsistent systems; pure computational vs-wedd contextual problems (e.g., chemistry and
physics applications encountered in science clasgesich variety of examplesan lead to discussions of the
relationships between coefficients and consistency that can be extended to graphing

The next step is to turn to algebraic methods, elimination or substitution, to allow students to find exact soly
For any method, séss the importance of having a weliganized format for writing solutions.

Catinuedonnext page
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Common Misconceptions/a¥ad= ks

Most mistakes that students make are careless rather than conceptual. Teachers should encourage student
learn a certain format for solvinsystems of equations and check the answers by substituting into all equation
the system.

Tools/Resources:
lllustrative Mathematics:ad t N2 RdzO G & I yhiRo://wvEnGilludtihtiPe@atiedatics.org/illustrations/911

For detailed information see the High School Progression on Algebra:
http://commoncoretooIs.me/wp-content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters


http://www.illustrativemathematics.org/illustrations/911
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Reasoning with Equations and InequalitieA-REI)

Clster: Solve systems of equatio

Standard: A.REI Solve systems of lineageations exactly and approximately (e.g., with graphs), focusing
pairs of linear equations in two variables.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitativelyMP.6 Attend to precision.
MP.4 Model wih mathematics. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularityépeated reasoning

Connections: SeqaVz{=R Common Misconceptions: Seca4z{=R

Explanations and Example#A.REIB

The systensolution methods can include but are not limited to graphical, elimination/linear combination,
substitution, and modeling.Systems can be written algebraically or can be represented in cori¢dtlents may
use graphing calculators, programs, or apphet model and find approximate solutions for systems of equationg

Examples:

1 José had 4 times as many trading cards as Phillifeer José gave awd&0 cards to his little brother and
Phillipe gave 5 cards to his friend for this birthday, they eathdn equal amount of cards.
Write a system to describe the situation and solve the system

Before: ?
[ 1

Jos¢ NN
Phillipe ]

After:
José W
Phillipe EL;

50

1 Solve the system of equationsx+y =11 and 8¢y =5.
Use a second method to check your answer.

1 The opera theater contag1,200 seats, with three different prices. The seats cost $45 dollars per seat
per seat, and $60 per seat. The opera needs to gross $63,750 on seat sales. There are twice as ma
seats as $45 seats.

How many seats in each level need to bel8ol

Cotinuedon next page
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Explanations and Example#A.REI.6

1 A restaurant serves avegetarian and achicken lunch special each day. Eachvegetarian gecial is the
same price. Each chiden special isthe same price. However, the price of he vegetarian spedal is
different from the price of the chicken special.

0 On Thursdy, the restaurant collected $467 selling 21 vegetarian specials and 40 chicken specials.
0 On Fridwy, the restaurant collected $484 selling 28 vegetarian specials and 36 chicken secials.

What is the cost ofach lunch special?

Solution vegetarian: $7 and chicken: $8

Instructional Strategies: Sec/a¥ad=}

Tools/Resources:

G{2t @Ay [ Ay SI N 9l drlaihématicsiAssesgmebt®Pdject | NA | 6 f Saé
This lesson unis intended to help you assess how well students are able to formulate and solve problems using algeb
in particular, to identify and help students who have the following difficulties: Solving a problem using two linear egjuati
with two varigbles;Interpreting the meaning of algebraic expressions.
http://map.mathshell.org/materials/lessons.php?taskid=209#task209

LtfdzadNI GADS al (HS/Miwiiludrativemathermatids. arélillustratioris/462

LftftdzadNIGABS al GKSYFGAOayY G! OOdzNY (1St & GSAIKAY:
http://www.illustrativemathematics.org/illustrations/761

lllustrative Mathematics:d ! OOdzNJ 1 Sf & $SAIAKAY3A LISyyrasSa LLE
http://www.illustrativemathematics.org/ilistrations/763

lllustrative Mathematics:& v dzA y 2 | http:/Avikw.illustritivemathematics.org/illustrations/935

lllustrative Mathematics:& v dzA y 2 | http:/Avikw.illustréitivemathematics.org/illustrations/936

lllustrative Mathematics:dt I A N& 2 F 2 Kte:I/vBvw.bludvatvEénhBaeématics.org/illustrations/1033

lllustrative Mathematics:d CA Y R | htfp:#vénviv.Blustéativemathematics.org/illustrations/1363

For cetailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss _progression algebra 201387 03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=209#task209
http://www.illustrativemathematics.org/illustrations/462
http://www.illustrativemathematics.org/illustrations/761
http://www.illustrativemathematics.org/illustrations/763
http://www.illustrativemathematics.org/illustrations/935
http://www.illustrativemathematics.org/illustrations/936
http://www.illustrativemathematics.org/illustrations/1033
http://www.illustrativemathematics.org/illustrations/1363
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Reasoning with Equations and InequalitieA-REI)

Clster: Solve systems of equatio

Standard: A.REI/ Solve a simple system consisting of a linear equation and a quadratic equation in two

variables algebraically and graphicalyar example, find the points of intersection between the line3x=and the
circle X + y = 3.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitativelyMP.6 Attend to pecision.
MP.4 Model with mathematics. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically. MP.8 Look for ahexpress regularity in repeated reason

Connections, Sec/M=R Common Misconceptions:Sec¥a{=R

Explanations and Exanhgs: A.REI7

Include systems consisting of one linear and one quadratic equation. Include systems that lead to work with
fractions For examplefinding the intersections betweexf +y2 =1 anoyz(X+ 1)/2 leads to the point375, 4/5) on
the unit drcle, corresponding to the Pythagorean tripl%>+842 + 5

Examples:

1 Two friends are driving to the Grand Canyon in separate cars. Suzette has been there before and know
way but Andrea does notDuring the trip Andrea gets ahead of Suzette andspader to wait for her.
Suzette is traveling at a constant rate of 65 miles per héurdrea sees Suzette drive pa3to catch up,
Andrea accelerates at a constant rafEhe distance in milegl) that her car travels as a function of time in

AAAAA

hours 03 Ay OS {dzd SiGi(S5Qa do3soa?. LI aaSR Aa 3IAGSYy o8

Write and solve a system of equations to determine how long it takes for Andrea to catch up with Suzett

 Sketch the circle with equatior® +y* = 1 and the line with equatioy=2b m 2y { Kirdf asies.Y S

a. There is one solution to the pair of equations
X +yF =1
y=2xb1

That is clearly identifiable from the sketch. What is it? Verify that it is a solution.

b. Find all the solutions to this pair of equations

Catinuedonnext page
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Explanations and ExampleA.REI.7

Solution:
The equationsx2 +y2 =1 andy =2xb1 are graphel. 21

The solution that is clearly identifiable from the graph, the point at which the circle and line intersect, is (0, 1).
We can check that (0, 1) is a solution to the pair of equations by substitutingc@ifat-1 fory in both equatiors.

¥ +y* =1 y=2xb1
O+ (-17°=1 -1=2(0) 1
0o+1=1 -1=0-1
1=1 -1 =1 We have verified that (0, 1) us a solution to the pair of equations.

From the graph, wean see that there is another solution (in Quadrantl). However it is difficult to visually
determine its exack-andy- coordinates. To find its exact location we can solve the system of equations by
substitution.

Let &, y) be the intersection pointSincey =2xb1 by virtue of the point being on the line, we can substitute the
guantity (- 1) for every y appearing in the equation of the circle. We then simplify as follows;

24+ (c-1°2=1
4 (22 —1)(22—1) =1
o +422 22 -2z +1=1
52?4z +1=1

If x= 0, we knowy =- 1, so we have re=discovered the first intersection paia observed. So our second
intersection point hag-coordinates equal t8/5, and we are left only having to now find ytscoordinate. We
simple substitute'/sin either equation and solve fgr.

4 8 8 5 3

Now we have that4(5, 3/5) is also a solution.

Major Clustes Supporting Quster Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

GhLIGAYAT FGA2Y t NE BldthSnvaiicy AssessthenyPojetty 3 & €
This lesson unit is intended to help you assess how well students are able to:

wLY G§SNIINBG | &aAddzZ GA2y YR NBLINBaSyid G(KS O2yaidNI Ay
w{ St SO0 I LIWNBLINARIGS YIFIGKSYFGiAOFE YSiK2R& (2 dasSo

WIELX 2NB G(GKS STFFSOGa 2F aeaidSylLaaolrtte @FENBAYy3 (K
WLYGSNILINBG FyR S@Ffdad 6S GKS RIFEGE 3SYSNIGSR YR ARS

w/ 2Ydey7\OI- (TS [']KIQ.}\ NJ NB I azyay3 Of SI NJ
http://map.mathshell.org/materials/lessons.php?taskid=207#task207

LEfdzZaGNI GAGBS al G§KSYLF G Antod/Www.illastrdivemathenatics. Sg/illusfiations/RE |

LftfdzadNIGABS al GKSYFGA0Oay ! [AYSENI YR vdzZ RN
http://www.illustrativemathematics.org/illustrations/576

lllustrative Mathematics:d t & (0 K I 3 2 NI httg’//wewNRustiiti@einéthematics.org/illustrations/1560

For detailed infamation see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters
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Algebra Reasoning with Equations and InequalitiefA-REI)

Cluster: Represent and solve equations and inequalities graphically.

Standard: A.REILO Understand that the graph of an equation in two variables isséteof all its solutions
plotted in the coordinate plane, often forming a curve (which could be a line).

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate toogrategically.
MP.4 Model with mathematics. MP.6 Attend to precision.

Gonnections. A.RElL.1612

Solving linear equations in one variable and analyzing pairs of simultaneous linear equgtarhgfitshe Grade 8
curriculum. These ideas are extended in high school, as students explore-paggencil and graphical ways to
solve equations, as well as how to graph two variable inequalities and solve systems of inequalities

Explanations and Eamples: A.REIO

In Algebra 1 for A.REI.1dcus on linear and exponential equations and be able to adapt and apply that learnir,
other types of equations in future courses.

Students can explain and verify that every poiyf on the graph of an equion represents valuesandy that
make the equation true.

Examples:

| Which of the following points is on the circle with equatipn— 1)% + (y + 2)2=157
@ @1€-2) (22 ©G-1) (@GE4)

1 Graph the equation and detmine which of the following points are on the graphyoef 3+ 1.
@@7 b (1Y) ©@10 4 1)

1 Which graph could represent the solution setyefvx — 4 ? Solution B
A. B. C. D.

-8

v v ¥
10 10 10
8 8 8 8
6 6 6 6
4 4 4
2 2 2 2
=10-8 6 -4 - o/ 7 6 8 10 =108 6 4 20 2 4 6 8 10 =108 6 4 20 2 4 6 8 10 =108 =6 =4 20 2.4 6 8 10"
2 -2 -2 5
K ; :
-6 -6 -6 3
8 8 -8
-10

-
=)
|
-
=)
-

-10

Cotinuedonnext page
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Instructional Strategies:A.REI.1612

Beginning with simple, reavorld examples, help students to recognize a graph as a set of solutionstpaton.

For example, if the equationp=6x + 5 represents the amount of money paid to a babysitter (i.e., $5 for gas to

to the job and $6/hour to do the work), then every point on the line represents an amount of money paid, giv
amount of ime worked.

Explore visual ways to solve an equation suchxas2=x¢ 7 by graphing the functiong= 2x+ 3 andy = x¢ 7.
Students should recognize that the intersection point of the lines isl8t{17). They should be able to verbalize
that the intersection point means that whex=-10 is substituted into both sides of the equation, each side
simplifies to a value ofL7. Therefore,-10 is the solution to the equationThis same approach can be used
whether the functions in the original eqtion are linear, nonlinear or both.

Using technology, have students graph a function and use the trace function to move the cursor along the c
Discuss the meaning of the ordered pairs that appear at the bottom of the calculator, emphasizing tiygt@ne
on the curve represents a solution to the equation.

Begin with simple linear equations and how to solve them using the graphs and tables on a graphing calculz
Then, advance students to nonlinear situations so they can see that even compbgioaq that might involve
guadratics, absolute value, or rational functions can be solved fairly easily using this same siétilgya
standard graphing calculator does not simply solve an equation for the user, it can be used as a tool to
approximatesolutions.

Use the table function on a graphing calculator to solve equations. For example, to solve the exfuakienlz,
students can examine the equatiops % and y =% 12 and determine that they intersect wh&n=4 and when
x =-3 by exanming the table to find where thg-values are the same.

Investigate reaivorld examples of twalimensional inequalities. For example, students might explore what
the graph would look like for money earned when a person eatmsast$6 per hour. (Thergph for a person

earningexactly$6/hour would be a linear function, while the graph for a person earning at least $6/hour woul
be a halfplane including the line and all points above it.)

Common MisconceptionsA.REI. 1612

Students may believe that$h INI LK 2F | Fdzy OldA2y Aa aiavLie | A
recognizing that the graph represents all solutions to the equation.

Students may also believe that graphing linear and other functions is an isolated skill, not realizing|thdé
graphs can be drawn to solve equations involving those functions.

Additionally, students may believe that twariable inequalities have no application in the real world.

Teachers can consider business related problems (e.qg., linear programpplications) to engage students
in discussions of how the inequalities are derived and how the feasible set includes all the points that satisfy
the conditions stated in the inequalities.

Tools/Resources:

AhLIGAYAT I GA2 Yy t NE ﬁldth@r?faécs(Assesselﬁt\PﬁJ]ddt y3aé
http://map.mathshell.org/materials/lessons.php?taskid=207#task207

lllustrative Mathematicsd / 2 £ £ A Y S httgd/miwa.Alustiaivémathematics.org/illustrations/1066

For detailed information see the High School Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=207#task207
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Algebra Reasoning with Equations and InequalitiefA-REI)

Cluster: Represent and solve equatiesrand inequalities graphically.

Standard: A.REI1 Explain why the-coordinates of the points where the graphs of the equatigrsf(x)and
y = g(X)intersect are the solutions of the equatidfx) = g(x)find the solutions approximately, e.g., ugin
technology to graph the functions, make tables of values, or find successive approximéticloge cases where
f(x) and/or g(x)are linear, polynomial, rational, absolute value, exponential, and logarithmic func{®ns.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.
MP.4 Model with mathematics. MP.6 Attend to precision.
Gonnections. SeeA.REIL10 Common Misconceptions:SeeA.REIL.10

Explanations and ExampleA.REN1

In Algebra 1, focus on cases wh§pg andg(x) are linear, quadratic and exponentialn Algebra 2 extend this
standard to include highesrder polynomials, rational, radical, absolute value and exponential functions.

Students need to understand &h numerical solution methods (data in a table used to approximate an algebrai
function) and graphical solution methods may produce approximate solutions, and algebraic solution methoc
produce precise solutions that can be represented graphically or noaily. Students may use graphing
calculators or programs to generate tables of values, graph, or solve a variety of functions.

Examples:
1 Given the following equations determine tievalue that results in an equal output for both functions.
f) =X- 2
g = &+ 3f-1
1 Graph the following system and give the solutionsffgy = g(x)

f(x)=|x+2|

1 .2

= —X+—
g(x)=- 3X*+3
1 Graph the following system and approximatige solutions forf(x) = g(x)

fix)= X+4
W)= 5

g =x°- 65+ X+ 10

Instructional Strategies SeeA.REI.10

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

LffdzadNI G

A @ Swo Sduards &re Eqialh@pd/Aww.illdistrativemathematics.org/illustratins/618

LffdzaGNI GAODS
http://www.illustrativemathematics.org/illustrations/1551

For detailed information see the lgh School Progression on Algebra:

al GKSYFGAGARE t EBEBI CBRHROGAZ2Y (12 t 2f ¢

http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07_03.pdf

Major Clustes Supporting Cluste Additional Clusters

Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/618
http://www.illustrativemathematics.org/illustrations/1551
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Algebra Reaoning with Equations and InequalitieA-REI)

Cluster: Represent and solve equations and inequalities graphically.

Standard: A.REIL2 Graph the solutions to a linear inequality in two variables as aptaife (excludig the

boundary in the case of a strict inequality), and graph the solution set to a system of linear inequalities in tw
variables as the intersection of the corresponding ‘pddines.

Suggested Standards for Mathematical Practice (MP):

MP.4 Model with mthematics.
MP.5 Use appropriate tools strategically.

Gonnections. SeeA.REIL10 Common Misconceptions:SeeA.REI.10

Explanations and ExamplesA.REI12

Students may use graphing calculators, programs or applets to model and find solutions for inequalities or s
of inequalities

Examples:
1 Graph the solutiony <2x+ 3.
91 A publishing company pubI[shes a total of no more than 100 magazines evenyyydeast 30 of these are
$2YSYyQa YIF3IAILTAYySas odzi GKS O2YLIlye |fglea Lzt

magazinesFind a system of inequalitieslthi RSAONAR6Sa G(KS Ll2aaiofS ydz
that the company can produce each year consistent with these poli@egph the solution set.

1 Graph the system of linear inequalities below and determine if (3, 2) is a solution to tleensyst

ex-3y >0
‘:x+y¢2
bx+3y >-3

Solution: [] I

(3, 2) is not an element of the solution set (graphically or by substitution).

Catinuedon next page
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Explanations and ExampleA.REI.12

y
9 Thecoordinate gridshows pointAthroughJ 8
A6
a8
2 E F
D (]
-8 -6 -4 -2 2 4 6 8
F* 2
_4 .G
L
H “6ly
_8 'J

Given the system of inequalities shown belmameall the points that are solutions to this system of inequaliti

X+y <3
2x -y >6

Solution: pointsGandJ

1 Graph ths system of inequalitiesn the given coordinate grid.

X+y=>12
20x + 30y <300

To ceate a line, click in the grid to create the first point on the line. Toé
create the second point on the line, move the pointer and click. The lin

will be automatically drawn between the two points. Use the same
process to create additional lines.

When oth inequalities are graphed, select the region in your graph that represents the solution to this syst
of inequalities. To select a region, click anywhere in the region. To clear a selected region, click anywhere

selected region.

Solution | One line contains points (12, 0) and (0, 12), the other line con
the points (15,0) and0, 10). Region IV representbe solution to
the system of inequalities.

e e
Vo =N WR OO

111

=N W R Uy @

v

0 1234567 8910111213141516
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2
1

x
0 1 23456 7 8 910111213141516
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Instructional Strategies: SeeA.REI.10

Tools/Resairces:
G5STAYAY I wS3IA 2\ Matherdakiog Assessyhénlj RizljettA G A S a ¢
This lesson unit is intended to help you assess how well students are able to use linear inequalities to create a set of
solutions.In particular, the lesson will help yodentify and assist students who have difficulties in:
WWSLINBaASYyGAy3  O2yadNrAydG o0& aKFIRAYy3a GKS O2NN
w! YRSNARGFYRAY3 K2g O2YOAYAYy3 AySldzatAidArsSa FFS
http://map.mathshell.org/materials/lessons.php?taskid=219#task219

lllustrative Mathematics:ad CA a4 KAy 3 | Rt Swiiv didsiBativenoathematics.org/illustrations/644

lllustrative Mathematics: & { 2 £ dzii A 2hifp:/NwBwillasérativemathematics.org/illustrations/1205

For detailed information see the HigSchool Progression on Algebra:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_algebra 2013 07 _03.pdf

Major Clustes Supporting Cluste Additional Clusters
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http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_algebra_2013_07_03.pdf
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Conceptual Category Functions

Functions describe situations where one quantity determines anotker.example, the return on $10,000
invested at an annualized percentage rate of 4.25% is a function of the length of time the money isdnvest
Because we continually make theories about dependencies between quantities in nature and society,
functions are important tools in the construction of mathematical models.

In school mathematics, functions usually have numerical inputs and outputararaften defined by an
algebraic expressiorf-or example, the time in hours it takes for a car to drive 100 miles is a function of the
OF ND& &LISSR A yhe MIATv)S 4004 aSprElssks2hdgaationship algebraically and defines a
function whose name is.

The set of inputs to a function is called its domaide often infer the domain to be all inputs for which
the expression defining a function has a value, or for which the function makes sense in a given context.

A function can be @scribed in various ways, such as by a graph (e.g., the trace of a seismograph); by a
GSNBFf NHzZ ST a4 Ay>S aLQft 3IAGS e2dz I adGrFaGSz @&2d
f(x) =a +bx or by a recursive rule. The graph of a funeti often a useful way of visualizing the

relationship of the function models, and manipulating a mathematical expression for a function can
GKNRg fAIKG 2y GKS TFdzyOiA2yQa LINRPLISNIASAD

Functions presented as expressions can model many important phenonev@important families of
functions characterized by laws of growth are linear functions, which grow at a constant rate, and
exponential functions, which grow at a constant percent rate. Linear functions with a constant term of
zero describe proportioal relationships.

A graphing utility or a computer algebra system can be used to experiment with properties of these
functions and their graphs and to build computational models of functions, including recursively defined
functions.

Connections to Expresons, Equations, Modeling, and Coordinates.

Determining an output value for a particular input involves evaluating an expression; finding inputs that
yield a given output involves solving an equati@uestions about when two functions have the same

value for the same input lead to equations, whose solutions can be visualized from the intersection of their
graphs. Because functions describe relationships between quantities, they are frequently used in modeling
Sometimes functions are defined by awesive process, which can be displayed effectively using a
spreadsheet or other technology.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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FunctionsStandards Overview

Note: The standards identified with &) contain additional mathematicsthat studentsshouldlearn in order to take advanced
coursessuchascalculus, advanced statisticsor discrete mathematicsthat go beymd the mathematicsthat allstudents should
studyin orderto be college- and career-ready. Explanations and examples of these standards are not included in this éoatum

Modeling Standards: Specific modeling standards appear throughout the high school standaidatetiby a star
symbol (E ). (RETURN TO PG. 5)

Interpreting Functions {#F)

(RUnderstand the concept of a function and use function aiain.
F.IF.1  FE.IE.2 F.IF.3

w Interpret functions that arise in applications in terms of the conteg.)

ElE%(E) FJIFSe) FE.IF.6()
1 Analyze functions using different representations.

FIF.7e) EIEB EIED

Building Functions ¢(BF)

w Build a function that models a relationship between two quantitigg )
F.BF.Xe) F.BF.ZE)

w Build new functions from existing functions.
F.BF.3 F.BF.4 F.BF.5(+)

Linear, Quadratic, and Exponential Modets) (FLE)

w Construct and compare linear, quadratic, aeaponential models and solve problems.
EEElte) FLE2e) F.LE3e) FLE4e)

w Interpret expressions fofunctions in terms of the situation they model.
E.LE.3E)

Trigonometric Functions (FF)

w Extend the domain of trigopnometric functions using the unit circle.
FTIF.1 FETIF2 FTF3(+) F.TF4(+)

1 Model periodic plenomena with trigonometric functions
F.TF.5e) F.TF.6(+) F.TF.7 @)

{1 Prove and apply trigonometric identities.
E.TF.8 F.TF.9 (+)

Major Clustes Supporting Cluste Additional Clusters
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Functions Interpreting Functions(FIF)

Cluster: Understand the concept of a function and use function notat

Standard: F.IF1 Understand that a function from one set (called the domain) to another set (called the ra
assignsa each element of the domain exactly one element of the rar§gis a function ancis an element of its
domain, thenf(x) denotes the output of corresponding to the input. The graph of is the graph of the equation
y =f(x).

Suggested Standds for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.
MP.6 Attend to precision.

Gonnections. [gAlg%

Understanding a function as a rule that assigxaotly one output to each input is developed in Gr&dén high
school, the idea of a function is expanded to include use of function notation and evaluating functions for giv
input values

BExplanaionsand Examples FIF1
Usethe definition of a functionto determine whether arelationship is a function given atable, graphor words.
Giventhe function f(x), identify x asan element of the damain, the input, and f(x) isan element in the range, the

output. The domain of a function given by an algab expression, unless otherwise specified, is the largest pos
domain. Knowthat the graph of the function, f, isthe graph ofthe equation y =f(x).

Students should experience a variety of types of situations modeled by functions. Detailedsawiedysy particular
class of functions in Algebra 1 is not advised. Students should apply these concepts throughout their future
mathematics courses. Draw examples from linear, quadratic, and exponential functions.

Examples

1 Determine which of the follving tables represent a function and explain why.

A B
X f(x) X f(x)
0 1 0 0
1 2 1 2
2 2 1 3
3 4 4 5

Solution Table A represents a function because for each element in the domain there is exactly one eler
the range. Table B does not represent a function because wheh there are two values fd¢x): 2 and 3.

Catinuedonnext page
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BExplanationsand Examples FIF1

1 Fa the functions a. through below:

0 List the algebraic operations order of evaluation. What restrictions does each operation place g

the domain of the function?

o DA@S

1 For numbers 1g 1d, determine whether each relatias a function.

GKS FTdzy OGA2yQa

a.

b.
C.

w

f.y=

.y

R2YlI Ay ®
2
Y23
y=yx—-5+1
y=4—(x—3)°
7
e

1
y=4—(x—3)
7

1
4— (x—3)2

1a. {(0,1),(1,2),(3,1),(4,2)} O Yes O No
ib Yy =+Jd4-—x° QO Yes O No
ic. 3 O Yes O No

8

6

4

2

8 6 4 -2 2/} 68

=2

-4

6

-8
1d.  {(53),(2,4),(52) O Yes O No

Solutiors:

la. Yeg Allx-coordinates are unique, so it meets the definition of a function.
1b. Nog An input ofx= 1 has two corresponding outputs=+ 3 andy =- + 3, so it fails to meet the definitio

of a function

1c. Yeg This is a function since for each value chosen along-thes, there is exactly onewalue on the

graph that corresponds to it.

1d. Nog This is not a function since the input of 5 has two corresponding output values, 3 and 2.

Cotinuedonnext page
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Instructional Strategies: [gHIzH%:

Provide applied contexts in which to explore functions. For example, examine the amount of money earned when
given thenumber of hoursworked on ajob, and contrast thiswith a situationin which a single feeis paid by the
écarloaR ®f peple, regardless of whether 1, 2,0r more people are in the car.

Use diagramsto help studentsvisualize the idea of afunction machine. Sudents canexamine several pairs of
input andoutput valuesand try to determine a simple rule for the function.

Rewrite sequencesof numbersin tabular form, where the input representsthe term number (the position or
index) in the sequence, and the output representsthe numberin the sequence.

Hep studentsto understand that the word ddomaiy” émpliesthe set of all possble input valuesandthat the
integesare aset of numbersmadeup ofd »2,-1,0, 1L,H 2}. X

Distinguish between relationships that are not functions and those that are functions (e.g., present a table in
one of the input vaues results in multiple outputs to contrast with a functional relationship). Examine graphs
functions and norfunctions, recognizing that if a vertical line passes through at least two points in the graph,
y (or the quantity on the vertical axif§ not a function of x (or the @untity on the horizontal axis).

Common Misconceptions: [gRISE¥

Sudentsmay believe that all relationshipshavinganinput andan output are functions, andtherefore,
misuse the function terminology.

Sudentsmay also believe that the notation f(X) meansto multiply some value f timesanather value x. The
notation aone canbe confusingand needscareful development. For example, f(2) meansthe output value of
the functionf whenthe input value is 2.

Tools/Resourcs:
F.IF.13
lllustrative Mathematics:d L Yy & S NLINE  Ahyfd/wwivkiliBstrativeindibiériatics.org/illustrations/636

F.F.1
lllustrative Mathematicsd ¢ K S t | Natta:/pvaw.ilugtratizemathematics.org/illustrations/588

lllustrative Mathematics:d , 2 dzNJ @tkpil/inSmNLEistrativemathematics.org/illustrations/589

lllustrative Mathematicsat N} 62t Fa | yR LY@DGSNES CdzyOlAz2yats
http://www.illustrativemathematics.org/illustrations/597

Mdz& G NF GA OGS al G§KSYLI GA Oa Yhitp:/liwaillhsifaive@adagniafica.@g/illudir@idnk/308 2
LffdzaGNY GA GBS al (KS Wttpi/wwovdllystratiierhakhmaticslmiglil iR sy Bidn 624

lllustrative Mathematicsa t 2 A y (1 & 2 hfip:/lvwdilNgtrlalivémathematics.org/illustrations/630

Illustrative Mathematicsd 5 2 Y I khty:Avéww.illustrativemathematics.org/illustrations/635

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/636
http://www.illustrativemathematics.org/illustrations/588
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http://www.illustrativemathematics.org/illustrations/597
http://www.illustrativemathematics.org/illustrations/598
http://www.illustrativemathematics.org/illustrations/624
http://www.illustrativemathematics.org/illustrations/630
http://www.illustrativemathematics.org/illustrations/635
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(FIF)

Cluster: Understand the concept of a function and use function notat

Standard: F.IF2 Use function notation, evaluate functionsfor inputsin their domains, andinterpret statements
that use function notationin termsof acontext.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.
MP.6 Attend tgorecision.

Connections:  SeeSAlK Common Misconceptions:Secsila¥

BExplanaionsand Examples F.IF.2

When arelationisdeterminedto be afunction, usef(x) notation. Decode function notation and explain how the
output of a function is matched to its inp(te.g., The functiof(x) = 2+ 4 squares the input, doubles the square
and adds four to produce the output).

Convert aable, graph, set of ordered pairs, or description into function notation by identifying the rule used t
inputs into outputs and writing the rule.

Identify the numbers that are not in the domain of a function (e.g., O is not in the domg(:x)oillxand negative
numbers are not in the domain &fx) =+ x).

Analyze the input and output values of a function based on a problem situation.
Examples:

T If f(x) =x%+4x- 12, find f(2).

T Letf(x)=2(x+3)>. Findf(3), f(- %), f(a), andf(a- h)

1 If P¢) is the population of Tucsdryears after 2000, interpret the statements P(0) = 487,000 and f{))=
5,900

1 You put a yam in the oven. After 45 minutes, yaketit out. Lef be the function that assigns to each minute
after you placed the yam in the oven, its temperature in degrees Fahrenheit.

a. Write a sentence explaining whf0)=65 means in everyday language
b. Write a sentence explaininghat f(5)<f(10) means in everydalanguage.
c. Write a sentence explaining whg#0)=f(45) means in everyday language

d. Write a sentence explaining wh#5)>f(60) means in everydalanguage.

Cotinuedonnext page
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BExplanaionsand Examples F.IF2

Sample Response
a. f(0)=65 means that when you placed the yam in the oven, its temperature was 65 degrees Fahrenhei

b. f(5)<f(10) means that the temperature of the yam 5 minutes after you placed it in the oven was less th
temperature 10 minutes afteyou placed it in the ovenThis would be because the yam's temperature wi
increase from 65 degrees Fahrenheit during the first few minutes its in the oven.

c. f(40)=f(45) means that the temperature of the yam 40 minutes after you placed it in the ovethevsame
as its temperature 45 minutes after you placed it in the oven. This would be because the temperature
yam eventually plateaus.

d. f(45)>f(60) means that the temperature of the yam 45 minutes after you placed it in the oven was gre
than itstemperature 60 minutes after you placed it in the oven. This would be because the yam begar
cool down after you removed it from the oven.

Instructional Strategies:Se@

Tools/Resources:
lllustrative Mathematic¥ | ad& y 3 Cdzy O hifoywwovAlisirativen@atfiematlcs org/illustrations/599

LffdzadNF GA GBS AY (K $ Y hth: B0 BStsatvemathematics.org/illustrations/625

lllustrative Mathematics:d ¢ K S w Iy R Bit)//maviv.iflubtiativemathematics.org/ilustrations/626

LffdzadNF GAGBESaTE (i KB KWW BustMtiventathematics.org/illustrations/634

LffdzaGaNF GADHI § RA KS ¥hitf/Mwaviillustratislemathematics.org/illustrations/664

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/599
http://www.illustrativemathematics.org/illustrations/625
http://www.illustrativemathematics.org/illustrations/626
http://www.illustrativemathematics.org/illustrations/634
http://www.illustrativemathematics.org/illustrations/664
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(~IF)

Clster:

Understand theconcept of a function and use function notatidg

Standard: F.IF.3 Reognize that sequencesare functions, sometimesdefinedrecursively, whose domainis a
subset of the integers. For example, the Hbonaccisequerceis ddinedrecursively by FQ)=F@) =1, f(n +1)=f(n) +
f(ngl)fornxl.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of struct
MP.8 Look for and exgss regularity in repeated reasoning

Connections; SecAlaN Common Misconceptions: Sec/l=N

Explanaionsand Examples F.IF3
InF.IF.3 draw a connection to F.BF.2, which requires students to write arithmetic and geometric sequences.
Emphasize arithmetic and geometric sequences as examples of linear and exponential functions.

Students should be able to explain that a recursivenida tells how a sequence starts and how to use the previo
value(s) to generate the next element of the sequence.

Students should be able to explain that an explicit formula allows them to find any element of a sequence witl
knowing the element befar it (e.g., If | want to know the fInumber on the list, | substitute the number 11 into th
explicit formula).

Students need to be able to distinguish between explicit and recursive formulas for sequences.

Instructional Strategies:See@

Tools/Resources:

lllustrative Mathematics:d L y i S NLINB {0 Ahyfd/wwinkiliBstrativeimatbigrdatics.org/illustrations/636

For detailedinformation see the Hjh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression functions 2013 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/636
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(FIF)

Clster: Interpret functions that arise in applications in terms of the context )

Standard: - Forafunction that models arelationship betweentwo quartities, interpret key features of
graphsand tablesin terms ofthe quantities, and sketch graphsshowing key featuresgiven averbal description of
the relationship. Keyfeaturesindude: intercepts; intervals where the functions is reasing, decreasing, positive
or negative; relative maxima and minima; symmetries; end behavior; and periodiEi}y.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason absitdy and quantitatively. MP.6 Attend to precision.
MP.4 Model with mathemats. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reasd

Gonnections:  F.IF.46

Abasic study of functionstakesplace in Grade 8, asstudents examine simple linearand non-linear functions,
including theideathat some functionshave greater ratesof changethanothers. In high sdhool, more complex
functionswith inconsistentrates of change and their graphsare examined,including analysis of the domain of a
function.

Explanaionsand Examples -I

The expectation at the Algebra llevelisfor FIF.4 ad F.IF.50 focus onlinear andexponential functions. Later in the
year, focus on quadratic fuons and compare them with linear and exponential functions. In Algebra 2, stud
will extend this standard to include higher order polynomials, rational, absolute value, and trigopnometric func

Given afunction, identify key featuresin graphs and tablesincluding: intercepts;intervals whee the functionis
increasing, deadeasng, postive, ornegative; relative maximums and minimums; synmetries; end behavior; and
periodicity.

Students may be given graphs to interpret or produce graphs givexaression or table for the function, by hand ¢
using technology.

Examples:

1 Arocket is launched from 180 feet above the ground at timé. The function that models this situation is giv
by h=¢ 16t*+ 9@ + 180, wherd is measured in secondsi@h is height above the ground measured in feet.
0 What is a reasonable domain restriction fan this context?
Determine the height of the rocket two seconds after it was launched.
Determine the maximum height obtained by the rocket.
Determine the time wen the rocket is 100 feet above the ground.
Determine the time at which the rocket hits the ground.
How would you refine your answer to the first question based on your response to the second a
guestions?

O OO O0o0Oo

1 Compare the graphs gf= 3¢ andy = 3¢,

Cotinuedonnext page
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Explanaionsand Examples-l

T LetR(X)= \/2_2 Find the domain oR(X). Also find the range, zeros, and asymptoteR@j.
X-

1 Letf(x) =% - Bx+ 1. Graph the function and identify end behavior and any intervals of constaomase,
and decrease.

T It started raining lightly at 5am, then the rainfall became heavier at 7Bgn10am the storm was over, with
atotalrainfallof 3inchest i RARY QiU NI} AYy FT2N) 6KS NBald 2F GKS

Sketch a possible graph for the number of incbkrin as a function of time, from midnight to midday.

Instructional Strategies: F.IF4-6

Flexibly move from examining a graph and describing its characteristics (e.g., intercepts, relative maximumsg
using a set of given characteristics f@&h the graph of a function.

Examine a table of related quantities and identify features in the table, such as intervals on which the functiq
increases, decreases, or exhibits periodic behavior.

Recognize appropriate domains of functions in f@atld settings. For example, when determining a weekly sald
based on hours worked, the hours (input) could be a rational number, such asH®Bever, if a function relates
the number of cans of soda sold in a machine to the money generated, the domaticomssst of whole numbers

Given a table of values, such as the height of a plant over time, students can estimate the rate of plant grow
Also, if the relationship between time and height is expressed as a linear equation, students should explain
meaning of the slope of the lingzinally, if the relationship is illustrated as a linear or4tiagar graph, the student
should select points on the graph and use them to estimate the growth rate over a given interval.

Begin with simple, linearfunctionsto desciibe featuresandrepresentations, and thenmove to more
advanced functions, including non-linearsituations.

Provide studentswith many examplesof functionalrelationships, both linear and non-linear. Use real-world
examples, such asthe growth of aninvestmentfund over time, so that studentscan not only desciibe what they
seein atable, equation, or graph, but also canrelatethefeaturesto the real-life meanngs.

Allow studentsto collect their own data sets, such asthe fallingtemperature of aglass of hot water when removed
from aflame versusthe amount of time, to genaatetablesandgraphsfor disausson and interpretation.

Common MisconceptionsF.IF.46

Sudentsmay believe that it is reasonable to input any x-value into afunction, so they will need to examine
multiple situationsin which there are variouslimitationsto the domains.

Sudentsmay also believe that the slope of alinear functionis merely a numberusedto sketch the graph of the
line.In redlity, slopeshave real-world mearing, and the idea of arate of changeisfundamentalto understanding
major conceptsfrom geametryto calculus.

Major Qusters Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

F.IF.46

LftfdZAGNI GAGS al dKSYL ( ktiAww.illusttativémathematibsto®/BustratibBs¥E 280 A 2
LffdZAGNI GAGByat dz8 ¢V I Lith.Oisvi Bustéat®émathemaics.org/illustrations/637
Ltfdza0dNI G0AQB5I AN A K Y | RQ/BVENE. ifluatrdtEemathematics.org/illustrations/639
Lffdzad NI (A O BowaslKBK $BH (infeo@aNde sllustrativemathematics.org/illustrations/649
LtfdzadNI GAG6ESETE AKIY (f OHEMBVWEIRuS &tivenhAtfremndiics.org/illustrations/650

Lf f dza G4 NI G A @ Bogistit Grdw ¥ibdél A Abstrict Version
http://www.illustrativemathematics.org/illustrations/800

LftfdzadNIGABS al GKSYFGAOaY G[ 23Aa0A0 DNRgGK az2R{
http://www.illustrativemathematics.org/illustrations/804

Fordetailed information see the High School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss progression funains 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/578
http://www.illustrativemathematics.org/illustrations/637
http://www.illustrativemathematics.org/illustrations/639
http://www.illustrativemathematics.org/illustrations/649
http://www.illustrativemathematics.org/illustrations/650
http://www.illustrativemathematics.org/illustrations/800
http://www.illustrativemathematics.org/illustrations/804
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(FIF)

Clster: Interpret functions that arise in applications in terms of the contexE )

Standard: F.IF5 Rdate the domain of afunctionto its graph and, where applicable, to the quantitative
relationship it desciibes. For example, if the function h(n) givesthe numberof person-hoursit takesto assemblen
enginesin a factory, thenthe positive integerswould be an appropriate domain for the function. (E)

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.4 Model with mathematics.
MP.6 Attend to precision.
Connections.  SecEllEd Common Misconceptions SecEllEd

Explanaionsand Examples FIF.5

The expectation at the Algebra llevelisfor FIF.4 ad F.IF.50 focus onlinear andexponential functions. Later in the
year, focus on quadratic functions and compare them with linear and exponential functions. In Algebra 2, st
will extend this standard to include higher order pwbynials, rational, absolute value, and trigopnometric functior

Given thegraph if a function, determine the practical domain of the function as it relates to the numerical
relationship it describes.

Students may explain orally or in written format, teeisting relationships.
Examples:

1 If the functionh(n) gives the number gsersorthours it takes to assembleengines in a factory, then the
positive integers would be an appropriate domain for the function.

1 A hotel has 10 stories above ground and 2ls\n its parking garage below ground. What is an appropria
domain for a function.T(n) that gives the average number of times an elevator in the hotel stops at'the
floor each day?

9 Oakland Coliseum, home of the Oakland Raiders, is capablatofg63,026 fansFor each game, the amour
of moneythatthewn ARSNBRQ 2NHI YAT A2y ONARy3Ia Ay I&INNBOD
attendance. If each ticket costs $30, find tltwmmain and range of this function.

Sample Response
Letr represent the revenue that the Raider's organization makes, sorthfih). Sincen represents a number
of people, it must be a nonnegativehole number. Therefore, since 63,026 is the maximum number of pe
who can attend a game, we can describe the domaifnasffollows:
Domain={n:0 X X63,026andnis an integey
The range of théunction consists of all possible amounts of revenue that could be earned. To explore th
guestion, note that =0 if nobody comes to the game=30if one person comes to the games 60if two

people come to the game, et@hereforer must be a mulple of 30 and cannot exceedDl63,026=1,890,780,
so we see thaRange= {: 0 X ,890,780andr is an integer multiple 030}.

Cotinuedonnext page
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BExplanaionsand Examples FIF.5

The deceptively simple task aboasks students to find the domain and range of a function from a given conte
The function is linear and if simply looked at from a formulaic point of view, students might find the formula f
line and say that the domain and range are all real numbEi@yever, in the context of this problem, this answe
does not make sensas the context requires that all input and output values are-negative integers, and
imposes additional restrictionsThis problem could serve different purposdss primary purpose is to illustrate
that the domain of a function is a property of tfienction in a specific context and not a property of the formula
that represents the functionSimilarly, the range of a function arises from the domain by applying the function
to the input values in the domairA second purpose would be to ilti@gind clarify a common misconception, that
the domain and range are properties of the formula that represent a functionally, the context of the task as
written could be used to transition into a more involved modeling problem, finding the Raidefi'after one
takes into account overhead costs, costs per attendee, etc.

Instructional Strategies: See-4

Tools/Resources:

lllustrative Mathematicsh I 1 £ | Y R /hpf/Awvév3lldgiativemathematics.orgl/illustrations/631

LffdzZadNI GA B TS NI B Sitp/éhvinilidsiativeathematics.org/illustations/387

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07_02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/631
http://www.illustrativemathematics.org/illustrations/387
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(FIF)

Clster: Interpret functions that arise in applications in terms of the context )

Standard: F.IF.6 Cdculate and interpret the averagerate of changeof afunction (presented symbolically or asa
table) over a specified interval. Estimatethe rate of changefrom agraph. (E)

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.
MP.4 Model with mathematics.

Connections:  SecEllEM Common Misconceptions SecEllE#%

Explanaionsand Examples F.IF.6

In Algebra 1 starF.F.6 byfocudngon linear and expondial functionswhose domain is a subset of the integers.
Later in the year, focus on quadratic functions and compare them with linear and exponential functions. In A
2, students will extend this standard #&mldress other types of functions.

The aerage rate of change of a functigrn=f(x) over an intervald, { is % = w
X —a

In addition to finding average rates of change from functions given symbolically, graphically, or in a table.
Students may collect data from experiments or simulations (such dbreyfaall, velocity of a car, etc.) and find
average rates of change for the function modeling the situation.

Examples:

1 Use the following table to find the average rate of changg o¥er the intervals, -1] and [0,2]:

x| 9(x)
2 | 2
1] -1
0| 4
2 | -10

1 The table below shows the elapsed time when two different cars pass a 10, 20, 30, 40 and 50 meter 1
a test track.
o] For car 1, what is the average velocity (change in distance divided by change in time) betweer
and 10 meter mark? Bewen the 0 and 50 meter mark? Between the 20 and 30 meter mark?

Analyze the data to describe the motion of car 1.

o] How does the velocity of car 1 compare to that of car 2?
Carl | Car?2
d t t

10 | 4472 | 1.742
20 | 6.325 | 2.899
30 | 7.746 | 3.831
40 | 8.944 | 4.633

50 10 5.348 Camtinuedon next page
Major Clustes Supporting Cluste Additional Clusters
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Explanaionsand Examples F.F.6

1 Thevalue ofan antique hasincreased exponentially, as stown in this graph.

Value of Antique

12,000
10,000
8,000

6,000

Value ($)

4,000

2,000

X

0 10 20 30 40 50 60
Age of Antique (years)

Based on the graph, estimate to the nearest $50 the average rate of changein value of theantique for the
followingtime intervals:
from0to20years $

from 20to 40years $

Solution: 0 to 20 years; 100
20 to 40 years; 150

Instructional Strategies: See-4

Tools/Resources:

lllustrative Mathematicsad ¢ KS | A 3K htd:Kvevd fll usDadiverdathematics.org/illustrations/577

LffdzaliNFGADSl AaKBEKE YR &K Gtipy/@widittistraiivieraghématics.org/illustrations/686

llustrativea | (1 K S Y I¢GSAYQL.ASYNI  (iadzN Btp:#wiinlv. iffusti&tézemathematics.org/illustrations/1500

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/577
http://www.illustrativemathematics.org/illustrations/686
http://www.illustrativemathematics.org/illustrations/1500
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(FIF)

Cluster: Analyze functions using different representations.

Standard: F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in
cases and using technology for more complicated caées.

a. Graph linear and quadratic functions and show intercepts, maxima, and minima.

b. Graph square root, cube root, and piecewdfined functions, including step functions and absolute value
functions.

c. Graph polynomial functions, identifying zeros when sugdhctorizations are available, and showing end
behavior.

d. (+)Graph rational functions, identifying zeros and asymptotes when suitable factorizations are available, i
showing end behavior.

e. Graph exponential and logarithmic functions, showing intercepid end behavior, and trigopnometric function
showing period, midline, and amplitude.

Suggested Standards for Mathematical Practice (MP):
MP.5 Use appropriate tools strategically. MP.6 Attend to precisian

Gonnections:  FAF. 79

In Grade7, studentsare exposedto the ideathat rewritingan expresson canshed light on themearningof the
expresgon. Thisideais expanded upon asstudentsexplore functionsin high schoolandrecognize how the form
of the equation can provide cluesabout zeros, asymptotes, etc.

Explanaionsand Examples F.IF.7

The expectation ifor F.IF.7a & 7e to focus on linear and exponential functioddgabra | Include comparists of two
functions presented algebraically. For example, compare the growth of two linear functions, or two exponential fu
In Algebra ffor F.IF.7b, compare and contrast absolute value, step and piecatgfred functions with linear, quadrat
and exponential functions. Highlight issues of domain, range, and usefulness when examining pieletiwes

functions. InAlgebra 2relate F.IF.7c to the relationship between zeros of quadratic functions and their factored fo
focus on apptations and how kefeatures relate to characteristics of a situation, making selection of a particular ty|
function model appropriate.

Key characteristics include but are not limited to maxima, minima, intercepts, symmetry, end behavior, and
asymptdes. Students may use graphing calculators or programs, spreadsheets, or computer algebra systen|
graph functions.

Examples:
9 Describe key charactetiss of the graph of(x) = x¢o 5.b

9 Sketch the graph and identify the key characteristics of the function described below:

red

x+2forx=0 10
—x% forx < —1 \

F(x) = {

1 Catinuedonnext page
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Explanaionsand Examples F.F.7
1 Graph the functiori(x) = X by creating a table of values. Identify the key characteristics odjiiyeh.
1 Graphf(x) = 2 tarx- 1. Describe its domain, range, intercepts, and asymptotes.

1 Draw the graph of(x) ¢ sin x and(x) = cox. What are the similarities and differences between the two graj

Instructional Strategies F.IF.79

Explorevarious families of functions and help students to make connections in terms of general features. F¢
example, just as the function= (x + 32)c 5represents a translation of the functign= xby 3 units to the left and 5
units down, the same is tru@f the functiony = | x + 3 |- 5 as a translation of the absolute value functips | X |.

Diswoverthat the factored form of aquadratic or polynomial equation can be usedto determinethe zeros, which
inturn canbe uwsedto identify maxima, minimaandend behaviors.

Use various representations of the same function to emphasize different characteristics of that function.

For example, thg-intercept of the functiory = 4 -4x¢ 12is easy to recognize as (@2). However, rewriting the
function asy = (x¢ 6)(x + 2yeveals zeros at (6, 0) and aR( 0). Furthermore, completing the square allows the
equation to be written ay = (X 2)2 ¢ 16, which shows that the vertex (and minimum point) of the parabola is ¢
(2,-16).

Examine multiple realvorld examples of exponential functions so that students recognize that a base betwee
and 1 (such as an equation describing depreciation of an automdigide5 15,000(0.8) represents the value of a
$15,000 automobile that depreciates 20% per yearrdkie course ok years]) results in an exponential decay,
while a base greater than 1 (such as the value of an investment over f{®e=[5,000(1.07) represents the value
of an investment of $5,000 when increasing in value by 7% per yeayé&arg) illustrates growth.

Graphing utilities on a calculator and/or computer can be used to demonstrate the changes in behavior of a
function as various parameters are varied.

Realworld problems, such as maximizing the area of a region bound by a fixedeperifence, can help to
illustrate applied uses of families of functions.

Common MisconceptionsF.IF.79

Students may believe that each family of functions (e.g., quadratic, square root, etc.) is independent of the g
so they may not recognize cononalities among all functions and their graphs.

Students may also believe that skills such as factoring a trinomial or completing the square are isolated with
on polynomials, and that they will come to understand the usefulness of these iskiks context of examining
characteristics of functions.

Additionally, student may believe that the process of rewriting equations into various forms is simply an alge
symbol manipulation exercise, rather than serving a purpose of allowing differatirés of the function to be
exhibited.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:

F.IF. 79
GC2NXYAY 3 y¢MathBnidics Ass@ssient Project
This lesson unit is intended to help you assess how well students are able to understand what the different algebraitc f
a quadratic function reveal about the properties of its graphical representation. In particular, the lesson will helpntiy id
and help students who have the following difficulties:
w! YRSNEGIYRAY3 K2g (GKS FIOGRNBRI FTANNVLIRRAGKNB2Hdz000 )
w! YRSNEGIYRAY3 K2g G(GKS O02YLIX SGSR aljdzd NB F2N¥Y 2F (¢
w! YRSNARGEFYRAY3 K2¢ GKS adlyRINR F2N¥Y 2F (GKS Fdzy O A
http://map.mathshell.org/materials/lessons.php?taskid=224#task224

LffdZAGNI G§AGByhRt &KS Y Hhifp &R MIESE ativemathematics.org/illustrations/1485

F.IF.7
LffdzaGONI GACBNRLIKESYFOXGERNI AO CdzyQliAz2yaté
http://www.illustrativemathematics.org/illustrations/388

Lftfdza0dNI 0AOPBREVIKS¥AYREOANT LKA 2F FdzyOlAazyas
http://www.illustrativemathematics.org/illustrations/803

LffdzalONI GAGS al GKSYIFGAAGARY£édaz2RSEAYT [2YR2Yy Q& t 7
http://www.illustrativemathematics.org/illustrations/1595

LEfdzZaGNI GAGS al G§KSYLF GA O ath://wwi.Dusttativikriathenaticstoy/iluS thadioGsB3/7

LftfdzAaGNI GADS al (K Shifp:/fiviwdlistrativetathdayiafics. g dillustraioyis$1639

LffdzaldNIGAGBS al GKSYFGAOQAY GDNI LIKAYy3 wlklGA2y It Cag
http://www.illustrativemathematics.org/illustrations/1694

For detailed information see thdligh School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=224#task224
http://www.illustrativemathematics.org/illustrations/1485
http://www.illustrativemathematics.org/illustrations/388
http://www.illustrativemathematics.org/illustrations/803
http://www.illustrativemathematics.org/illustrations/1595
http://www.illustrativemathematics.org/illustrations/627
http://www.illustrativemathematics.org/illustrations/1539
http://www.illustrativemathematics.org/illustrations/1694
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf




121

Functions Interpreting Functions(FIF)

Cluster: Analyze functions using different representations.

Standard: - Write a function defined by aexpression in different but equivalent forms teveal and
explain different properties of the function.

a. Use the process of factoring and completing the squareqguaaratic function to show zerosxtreme values
and symmetry of the graph, and interpret theseiénms of a context.

b. Use the poperties of exponents to interpret exprasss for exponential functionsi-or exampleidentify percen
rate of change in functions such as y = (1'0@)= (0.97), y =(1.01)%, y = (1.7) ¥, and classifyhem as
representing exponential growth decay.

Suggested Standards for Mathematical Practice (MP):
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.

Gonnections, Seek.dE.7 Common MisconceptionsSeeE.IE.7

Explanaionsand Examples -

In Algebra 1 focus athis standard with linear, exponential and quadratic functions. In Algebra 2 students will extel
work to focus on applications and how key features relate to characteristics of a situation making selection of a pz
type of function.

Exampes:
9 Factor the following quadratic to identify its zerog® + %-8=0

1 Complete the square for the quadratic and identify its vertgx+ 6x+ 19 + 0

1 Write the following function in a different form and explain what each form tells you abouthetibn:
f(x) =xC- 6x° + X+ 10

1 Write the functiony- 3 =2/3(x—4) in the equivalent form most appropriate for identifying the slope and
y-intercept of the function.
Solution:y =2/3x +1/3

1 Which of the following equationscould desciibe the function of 1
the givengraph? Explain.

filx) =(x+12)* +4 fs(x) = —4(x + 2)(x + 3)

folx)=—-(x—-2)" -1 fo(x) = (x +4)(x — 6)

fa(x) = (x + 18)* — 40 fHx)=(x—12)(—x + 18)

failx) =(x—10)2 -15 falx) = (20— x)(30 — x) .
U >

Cotinuedonnext page
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Explanaionsand Examples -3

Solution: All of these egations describe quadratic functions. Since quadratic functions have graphs that are
parabolas and the given graph appears to be a parabola, the given equations meet a minimum criteria for
consideration.

2

The graph of fi(z) = (= + 12)° + 4 has a vertex of (—12,4) which is in the second quadrant, so it does not match the graph.

The graph of fo(z) = —(z — 2]2 — 1 has maximum rather than a minimum value at z = 2 since the leading coefficient is negative (in
other words, the graph opens downward), so it does not match the graph.

The graph of fa(z) = (z + 18)2 — 40 has a vertex of (—18,—40) which is in the third quadrant, so it does not match the graph.

The graph of fy(z) = (= — 10)2 — 15 has a vertex of (10, —15) which is in the fourth quadrant, and the leading coefficient is positive (so
the graph would open upward) so this could describe the function whose graph is given.

The graph of fs(z) = —4(z + 2)(z + 3)has z-intercepts of (—2,0) and (—3,0). Since the a-intercepts are both positive for the given
graph, they do not match.

The graph of fg(z) = (2 + 4)(z — 6) has a-intercepts of (—4,0) and (6,0). The z-intercepts are both positive for the give graph, so they
do not match.

The graph of f7(z) = (= — 12)(—=z + 18)has a leading coefficient that is negative and so has a maximum rather than a minimum value
(atz = 15) and thus cannot match the graph.

The graph of fg(z) = (= — 20)(z — 30)has z-intercepts of (20,0) and (30,0). Since the z-intercepts are both positive for the graph and
the leading coefficient is positive (so the graph would open upward), this could possibly be the equation for this graph.

The functions f4 and fg both have graphs of the approximate shape given, though we note that they certainly would not appear
identical if plotted simultaneously. For example, the vertex of the graph of f4 occurs at z = 10 whereas that of fg occurs at z = 25.

1 The projected populationf Delroysville is given by the formujéd) = 1500(1.08). You have been selected by
the city council to help them plan for future growth. Explain what the formg#= 1500(1.08means to the
city council members.

1 Which of the following functions will represent $500 placed intawtual fund yielding 10% per year for 4 yed
a. 6 =500(.10)* b. 6 =500(1.1)*
c. © =500(4)(.10) d. 6 =500(1.04)%°

Instructional Strategies: See-7

Tools/Resources:
llustrative Mathent (G A D K X OK & C dzyittp:fiviwa ylustéativemathematics.org/illustrations/640

LtfdzadNI (A OELIAR RS ¥ htihROvE. MuBtévemathematics.org/illustrations/375

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/640
http://www.illustrativemathematics.org/illustrations/375
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Interpreting Functions(FIF)

Clster: - Analyze functions using different representations.

Standard: - Compare properties of twlunctions each represented in a different way (algebraically,
graphically, numerically in tables, oy verbal descriptions)Forexample, given a graph of one quadratic functio
and an algebraic expression for anoth&my which has the larger maximum.

Suggested Standards for Mathematical Practice (MP):

MP.6 Attend to precision.
MP.7 Look for and make use of structure.

Connections:  SeeBlEY Common Misconceptions SeeElE

Explanaionsand Examples ‘

Start F.IF.9y focusing on linear and exponential functions. Include comparisons of two functions presented
algebraically. Focus on expanding the types of functions to include linear exponential and quadratic. Exten
with quadratics to include the relatiohfp between coefficients and roots, and once roots are known, a quadrat
eqguation can be factored.

GCompare the key features of two functionsrepresentedin different ways. For example, compare the end
behavior of two functions, one ofwhichisrepresented graphically andthe atherisrepresented symbolicaly.

Examples:

1 Examine the functions below. Which function has the larger maximum? How do you know?

¥

f(x) = 2¢- 8x+ 20

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies: See-7

Tools/Resources:
LffdzaGOGNT GADBS al (§KSYI hitth:/Oa.illustiativenbitBemnatigs Bro/illustéat®asi1Z79 & ¢

For detailed information see the High School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression fustions 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/1279
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Building Functions(F~-BH

Clster: Build a function that models a relationship between two quantitieés )

Standard: F.B-.1 Write a function that describes a relationship between two quantitiés)
a. Determine an explicit expression, a recursive process, or steps for calculation from a context.

b. Combine standard function types using arithmetperations. For example, build a function that models the
temperature of a cooling body by adding a constant function to a decaying exponential and relate these
functions to the model

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sese of problems and persevere in solving thenMP.6 Attend to precision.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structy
MP.3 Construct viable arguments and critique the reasw of others.
MP.4 Model with mathematics. MP.8 Look for and express regularity in repeated reaso
MP.5 Use appropriate tools strategically.

Gonnections. F.BF.12

In Grade 8, studentscompare functionsby lookingat equations, tablesand graphs, andfocusprimarily onlinear
relationships. In highsdool, examination of functionsis extended to include recursive and explicit representations
and sequencesof numbersthat may not have alinearrelationship.

Explanaionsand Examples F.BF.1

In Algebra 1 focus on situations that exhibit linear, exponentialquatiratic relationships. In Algebra 2 develop
models for more sophisticated situations.

From context,write an explicit expression, define a recursive process, or describe the calculations need to m
function between tow quantities.

Studentswillg £ @ T S | IABSYy LINBofSY (2 RSGSN¥YAYyS G(GKS ¥Fd
rate of change.They will specify intervals of increase, decrease, constancy, and, if possible, relate them to th
Fdzy QU A2y Q& RS a O Ndicaly Stadgnts ingly use ZrdRidg calchtashar prdgrams, spreadshee
computer algebra systems to model functions.

Examples:

1 You buy a$10,000 car with anannual interest rate of 6%compoundedannually and make monthly paymentsof
$250. Expressthe amountremainingto be paid off asafunction of the number of months, usingarecursion
equation.

1 Acup of coffeeisinitially at atemperature of 93° F. The difference between its temperature andthe room
temperature of 68° Fdecreasesby 9%each minute.

Write afunction descrbing the temperature of the coffeeasa function of time.

1 The radius of a circular oil slick aftenours is given in feet by= 10/ 0505 T 2N mn K
Find the area of the oil slick agumction of time.

Cotinuedonnext page
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BExplanaionsand Examples F.B-.1

1 You are making an open box out of a rectangular piece of cardboard with dimensions #®6rnarh, by cutting
equal squares out of the four corners and then folding up the sides.
How big should the squares be to maximize the volume of the box? Draw a diagram to represent the pf
and write an appropriate equation to solve.

A new social nsvorking website was made available. The website had 10 members its first week. Beginn
second week, the creators of the website have a goal to triplenthmber of members every week.

For Part A and Pat B below, sdect the appropriate expression for each blank region.

Toplacean expressionin aregion, click on theexpresson, move the pointer over the region, and click again to
placethe expressionin the regon. nly one expresson an beplaced in each regon. Toreturn all expressions
to their original positions, dick the Reset button.

0 1 3 7 10
3n+7 3n+10 30(n-1) 10(3™1h) 3(10™Y)
| fin-1)+2 || fin-1)+30 || 3f(n-1) 3f(n-1)+10 || A3n-1)

Part A

Determine an explicit formula for f(n), the number of members the ceators have agoal of getting n weeks
after the website is made available.

f(n) =

Part B
Determine arecursive formula for f(n).

f(n) = forn>

f(1) =

Solution: Part Af(n) =10@™Y)
Part B f(n) =3f(nb1) forn>1
f(1) = 10

Catinuedon next page
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Instructional Strategies: F.BF.12

Provide a realorld example (e.g., a table showing how faraas has driven after a given number of minutes,
GNF @St AYy3 |G F dzyAF2NY &LISSROZ yR SEIFYAYS GKS
NBflFdA2yaKALE a ¢Sttt & al ONRPaaé¢ GKS (I edd8thdl 2 F
number of minutes is known.

Write out terms in a table in an expanded form to help students see what is happening. For examphgyvltnes
are 2, 4, 8, 16, they could be written as 2, 2(2), 2(2)(2), 2(2)(2)(2), etc., so that studegisizedhat 2 is being
used multiple times as a factor.

Focuson onerepresentation and its related language ¢ recursive or explicit ¢ at atime so that studentsare not
confusingthe formats.

Provide examplesof whenfunctionscan be combined, such asdetermininga function describingthe monthly cost
for owningtwo vehicleswhen a function for the cost of each (giventhe number of milesdriven)is known.

Usingvisual approaches(e.g.,folding a piece of pgperin hdf multiple times), use the visual modelsto generate
sequercesof numbersthat canbe explored and desciibed with both recursive and explicit formulas. Emphasize
that there are timeswhenoneform to desciibe the functionis preferred over the other.

Hands-on materials (e.g., paperfolding, building progressvely larger shapesusing pattern blocks, etc.) canbe
used as avisual source to build numericaltablesfor examination.

Common Misconceptions F.BF.12

Students may believe that the best (or only) way to generalize a table afigialy using a recursive formula.
{GdzRSy(Ga yladNrftte GSyR (2 €221 aR2gyé | i Bternd
requires knowing the d8term unless an explicit formula is developed.

Students may also believe thatithmetic and geometric sequences are the same. Students need experiences
both typesof sequencesto be able to recognize the difference andmore readily develop formulasto desclibe them.

Tools/Resources:

Lf f dza G4 NI ( A @ Bhe SKelétde 2 Yol SO EWv.illusirativemathematics.org/illustrations/75
LffdzaONI GADBEKSE I ( 825 Y B ChitptywiviivSlINskfativemathematics.org/illustrations/72
LffdzadNF GABSA XK (K$ KR hith@ &R Mystadivemathematics.org/illustrations/241
LtfdzadNI GAGBE @tz KS Y I Gfedéni Alidsiatvémathematics.org/illustrations/230
LtfdzadNI GdA BB & B Kit@wevéillDstirativemathematics.org/illustrations/533

F.BF.la
LffdzadNI A GBEdza R G K Q¥ Intip v Whystradivemathematics.org/illustrations/218

LftfdZAGNI GAQDB2X LA EZERAVAOAXGKAl p2 LyGSNBad wl aSé
http://www.illustrativemathematics.org/illustrations/572

Mud G N> GA DS al ARIIXNINROBRY ¢ XGK | mnm: LYGSNBad wl G
http://www.illustrativemathematics.org/illustrations/573 Catinued on next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/75
http://www.illustrativemathematics.org/illustrations/72
http://www.illustrativemathematics.org/illustrations/241
http://www.illustrativemathematics.org/illustrations/230
http://www.illustrativemathematics.org/illustrations/533
http://www.illustrativemathematics.org/illustrations/218
http://www.illustrativemathematics.org/illustrations/572
http://www.illustrativemathematics.org/illustrations/573
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Tools/Resources:

For detailed information see¢he High School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07_02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Building Functions(F~BH

Clster: Build a function that models a relationship between two quantitieés )

Standard: F.B-2 write arithmetic andgeametric sequencesboth recursively andwith an explicit formula; use
them tomodelsituations, and translate betweenthe two forms. (E)

Suggested tandards for Mathematical Practice (MP):

MP.4 Model with mthematics. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reasor

Gonnections. SeefE.BE.1 Common Misconceptions:SeeEBE.1

Explanaionsand Examples F.BF2

Connect arithmetic sequences to linear functions and geometric sequences to exponential funStiotents
should understand that linear functions are the explicit form of recursidefined arithmetic sequeces and that
exponential functions are the explicit form of recursivdbfined geometric sequence.

Explain why the recursive formula for and arithmes@rjuence uses addition amide explicitformula uses
multiplication.

Explain why the recursive fowra for a geometric sequence uses multiplication and why the explicit formula us
exponentiation.

Decide wha a real world problem modelsgeometric sequence and write an equation to model the situation.
An explicit rule for then" term of a sequencgives al & 'y SELINB & & A 2 vn: & rgeurdivé Bile §iv&
the first term of a sequence, and a recursive equation relade ¢he preceding terng). Both methods of
presenting a sequence describgas a function ohf.

Examples:

1 Geneate the 5"¢11" terms of a sequence &1 = 2andd(n+2) = 0n)°b M ®

w Use the formulad: =01+ Q¢ b ™M 0O Giskhe baBimon difference to generate a sequence whose first th
GSNX¥Ya | NFR bwmd bn

w There are 2,500 fish in apd. Each year the population decreases by 25 percent, but 1,000 fish are adde
the pond at the end ofhe year. Find the population in five yearsAlso, find the longerm population.

w Giventhe formuld =2b w3 T A @ ofitié Squence.
Whatisthe G SNY Ay GKS &S1dSyO0S o pz 13 I XK

w Givendy = 4 andi¥ = ¥y + 3, write the explicit formula. _
Catinuedon next page
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Explanaionsand Examples F.B-.2

9 Thefirst four terms of asequence are shown below.
8,12,18, 27, ...

Write arecursive fundion for this sequence.

Solution: f(ny 3, 71f(n-1) for n>1, wheref(1) = 8

1 A compmny purchases $24,500 of nrew computer equipment. For tax purpcses, the canpany estimates that
the equipment decreasesin value by thesame amounteachyear. After 3years, the estimated value is $9800.

Write an explicit function that gives theestimated value of the comptier equipment n years after purchase.

Solution: f(nF 24,500 4900

Instructional Strategies: SeeF.BF.1

Tools/Resources:

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Building Functions(F~BF)

Custer: Build new functions from existing functions.

Standard: F.B-3 Identifythe effect on the graphof replacingf(x) by f(x) +k, k (x), f(kx), andf(x + k) for specific
values ofk (both positive and negative); find the value of k given the graphs. Experimentwith casesandillustrate an
explanaion of the effects on the graph usingtechnology. Includerecognizingevenand oddfunctionsfrom their
graphsand algebraic expressonsfor them.

Suggested tandards for Mathematical Practice (MP):

MP.4 Model with mathematics. MP.7 Look for and make use of structure.
MP.5 Use appropriate toolsrategically.

Gonnections. F.BF.34a

Undestandingfunctional relationshipsasinput and output valuesthat have an associated graph isintroduced in
Grade8. In highsdool, changesin graphsis explored in more depth, andthe ideaof functionshavinginversesis
introduced.

Explanaionsand Examples F.BF.3

In Algebra Xtart by focusing on vertical translations of graphs of linear and exponential functions. Relate the
vertical translation of a linear function to §sintercept. While aplying other transformations to a linear graph is
appropriate at this level, it may be difficult for students to identify or distinguish between the effects of the othg
transformations included in this standard. Extend to quadratic functions when apate@nd consider including
absolute value functions. In Algebra 2 use transformations of functions to find models as students consider
increasingly more complex situations. Note the effect of multiple transformations on a single graph and the ¢
effect of each transformation across function types.

Sudentswill apply transformationsto functionsandrecognize functionsasevenand odd. Sudentsmay use graphing
calculatorsor programs, spreadsheets, or computer algelra systemsto graphfunctions.
Analyze the similarities and differences of between functions with diffekarglues.

Examples:
w 1s"Q) =&’b ofor 2o+ 1 even, odd, or neither®Explain your answer orally or in written format.

f Compare the shape and position of the graph&@) =c5
and"(Go) = 25, and explain the differences in terms of the
algebraicexpressions fothe functions.

Catinuedon next page 10
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BExplanaionsand Examples F.B-.3

1 Compare the graphs &fx) = X with those ofg(x) = &+ 2 andh(x) = X - 1 to see that parallel lines have the
same slope and to explore the effect of the transformation of the functi®,= X such thatg(x) =f(x) + 2 and
h(x) =f(x) - 1.

9 Explore the relationship betwedifx) = 3 g(x) = 5x, andh(x) =llzx with a calculator to develop a relationship
between the coefficient o and the slope.

1 Descibetheeffect of varyingthe parameters ) 'Q and Qon the shape and position of the graph
W) = ok "G +Q

1 Compare the shape and position of the graph¥i) = to "@c) =0 4 5, and explain the differences,
orally or in written format, in terms of the algedic expressions for the functions

TR
T

| Describe the effect of varying the parametégsQ and Qon the shape and position of the graph
JON) =(Iﬁfﬂ°+§+7£brally or in written format. How do the values between 0 and 1 effect tlagplgP
What is the effect of negative values on the graph?

z A

) I 2YLE NB GKS &Kl LIS ok sindto h®2Zsikisi A 2y 2F GKS INI LI

v =2sinx

(=]
|

?-6 —1//

v =sinx

b

'
[
|

Cotinuedonnext page
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Instructional Strategies: F.BF.34

Use graphing calculators or computers to expldre éffects of a constant in the graph of a function.

For example, students should be able to distinguish between the graphs &f y =2x%, y = X+ 2,y =(2X)?, and
y =(x + 2J. This can be accomplished by allowing students to work with a siaggat function and examine
numerous parameter changes to make generalizations.

Distinguish between even and odd functions by providing several examples and helping students to recogni
a function is even if(-x) =f(x) and is odd if(-x) =-f(x). Visual approaches to identifying the graphs of even and
odd functions can be used as well.

Provide examples of inverses that are not purely mathematical to introduce the idea. For example, given a
function that names the capital of a stat€Ohio) = Glumbus. The inverse would be to input the capital city an
have the state be the output, such thﬁjt(Denver) = Colorado.

Common Misconceptions:F.BF.34

Sudentsmay believe that the graph of y =(x ¢ 4)3 isthe graph of y =x° shifted 4 units to the left (duetothe
subtraction symbol). Examplesshould be explored by handand on a graphing calculator to overcomethis
misanception.

Students often confuse the shift of a functiaith the stretch of a function

Sudentsmay also believe that even and odd functionsrefer to the exponent of the variable, rather than the
sketch of the graph andthe behavior of the function.

Additionally, students may believe that all functions have inverses and need to see counter examples, as we
examplesn which a norinvertible function can be made into an invertible function by restricting the domain.

For examplef(X) =x* has an inverse‘(l(x) = /X provided that the domain is restricted tox 1 ®

Tools/Resources:

LffdzaUONI GADBREYIKE¥AUAOAWYWSYdl YR hRR CdzyOliA2yaé
http://www.illustrativemathematics.org/illustrations/232

Lt dza G4 NI G A @ Building al gaairatic tuhctida Hrorfx) :éxzé(
http://www.illustrativemathematics.org/illustrations/741

LftfdZAOGNI GADENRAYVERSNYAYDAYKSEANI LIK 2F | Fdzy Ol A2y é
http://www.illustrativemathematics.org/illustrations/742
LtfdzaGNI GAOPSdAt RKETI EADSYSNEE vdz RNIGAO Cdzy OGiA 2y
http://www.illustrativemathematics.oragillustrations/505

LffdzaadNI GAODS8SSRA S BB I hitp NI BlisEadivemathematics.org/illustrations/695

Lt f dzid G NI G A @ Building dn Expic@QuadrabcFYnctioraby Composition
http://www.illustrativemathematics.org/illustrations/744

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Building Functions(F~-BF

Custer: Build new functions from existing functions.

Standard: F.B-4 Find inverse functions.

a. Solve an equation of the forf{x) =cfor a simple functiorf that has an inverse and write an expression for th
inverse. For examplef(x) = 2% for x>0 or f(x) =(X+1}(x_1)'-F 2NJE rmo

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.
MP.4 Model with mathematics. MP.7 Look for and make use of structure.
Gonnections. SeeF.BF.3 Common Misconceptions:SeeF.BF.3

Explanaionsand Examples F.BF.4

For F.BF.4a focus on linear functions but consider simple situations where the domain of the functions must
restricted in order for the invers to exissuch ag(x) =x%,x>0. This work will be extended in Algebra 2 to inclug
simpe rational, simple radical and simple exponential functions.

Solve a function for the dependent variable and write the invers of a function by interchanging the values of
dependent and independent variable.

Students may use graphing calculators myggams, spreadsheets or computer algebra systems to model functi

Examples:

w Draw the graph of the inverse ) =- 3/2x- 3 on the coordinate grid below.

fx) Solution: Ax)

8 8]

6 6

4 4

2 2

“8 6 4 -2 2 4 6 8 —8—6—4\ 2 4 6 8

AP &

-4 -4

e -6

-8| -8 F(x)

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters



135

BExplanaionsand Examples F.B-.4

1 For the functiorf®a) = (b 3H defined on the domain of all real numbers, find the inverse function if it ex
or explain why it doegmot exist.

w Graph@a) and"®1 () and explain how they relate to each other graphically and algebraically.

q Fndadomainfor "() = 3# + 120k 8 onwhich it hasan inverse.
Explain why it is necessaryto restrict the domain of the function.

Instructional Strategies: F.BF.4

Provide examples of inverses that are not purely mathematical to introduce the idea. For example, given a
function that names the capital of a staféQOhio) = Columbus. The inverse would be to input the capital city a
have the state be theutput, such thaif'l(Denver) = Colorado.

Tools/Resources:

LftftdzZAGN GAO6SYLIE KB ¥ HzNE Ohditg/ AnanSilNGirdtideghigthiematics.orgl/illustrations/364

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss _progession functions 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/364
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Linear, Quadratic, and Exponential Modéls (FLE)

Cluster: Construct and compare linear, quadratic, and exponential models and solve problems.

Standard: - Distinguish between situations that can be modeled with linear functions and with expon
functions. (E)

a. Prove that linear functions grow by equal differences over equal intervalghan@éxponential functions grow
by equal factors over equal intervals.

b. Recognize situations in which one quantity changes at a constant rate péntemital relative to another.

c. Recognize situations in which a quantity grows or decays by a constant percent rate per unit interval rela
another.

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable arguments agritique the reasoning of others.
MP.4 Model with mathematics. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reasor

Gonnections. F.LE.4

While students in Grade 8 examine some nonlinear situations, most of the functions exploréagkarelh high
school, basic understanding of functions is expanded to include exponential and other polynomial functions
how they compare to the behaviors of linear functions.

Explanaionsand Examples -

Given a contextual situation, describaether the situation in question has a linear pattern of change or an
exponential pattern of change.

Show that linear functions change at the same rate over time and that exponential functions change by equz:
factors over time.

Describe situations wére one quantity changes at a constant rate per unit interval as compared to another

Describe situations where a quantity grows or decays at a constant percent rate per unit interval as compar
another.

Students may use graphing calculatorpoygrams, spreadsheets, or computer algebra systems to model and
compare linear and exponential functions.

Examples:

1 A cell phone company has three plans. Graph the equation for each plan, and analyze the change ag
number of minutes used increase¥/hen is it beneficial to enroll in Plan Plan 2?Plan 3?

1. $59.95/month for 700 minutes and $0.25 for each additional minute,
2. $39.95/month for 400 minutes and $0.15 for each additional minute, and

3. $89.95/month for 1,400 minutes and $0.05 for daadditional minute.
Cotinuedonnext page
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Explanaionsand Examples -

1 A computer store sells about 200 computers at the price of $1,000 per compbereach $5crease in
price, about ten fewer computers are sold. How much should the computer store charge per computer in
to maximize their profi?

Students can investigate functions and graphs modeling different situations involving simple and compos.
Students can compare interest rates with different periods of compounding (monthly, daily) and compare the
the corresponding annual percentage rat®preadsheets and applets can be used to explore and model differe
interest rates and loan tens.

1 A couple wants to buy a house in five yeartiey need to save a down payment of $8,000ey deposit $1,00
in a bank account earning 3.25% interest, compounded quarterly. How much will they need to save each
in order to meet their goal?

w Sketch and analyze the graphs of the following two situatiMiat information can you conclude alnothe
types of growth each type of interest has?
o0 Lee borrows $9,000 from his mother to buy a car. His mom charges him 5% interest a year, but s
not compound the interest.
0 Lee borrows $9,000 from a bank to buy a car. The bank charges 5% interest compounded annua

w Calculate the future value of a given amount of money, with and without technology.

w Calculate the present value of a certamount of money for a given length of time in the future, with and
without technology.

i The data in the table was taken from Wikipedia

a. Based on the data in #table, would a linear Year World Population (Estimate)
function be appropriate to model the relationship 1804 1.000,000,000
between the world poplation and the year? 1927 2.000.000,000
Explain how you know. 1960 3,000,000,000

b. Using only the data from 1960 onward in the 1974 4,000,000,000
above table, would a linear function be 1987 5,000,000,000
appropriate to approximate the relationship 1999 6,000,000,000
between the world population and the year? 2012 7.000,000,000

Explain how you know.

c. Based on youwork in parts a. and b., would a linear function be appropriate to predict the world
population in 22007Explain.

9 Cabon14is acommonform of carbonwhich decays exponentially over time. The half-life of Cabon 14,that
is the amount of time it takesfor half of any amount of Cabon 14to decay, is approximately 5730years.
Quppose we have a plant fossl and thatthe plat, at the time it died, contained 10 microgramsof Cabon 14 (one
microgramis equako onemillionth of agram).

a. Using this informaon, make a table to calculate how much Carbon 14 remains in the fossilized plant a
5730 x¢ years fore =0, 1, 2, 3, 4.

b. What can you conclude from part a. about when there is one microgram of Carbon 14 remaining in thg
o - 5 .
c. How much carbonremainsin the fosslized plant after 2865=$ years? Explain how you know.

d. Usingtheinformationfrom part c., canyou give amore precise response to whenthere is ane microgram of
Cabon 14 remainingin the fosslized plant?

Catinuedon next page
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Instructiond Strategies F.LEL-4

Compare tabular representations of a variety of functions to show that linear functions have a first comr|
difference (i.e., equal differences over equal intervals), while exponential functions do not (instead func
values growby equal factors over equalintervals).

Apply linear and exponential functions to rembrld situations.For example, a person earning $10 per hour
experiences a constant rate of change in salary given the number of hours worked, while the numbxteh ba
on a dish that doubles every hour will have equal factors over equal intervals.

Provide examples of arithmetic and geometric sequences in graphic, verbal, or tabular forms, and have stug
generate formulas and equations that describe the pattern

Use a graphing calculator or computer program to compare tabular and graphic representations of exponen
polynomial functions to show how the(output) values of the exponential function eventually exceed those of
polynomial functions.

Have stidents draw the graphs of exponential and other polynomial functions on a graphing calculator or cof
dzi At AGe yR SEIFYAYS GKS FIO0G KIG GKS SELRYSYGALl
graph. Asimple example would be tompare the graphs (and tables) of the functi(ynsx2 andy = to find
that the y values are greater for the exponential function when 4.

Help students to see that solving an equation suchxas 200 can be accomplished by entering22 andy =300
into a graphing calculator and finding where the graphs intersect, by viewing the table to see where the fung
values are about the same, as well as by applying a logarithmic function to both sides of the equation.

Explore simple linear and exponential functionsby engagngin hands-on experiments. For example, studentscan
measure the diametersandrelated circumferencesof several circlesand determinealinearfunctionthat relates
the dameterto the circumference ¢ alinearfunction with afirst common difference. They canthenexplorethe
value of aninvestmentwhentold that the account will double in value every 12 years ¢ an exponentialfunction
with a base of 2

Common MisconceptionsF.LEL-4

Students may believe that all functismave a first common difference and need to explore to realize that, for
example, a quadratic function will have equal second common differences in a table.

Students may also believe that the end behavior of all functions depends on the situation ahe fextt that
exponential function values will eventually get larger than those of any other polynomial functions.

Tools/Resources:

F.LE. 14

LffdzaGNI GAGE2 %L KB Y B (i 8 BthIwns. flustiativémathematics.org/illustrations/213
LffdzaGNI 0ADBEKROBURBYDIADYE RA G¢2 3INFLK LRAyGa RS
http://www.illustrativemathematics.org/illustrations/376

LffdzadNI GADEA &R T RS Dhttf:/AWOMRKESStEeathematics.org/illustrations/1288

Lt f dz&d G4 NI ( A O Exteadingihié BeYititions @ Exponents
http.//www.illustrativemathematics.org/illustrations/385 Cantinuedon next page
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Tools/Resources:

Gaz2RSt Ay3 | tMahghticyAssessi@eitaPéoject
This lesson unit is intended to help you assess how well students are able to:

wLYGSNIINBG | aAddzZ GA2y FyYyR NBLINBaSyid (G(KS O2yaidNI Ay
w{ StSO0 FLIWNBLNAIGS YIGKSYIFI{iAOLt YSiK2R&a G2 dzasSo
wal 18 &aSyarotsS SadAYFiSa yR [aadzyLliAzyao

w L ebtigate an exponentially increasing sequence.
w/ 2Ydey7\OI- S GKSAN NBI azyay3 Of SI NI &
http://map.mathshell.org/materials/lessons.php?taskid=407#task407

llustral A @S al 0 K FYIISNBSG@E X y 34 hitp7imBNIEsirativemathierSasics.org/illustrations/302
LffdZAGNI GAGSERRVREWA I ht): By Dustiadvefathematics.org/illustrations/351
LffdzZAGNI GAGBAWBEHKS ¥ NI StepBIRW 8 gfsirativerhathématics.org/illustrations/629

F.LE.1la
LffdzalONI GADSljdz 6KSXFHEESRNBYOSa& 23SNI 91 dzt f LydSNDI f
http://www.illustrativemathematics.org/illustrations/82
Lftfdza0dNI 0ADSljdzt 6 KSXFHEENBYOSa 2GSNJ 9ljdzr £ LyGaSNDI§
http://www.illustrativemathematics.org/illustrations/350

Lff dza 4 N» G A @Bqual FadtdsSHI NUADIade £ oLy § SN £ aé
http://www.illustrativemathematics.org/illustrations/363

F.LE.1b

LffdzaONI GAGByallARSYRGADAYA BYR [AYSIFEN a2RSt Ay 3¢
http://www.illustrativemathematics.org/illustrations/242

LtfdzadNI GABBA B L KB € b Ak Bugtéative mathematics.org/illustrations/378
F.LE.1c

LtfdzadNI G0ABBRSEY (KT YN | EQ/By.iMudtratReyhitiiematics.org/illustrations/238
lllustrative Mathema A QLES Population 1790 y ¢ mitg://www.illustrativemathematics.org/illustrations/354
LffdzZaONI GADEI NPAKSMRGADAXYIAE | NRFGA2Y HE
http://www.illustrativemathematics.org/illustrations/563

For detailed information see the High School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustas Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=407#task407
http://www.illustrativemathematics.org/illustrations/302
http://www.illustrativemathematics.org/illustrations/351
http://www.illustrativemathematics.org/illustrations/629
http://www.illustrativemathematics.org/illustrations/362
http://www.illustrativemathematics.org/illustrations/350
http://www.illustrativemathematics.org/illustrations/363
http://www.illustrativemathematics.org/illustrations/242
http://www.illustrativemathematics.org/illustrations/378
http://www.illustrativemathematics.org/illustrations/238
http://www.illustrativemathematics.org/illustrations/354
http://www.illustrativemathematics.org/illustrations/563
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Linear, Quadratic, and Exponential Modéls (FLE)

Cluster: Construct and eampare linear, quadratic, and exponential models and solve problems.

Standard: F.LE2 Construct linear and exponential functions, including arithmetic and geometric sequence
given a graph, a description of a relationship, or two inputput pairs (nclude reading these from a table(E )

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitativelyMP.8 Look for and express regularity in repeated reasor
MP.7 Look for and make use of structure.

Connections. SecElBElL Common Misconceptions: SecEllEl1

Explanaionsand Examples F.LE2

In constructing linear functions in F.LE.2 draw on and consolidate previous work in Grade 8 on finding equat
lines and linear functions. Ii"§rade students work on identifying slopad unit rates for linear functions given t
points, a table or a graph.

Students may use graphing calculators or programs, spreadsheets, or computer algebra systems to model &
compare linear and exponential functions.

Examples:

f Determine an exponeial function of the formi'@) =¢x# using data points from the table.
Graph the function and identify the kefaracteristics of the graph.

f(x)
1
3

27

Wik |O|X

1 Sara'sstartingsalary is $32,500. Each year shereceivesa $700raise.
Write asequercein explicit form to desciibethe situation.

f  Solve the equation’2= 300.

Sample Response
Using a graphing calculator entgr 2‘andy + 300. Find where the graphs intersect by viewing the table
see where the function values are about the same.

Catinuedon next page
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Explanaionsand Examples F.LE2

9 Albuguerque boasts one of the longest aerial trams in the woFlde tram transports people up to Sandia
Peak. The table shows the elevation of the tramvatrious times during a particular ride.

Minutes into the Ride 2 5 9 14
Elevation in Feet 7069 7834 8854 10,129

1. Write an equation for a function (linear, quadratic, or exponential) that models the relationship betwee
elevation of the tram and the number of minutes into the ride. Justify your choice.

2. What was tle elevation of the tram at the beginning of the ride?
3. If the ride took 15 minutes, what was the elevation of the tram at the end of the ride?

Solution:
1. The average rate of change in height with respect to time between each column in the table is the sar

7834 —T7069 8854 — 7834 10129 — 8854
5—2 N 9-5 N 14-9

= 255.

Therefore we choose a linear function to model the relationshiy.répresents the elevation of the tram
in feet andx represents the number of minutes into the trip, thgrg 7069=255xb2) for each pait(x,y) in
the table, so the linear functiogiven byy =7069+ 255xb2) works.

2. Whenx=0 y= 7069 + 255(®) = 6559.
So, the elevation of the tram at the beginning of the ride is 6559 feet.
3. Whenx=15 y= 7069 + 255(13) = 10,384.

So, the elevation ahe tram at theend of the ride is 10,384 feet.

Instructional Strategies See-

Tools/Resources:

lllustrative Mathematics:d w dzY 2 INtB:/éw ww.illustrativemathematics.org/illustrations/74

lllustrative Mathematics:d { I Y RA I | StigRKwwiv.illubtiddivéfriathematics.org/illustrations/304
lllustrative Mathemaics: & . I &1 S G 6 I f Http:/hwbwdilRistzsfirhdthematics.org/illustrations/347
lllustrative Mathematics: 6 ¢ 62 t 2AyG& 5SGSN¥YAYS |y 9ELRYSYGALl
http://www.illustrativemathematics.orgd/illustrations/348

lllustrative Mathematics:& . 2 A £ Ay Fttpdikwilv SliéE ativemathematics.org/illustrations/1592
lllustrative Mathematics:a ¢ 62 t 2AyG& 5SGSN¥YAYS |y 9ELRYSYGALl
http://www.illustrativemathematics.orgd/illustrations/349

lllustrative Mathematics:d / K22 aAy 3 Fy | LIINZPLINAIFGS AINRPSGK Y2RSHE
http://www.illustrativemathematics.org/illustrations/1594

lllustrative Mathematics:& . | &1 S G 6 I f hitp:/mawazayuStidtivemiatbematics.org/illustrations/1306
LffdaAaGNI A0S al 0KSYFGAQAY GCAYRAY3I tINro2fla GK
http://www.illustrativemathematics.orgd/illustrations/379

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/74
http://www.illustrativemathematics.org/illustrations/304
http://www.illustrativemathematics.org/illustrations/347
http://www.illustrativemathematics.org/illustrations/348
http://www.illustrativemathematics.org/illustrations/1592
http://www.illustrativemathematics.org/illustrations/349
http://www.illustrativemathematics.org/illustrations/1594
http://www.illustrativemathematics.org/illustrations/1306
http://www.illustrativemathematics.org/illustrations/379
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Functions Linear, Quadratic, and Exponential Modéls (FLE)

Cluster: Construct and compare linear, quadratic, and exponential models and solve problems.

Standard: F.LE3 Observe using graphs and tables that a quantity increasing exponentially eventually exc
guantity increasing linearly, quadratically, or (more generally) as a polynomial fungeon.

Suggested tandards for Mathematical Practice (MP):
MP.2 Reason abstractly and quantitativelyMP.8 Look for and express regularity in repeated reasor

Connections: SecEllEl1 Common Misconceptions: SecEllEl1

Explanaionsand Examples F.LE3

Start F.LE.3 by limiting to comparisons between linear and exponential models, then compare linear and
exponential growth to quadratic growth.

Examjpes:
1 Contrast the growth of thé&pw) =5 and Q) = 3°.

1 Mr. Wiggins gives his daughter Celia two choices of payment for raking leaves:
1st Choice: Two dollars feachbag of leaves.
2nd Choice: She will be paid for the number of bas of leavesadtes as follows: two cents for
one bag, four cents for two bags, eight cents for three bags, and so on with the amount doubling
for each additional bag.

a. If Celia rakes five bags of leaves, should she opt for payment method 1 or 2?
What if she r&es ten bags of leav@s

b. How many bags of leaves does Celia have to rake before method 2 pays more than method 1?

Sample Responses:

A table of values giving the number of bags of leaves and the amount paid usingdsédtland 2 shows that
method 1 pays more up to and including eleven bags.

b. The table also shows that method 2 pays more as soon as Celia rakes at least twelve bags of leaves
We know that method 2 will always pay more, beyond the twelfth bag, becamsklidg an amounk gives a
larger increase than adding 2 as soon as x is greater thanx2s x 22 whenevex > 2.

Number of Bags Payment Method 1 (dollars) Payment Method 2 (dollars)
2 0.02
4 0.04
6 0.08
8 0.16
10 0.32
12 0.64
14 1.28
16 2.56
18 5.12
10 20 10.24

1 22 2048 )
12 24 4096 Catinuedon next page
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Explanaionsand Examples F.LE3

Sample Responses:
The numbers in the second column of the table in the first solubom part of the arithmetic sequence which
starts with 2 and increases each time by 2: nfeterm in this arithmetic sequence 2 and this is the number|
in the ™ row of the second column of the table. The third column of the table is a geometyieace which
starts at0.02and increases by multiples of 2 each time. ifeerm in this sequence, found in té" row of

the third column, iszn/ 100.

The numerato2"” shows the geometric sequence, while the denomina@@reflects the fact that thesequence
began at2/ 100.

Geometric sequences grow exponentially. Since the multiplier two is larger than one, the geometric seq
grows faster than, and eventually surpasses, the linear arithmetic sequence. To see this more clearly, n
each alditional bag of leaves makes Celia two dollars with method 1 while with method 2 it doubles her

payment. Hence as soon as payment method 2 is worth more than two dollars (that is after 8 bags of le:
method 2 pays more than method 1 for every addiibbag and so the deficit is quickly made up

Instructional Strategies See-

Tools/Resources:

lllustrative Mathematicsad 9 ELIR2 Y SY G AL f INRGGK OSNBdzA LRt &y2 YAl f
http://www.illustrativemathematics.org/illustrations/367

lllustrative Mathematics:d 9 ELR Yy Sy G A f 3ANBGGK GSNBdza f Ay Sl NI INR
http://www.illustrativemathematics.org/illustrations/366

lllustrative Mathematics:d 9 ELR Yy Sy G Al f 3INRSGK OSNEdIzda f Ay SI NI INP
http://www.illustrativemathematics.org/illustrations/368

lllustrative Mathematics: Gt 2 Lddzf | G A 2y | htR/we@riiRratidedrthielhadics.org/illustrations/645

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/367
http://www.illustrativemathematics.org/illustrations/366
http://www.illustrativemathematics.org/illustrations/368
http://www.illustrativemathematics.org/illustrations/645
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Functions Linear, Quadratic, and Exponedat Models® (FLE)

Clster: - Construct and compare linear, quadratic, and exponential models and solve problems.

Standard: F.LE4 For exponential models, express as a logarithm the soluti@bio= dwhere a, c,andd are
numbersand the basd is 2, 10, oe; evaluate the logarithm using technologfE )

Suggested tandards for Mathematical Practice (MP):

MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.7 Look for and make use of structure.

Connections: SecEllElL Common Misconceptions: SecElBEl1

Explanaionsand Examples F.LE4

Students may use graphing calculators or programs, spreadsheetanputer algebra systems to analyze
exponential models and evaluate logarithms.

Examples:
1 Solve 20@°%% = 450 fora

Solution:

First, isolate the exponential part by dividing both sides of the equation by 200.
Q*% =225

Next, take the natural logarithm of both sides.
& Q"% =g 2.25

The lefthand side simplifies to 0.@by logarithmic identity 1.
0.040=¢& 2.25

Lastly, divide both sides by 0.04
0=¢& 229/ 0,04

0f 20.3

Instructional Strategies SecEabEl

Major Clustes Supporting Cluste Additional Clusters
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Tools/Resources:
NustratvS al GKSYIF GA Q&Y & Bt dedviv.ilugtitivemattelities Drg/iBustéations/214

LftfdzaldNI GADS al i KSY htip:Xv@viv.Mustrativéniathexdbti2syoro/Mustrai®dhsiBE9y 3 ¢

lllustrative Mathematics: & . | OG S NA | httg:delal. iHudtrat®emathematics.org/illustrations/370

LffdzaGNI GA DS al (i KS Mpiwin@illustrativematidemditiclor§/illustiat®rs/B7a €

LtfdzadNI GAGS al RrSHMp/iviwDiIlkuNrativemthérhakids.ord/iN0sratians/638

LftfdzaldNI GADBS al GKSYFGAOAY G/ FND2y wmn RIEGAY3 Ay
http://www.illustrativemathematics.org/illustrations/760

lllustrative Mathematics:d ! OOdzNI Oé 2F [/ Nb2y wmn 5FGAy3 LLE
http://www.illustrativemathematicsorg/illustrations/784

lllustrative Mathematics: & D NJ- LEK iy Bvww.illustrativemathematics.org/illustrations/1569

For detailed information see the High Schidérogression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/214
http://www.illustrativemathematics.org/illustrations/369
http://www.illustrativemathematics.org/illustrations/370
http://www.illustrativemathematics.org/illustrations/570
http://www.illustrativemathematics.org/illustrations/638
http://www.illustrativemathematics.org/illustrations/760
http://www.illustrativemathematics.org/illustrations/784
http://www.illustrativemathematics.org/illustrations/1569
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Linear, Quadratic, and Exponential Modefs (FLE)

Clster: Interpret expressions for functions in terms of the situation they model.

Standard: F.LES Interpret the parametersin alinear or exponential function in termsof acontext. (E)

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.4 Model with mathematics.

Gonnections:

Understanding slope as a rate of change, as well as working with integral expareritaportant elements of the
Grade 8 curriculumlIn high school, knowledge is extended into a thorough study of functions that includes a
contextual understanding of parameter changes in both linear and exponential function situations.

Explanaionsand Examples F.LES

Limit exponential functions to those of the forf{x) =b2 +k.

Students may use graphing calculators or programs, spreadsheetanputer algebra systems to model and
interpret parameters in linear, quadratic or exponential functions

Examples:

A function of the forniq®) =0(1 +i )¢ is used to model the amount of money in a savings account that
earns 5% interest, compounded annually, wheris the number of years since the initial deposit.
What is the value af? What is the meaning of the constaatin terms of the savings account?
Explain either orally or in written format.

1 The total cost for a plumber who charges $50 for a house call and $85 per hour would be expressed as
functiony =85x+ 50. If the rate were raised to $90 per lmphow would the function change?

1 The equatiory = 8,000(1.04§m0dels the rising population of a city with 8,000 residents when the annual
growth rate is 4%.
o 2KIG ¢g2dd R 6S GUKS STFFSOG 2y GKS Sldz 6Az2y )
0o What would happen to the population over 25 years if the growth rate were 6% instead of 4%

Cotinuedonnext page
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BExplanaionsand Examples F.LES

1 Lauren keeps records of the distances she travels in a taxi and what she pays:

Distance ¢) in miles | Fare P in dollars
3 8.25
5 12.75
11 26.25

a. If you graph the ordered paird,p) from the table, they lie on a line. How can you tell this without graphir
them?

b. Show that the linear function in part a. has equatien 2.2% + 1.5.

c. What do the 2.25 and the 8.in the equation represent in terms of taxi rides?

Solution
a. The slope of the line segment connecting (3, 8.25) and (5, 12.%)7%8'25)/(552) =2.25

The slope of the line segment connecting (5, 12.75) and (11, 26.(53)2%12'75)/(131,5) =2.25 Because the
two line segments are connected and have the same slope, the three points lie on the same line.

b. There is only one podsde line in part (a), since two points determine a line. The grapih of d# 5 is a
line, so if we show that each ordered pair satisfies it then we will know that it is the same line as in pé

(3,8.25). 2.25(3)+ 1.5=8.25
(5,12.75) 2.25(5)+ 1.5=12.75
(11,26.25) 2.25(11)+ 1.5=26.25

c. The 2.25 represents the cost per mile for the ridéne 1.5 represents a fixed cost for every ride; it does 1
depend on the distance traveled.

Instructional Strategies F.LE.5

Use reatworld conexts to help students understand how the parameters of linear and exponential functions
depend on the context. For example, a plumber who charges $50 for a house call and $85 per hour would b
expressed as the function=85x + 50, and if the rate were ised to $90 per hour, the function would become
90x + 50. On the other hand, an equation gf= 8,000(1.04) could model the rising population of a city with
8,000 residents when the annugitowth rate is 4% Students can examine what would happerthe population
over 25 years iftheratewe®A Yy A 0 SIF R 2F m> 2NJ GKS STFSOU 2y GKS
were 12,000 instead of 8,000.

Graphs and tables can be used to examine the behaviors of functions as parameters are cimahg#idg the

comparison of two functions such as what would happen to a population if it grew by 500 people per year, v
rising an average of 8% per year over the course of 10 years.

Provide studentswith opportunitiesto research raw data on the Internet (such asincreasesin gasoline consumption
in Chnaover the years) andto graph and generalize trendsin gowth, determiningwhether the growthislinear.
Sudentscan be gven different parametersof afunctionto manipulate and compare theresultsto draw conclusions

about the effects of the changes.
Catinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Oppotunities(DO)
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Common Misconceptions F.LE.5

Sudentsmay believe that changingthe slope of alinear functionfrom ¢H 4o éo énakesthe graphsteeper without
redizingthat there is areal-world context and reason for examiningthe slopesof lines. Smilarly, an exponential
function canappearto be abstract until applyingit to ared-world situation.

Tools/Resources:

G/ 2YLI NR Y3 dMAEemEtGsYASsgsanest Project
This lesson unis intended to help you assess how well students are able to interpret exponential and linear functions an
in particular to identify and help students who have the following difficulties:
WE¢NIyatriAy3a 6SG6SSy RS aONJraphicd &preséntatidiSal tNa- funddions. y R G I
wwSO023yATAYy3 K262 YR 6Kex | ljdd ydrdge OKIy3IsSa LISNI
To achieve these goals students work on simple and compound interest problems.
http://map.mathshell.org/materials/lessons.php?taskid=426#task426

GCdzy OliAz2ya I yR oMabdRtR ABsessmeit ®rojéch 2 v & €
This lesson unit is intended to help you assess how well students are able to:
w! NI A Odzt khé rBlatighShipnd betivde® variables arising in everyday contexts.
w¢NIyatriS 0SisSSy SOSNERIE& &dAddz GA2ya FyR &a1SdO0OK
WLYGSNIINBG Fft3SoNFrAO FdzyOliazya Ay (GSN¥Ya 2F GKS 02y
wwS Tt S O lmaisyof eueky@ay frgtions and in particular whether they should be discrete or continuous.
http://map.mathshell.org/materials/lessons.php?taskid=430#task430

Nustrah S al GKSYI GAOaY hétp:/mwwk il stiztide idahgnahtic . dtqlilR sy BiohsI569

LffdaGNI GAPS al 6KSYI GAOaAY G/ FNd2y wmn RIFEGAY3I Ay
http://www.illustrativemathematics.org/illustrations/758

LffdzZaGNI GA 6 B htth&EW Hiustkad@nyathenatics.org/illustrations/243

Lff dzad NI (A @ 98S Ropulafios MBIy Qi //www.ilustrativemathematics.org/illustrations/353

lllustrative Mahematics: 6b S g G2y Qa [ | éitp2/mwwlillgsgativenfathématics.org/illustrations/382

LffdzaaGNI GdA PS5t &6 8 kY evinlséativemathematics.org/illustrations/579

For detailed information see the High School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=426#task426
http://map.mathshell.org/materials/lessons.php?taskid=430#task430
http://www.illustrativemathematics.org/illustrations/569
http://www.illustrativemathematics.org/illustrations/758
http://www.illustrativemathematics.org/illustrations/243
http://www.illustrativemathematics.org/illustrations/353
http://www.illustrativemathematics.org/illustrations/382
http://www.illustrativemathematics.org/illustrations/579
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Trigonometric FunctiongETF)

Custer: Extend the domain of trigonometd functions using the unit circle.

Standard: F.TEL Understand radianmeasure of anangle asthe length of the arc on theunit circle subtended
by the argle.

Suggested tandards for Mathematical Practice (MP):
MP.6 Attend to precision.

Gonnections. F.TF.12

The study of trigonometryisreservedfor high school students. Inthe Geometry conceptual category, students
explore right triangle trigonometry, with advanced studentsworkingwith laws of sinesandcosines. Inthe
conceptual categay of Functions, students connect the ideaof functionswith trigpnometry and see sine, cosine
and tangent values asfunctionsof angle valuesinput in radians. Connectionsare madesuch asthe cosine of an
angle equalingthe sine of its complement aswell asto the Geometry Sandardsinvolving radian measures.

Explanaionsand Examples F.TFEL

Knowthat if thelength of anarc subtended byan argle isthe same length asthe radius ofthe drcle, thenthe
measue oftheangle is 1 radian.

Knowthat the graph ofthefunction, f, isthe graph ofthe equationy =f(x).

Examples:
1 What is the radian measure of the anglie the diagram below?

Y

1 Theminute handon theclock at the Gty Hall clock in Sratford measures2.2 metersfrom thetip to the axle.
a. Throughwhat angle doesthe minute hand passbetween7:07am.and7:43a.m.?

b. What distance doesthetip of theminute handtravel duringthis peiod?

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters
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Instructional Strategies F. TF1-2

Use acompassandstraightedge to explore a unit circle with a fixed radiusof 1. Help studentsto recognize that
the circumference of the circleis 2 , which representsthe number of radiansfor one complete revolution around
thecircle. Sudentscandeterminethat, for example,™ /4 radianswould represent a revolution of 1/8 of the circle
or 45°.

Havinga circle of radius 1, thecosine, for example,is simply the x-value for any ordered pair onthe circle
(adjacent/hypotenuse where adjacent isthe x-length and hypotenuseis 1). Sudents canexamine how a
counterclockwise rotation determinesa coordinate of a particular point in the unit circle from which sine, cosine,
and tangent can be ddermined.

Common MisconceptionsF.TFL-2

Sudents may believe that there is no need for radians if one already knows how to use degrees. Sudents
need to be shown a rationale for how radiansare unique in terms of finding function valuesin trigopnometry
since the radiusof the urit circleis 1.

Sudentsmay also believe that all angleshavingthe same reference valueshave identical sine, cosine and
tangent values. They will needto explore in which quadrantsthese valuesare positive and negative.

Tools/Resources:

G CS NN & Mathkndafice Assessment Project
This lesson unit is intended to help you assess how well students are able to:
wa2RSt | LISNA2RAO aAiddzl 4A 2y Z, uding Bgofolétria KinctiodssT | LIS NA 2
wL y i SNLINE { a,ib KiStheGmukahila y¥bicdsct in terms of the physical situation, whehds the height of
the person above the ground ands the elapsed time
http://map.mathshell.org/materials/lessons.php?taskid=427#task427

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=427#task427
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Trigonometric FunctiongETF)

Custer: Extend the domain of trigonometc functions using the unit circle.

Standard: F.TF2 Explain how the unit circle in the coordinate planeenablesthe extension of trigonometric

functionsto all real numbers, interpreted asradianmeasuresof anglestraversed counterclockwise aroundthe urit
circle.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.6 Attend to precision.
MP.3 Construct viable arguments and critique the reasoning of others.

Gonnections:. SeeF.TF.1 Common Misconceptions:SeeF.TF.1

Explanaionsand Examples F.TF2

Students may use applets and animations to explore the unit @radietrigonometric functions. Students may
explain their understanding orally or in written form.

Examples:
9 Using the Unit Circle, find the following:

T
sin (—30°) = tan 420° = cos (—90°) = csc —) = cot (—45°) =

3m
sin 330° = tan 60° = cos 270° = csc ( ) = cot (—765°%) =

(167{) (9?1) tan (4m) (37[) (—rr)
— = — = an (4m) = in|l—|= —) =
sec (3 cse (3 ; sin |\ 3 cos | &
41 T ) 11m 1im
— = —) = t 10m) = in—) = =
sec ( 2 ) cse (4) an (10m) sin ( 2 ) cos ( . )

0 Look at each pair of angles above. What do you notice about those pairs?

0 What conclusions caroy draw about the trigopnometric functions and how they work about the circle?

Instructional Strategies F. TF1-2

Use acompassandstraightedge to explore a unit circle with a fixed radiusof 1. Help studentsto recognize that
the circumference of the circleis 2 , which representsthe number of radiansfor one complete revolution around
thecircle. Sudentscandeterminethat, for example,™ /4 radianswould represent a revolution of 1/8 of the circle
or 45°.

Havingacircle of radius 1, thecosine, for example,is simply the x-value for any ordered pair onthecircle
(adjacent/hypotenuse where adjacent isthe x-length and hypotenuseis 1). Sudents canexamine how a
counterclockwise rotation determinesa coordinate of a particular point in the unit circle from which sine, cosine,
and tangent can be ddermined.

Major Clustes Supporting Cluste Additional Clusters
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Tools/Resources:

& CS NN & Mathn§afics Assessment Project
This lesson unit is intended to help you assess how well students are able to:
I LIS NR 2 Ryt 6f a peksandzh diFeréisyvBeel{jukirg) trigloSdknetric functions.

wL y G SNLINE G a,b KistheGanyubahi=la ¥blcdsct in terms of the physical situation, whehds the height of

waz2RSt

the person above the ground ands the elapsed time.

http://map.mathshell.org/materials/lessons.php?taskid=427#task427

For detailed information see the High School Progression on Functions:
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 _02.pdf

Major Clustes

Supporting Cluste

Additional Clusters

Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=427#task427
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functions Trigonometric FunctiongETF)

Cluster: Model periodic phenomena wit trigonometric functions.

Standard: F.TES oose trigonometricfunctionsto modelperiodic phenomenawith specified amplitude,
frequency, andmidline. (E)

Suggested Standards for Mathematical Practice (MP):

MP.4 Model with mathematics. MP.7 Look for and make use of structure.
MP.5 Use appropriate tools strategically.

Gonnections:

The study of trigonometryisreservedfor highsdool students. Inthe Geometry conceptual category, students
explore righttriangle trigonometry. Inthe conceptual categay of Functions, students connect the ideaof
functionswith trigonometry and explore the effects of parameter changeson theamplitude, frequercy and
midline of trigonometricgraphs.

Explanaionsand Examples F.TEo

Define amplitude, frequency, and midline of a trigopnometric function.

Explairthe connection betwen frequencyandperiod.

Use sine and msine to model periodic phenamenasuch asthe oean@tide or the rotation ofa Ferriswhed.
Giventhe amplitude; frequengy; and midline in stuations or graphs, determine atrigonometric function used to
modelthe situation.

Write a function notation for the trigonometric function that models a problem situation.

Examples:

w The temperature of a chemical reaction oscillates between a low ®f 20d a high of 128 .
Thetemperature is at its lowest point whed= 0 and completes one cycle over-adur period.

a.Sketch the temperatur€)Y against the elapsed tim@, over a 1zhour period.
b.Find the period, amplitude, and the midlinetbe graph you drew in part a.
c. Write a function to represent the relationshipetween time and temperature.

d.What will the temperature of the reaction be 14 hours after it began?

e. At what point during a 2dour day will the reaction have a temperaéuof 6G ?

1 A wheel of radius 0.2 meters begins to move along a

flat surface so that the center of the wheel moves /./--"““'~~-\\‘\_

forward at a constant speed of 2.4 meters per / \\ \ \

second. At the moment the wheel begins to turn a A \

markedpoint Pon the wheel is touching the flaurface. \' Neee e
\ ,.

Write an algebraic expression for the functipthat gives \\ //

the height (in meters) of the poiR, measured from the Tl BT oo

flat surface as a function of, the number of seconds
after the wheel begins moving.

Major Clustes Supporting Cluste Additional Clusters




154

Instructional Strategis: F.TEo

Allow students to explore reaborld examples of periodic functions. Examples include average high (or low)
temperatures throughout the year, the height of ocean tides as they advance and recede, and the fractional
of the moon that one casee on each day of the montlraphing some reakorld examples can allow students
to express the amplitude, frequency, and midline of each.

Help students to understand what the value of the sine (cosine, or tangent) means (e.g., that the number its
the ratio of two sides of a right triangle having that angle measure).

Using graphing calculators or computer software, as well as graphing simple examples by hand, have students
graphavariety of trigopnometric functionsin which the amplitude, frequency, and/ or midline is changed. Sudents
should be alde to generalize about parameter changes, such aswhat happensto the graph of y =cos(x) whenthe
equationischangd toy =3cos(x) +5.

Common MisconceptionsF. TEo

Sudentsmay believe that all trigopnometricfunctionshave arangeof 1to -1. Sudentsneedto see examplesof
how coefficientscanchangethe rangeand the look of the graphs.

Tools/Resources:
lllustrative Mathematicsa ! & (1 KS 2 KI8tS/fwwve.ibizdidtisieinathematics.org/illustrations/595

lllustrative Mathematics:a C2 ES & | y Rhttpwiw@viillustrativemathematicsorg/illustrations/816

lllustrative Mathematics:&@ C2 ES & |y Rhttpy/dwdillugirativemathematics.orgl/illustrations/817

For detailed information see thédigh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 02.pdf

Major Clustes Supporting Cluster Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/595
http://www.illustrativemathematics.org/illustrations/816
http://www.illustrativemathematics.org/illustrations/817
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Functims. Trigonometric FunctiongETF)

Custer: Prove and apply trigopnometric identities.

Standard: F.TE8 Prove the Pythagorean identity%i(i 0 BWOBAT wm | YR dzaS A4 01
IAPSY aAyo‘ vz O2adé' 0 2NIGFyo6° 0 FYR GKS |ljdzZt RNI y{

Suggested Standards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others.
MP.7 Lok for and make use of structure. MP.8 Look for and express regularity in repeated reaso

Gonnections:

Sudentsin Grade 8 grade learn to use the Pythagorean Theorem, while high school studentsin a geometry unit (or
course) developright triangle trigonometry. This cluster allows high school students to connect these ideasasthey
derive a Pythagaeanrelationship for the trigopnometric functions.

Explanaionsand Examples F.TF8

Use the unit ircle to prove the Pythagorean identity & 0 ‘b O2B mo
DAGSY (KS OFfddS 2F GKS &AYyo 062N B2 DEHEOE d8 8 Of K &
trigonometric ratios.

Examples:
1 Provingi in?—+cos’—=1
q Gventhe Unit Grcle below, complete the followingsteps:
o ldentify the center of the circle (the origin) &s
o Label poinh on the unit circle in Quadrant |
o Draw rayop as the terminal ray of angle-
o Drawpg which is a line segment perpendicular toxthgis

o What is the length 00F 2 Justify your answer.
o What is the length opr  ? Justify your answer.
0o What is the length cor  ? Justify your answer.
0 Using the Pythagorean Theorem, justify the Iden’titf—+ (s’ —= 1
Catinuedonnext page
Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)




156

Explanaionsand Examples F.TF8

[ h H—‘E and 27 <f<2 find th I hdi
 Given that cos&=— —<0<27 , find the valugg ahditan (—-.

< <

Instructional Strategies F. TF8

In the unit circle, the cosine is thevalue, while the sine is thgvalue. Since the hypotenuse is always 1, the
Pythagorean relationship §i6 ©  0%6ts ®248 wm A& Fftoglada NS { GdzR S
Pythagorean Theorem in geometry and the study of trigonometry by proving this relationship. Itheirn,

relationship can be used to find the cosine when the sine is known, andetisa. Provide a context in which
students can practice and apply skills of simplifying radicals.

Common MisconceptionsF.TF3
Students may believe that there is no connection between the Pythagorean Theorem and the study of trigonometry.

Students may also believe that there is no relationship between the sine and cosine values for a particular angle.

The fact that the sum of the squares of these values always equals 1 provides a unique way to view trigonometry
through the lens of geometry.

Tools/Resources:

lllustrative Mathematicsa ! & @ KS 2 K@Bt&S/iwww.iizddtisieinathematics.orgfilustrations/595

lllustrative Mathematics:&d C2 ESa I y Rhttpwiwdviillusirativemathematics.org/illustrations/816

lllustrative Mathematics:&@ C2 E S & A i &httavAwdwdillustrativemathematics.org/illustrations/817

For detailed information see the lgh School Progression on Functions
http://commoncoretools.me/wp -content/uploads/2013/07/ccss_progression_functions 2013 07 02.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/595
http://www.illustrativemathematics.org/illustrations/816
http://www.illustrativemathematics.org/illustrations/817
http://commoncoretools.me/wp-content/uploads/2013/07/ccss_progression_functions_2013_07_02.pdf
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Conceptual Category Geometry

An understanding of the attributes anmdlationships of geometric objects can bgpéied in diverse contextsinterpreting
a schematic drawing, estimating the amount of wood needed to frame a sloping roof, rendering computer graphics, or
designing a seing pdtern for the most efficient use ahaterial.

Although there are many types of geometry, school mathematics is devoted primarily to plane Euclideairgesiodied
both synthetically (without coordinates) and awtically (with coordinates)Euclidean geometry is alacterized most
importantly by the ParallePostulate thathrough a point not on a given line there is exactly one parallel line. (Spherical
geometry, in contrast, has no lel lines.)

During high school, students begin to formalize their getsynexperiences from ementary and middle school, using more
precise definitions and developing careful proofster in college some students develop Euclidean and other geometries
carefully from a small set of exns.

The concepts of congruence, similarity, and symmetry camiderstood from the perspective of geometric transformation.
Fundamental are the rigid motions: translations, rotations, reflections, and combinations of these, all of which are here
assumed to peserve dstance and angles (and therefore shapes generalgflections and rotations each explain a
particular type of symmetry, and the symmetries of an object offer insight into its attrilbusssvhen the réective
symmetry of an isosceles triangle assures that its base angles are congruent.

In the approachaken here, two geometric figures are defined to be congruent if there is a sequence of oigihsrthat
carries one onto the other. This is the principle @barposition. For triangles, congruence means the equality of all
corresponding pairs of sideand all correspating pairs of anglesDuring the middle grades, through exparces drawing
triangles from given conditions, students notice ways to specify enough measuresangetito ensure that all triangles
drawn with those measures are congnt. Once these triangle congruence criteria (ASA, SAS, and SSS) are established
using rigid motions, they can be used to prove theorems about triangles, quadrilaterals, and other geogue&sc fi

Similarity transformations (rigid motions followed byations) define similarity in the same way that rigidtions
RSTAYS O2yaNHz2SSyOST (KSNBoe F2NXYIFfATAYy3d GKS AAYAL I NR
middle grades. These transfoations lead to the criterion for triangle similgy that two pairs of corresponding

angles are congruent.

The definitions of sine, cosine, and tangent for acute angles are founded on iagiglés and similarity, and, with the
Pythagorean Theorem, are fundamental in many-eatld and theoretical siiations. The Pythagorean Theorem is
generalized to nomight triangles by the Law of Cosines. Together, the Laws of Sines and Cosindyg #raliiangle
congruence criteria for the cases where three pieces of information sufficentpletely solve a fangle. Furthermore,
these laws yield two possible solutions in thalaguous case, illustrating that Sigkide Angle is not a congruence criterion.

Analytic geometry connects algebra and geometry, resulting in powerful methods of analysis and protiegn sol

Just as the number line associates numbers with locations in one dimension, a pair of perpendicular axes associates pail
of numbers with locations in two dimension$his correspondence between numerical cdoedes and geometric points
allows nethods from algebra to be applied to geometry and vice veidee saltion set of an equation becomes a

geometric curve, making visualization a tool for doing andewstanding algebraGeometric shapes can be described by
equations, makinglgebraic maipulation into a tool for geometric understanding, modeling, and préa@&ometric
transformations of the graphs of equationsroespond to algebraic changes in their equations.

Dynamic geometry environments provide students with experimental and modelatg that allow them tonvestigate
geometric phenomena in much the same way as computer algebra systems allow them to experiment with algebraic
phenomena.

Connections to Equations.he correspondence between numerical coordinates and geometric pdiatgsamethods

from algebra to be applied to geometry and vice versa. The solution set of an equation becomes a geometric curve,
making visualization a tool for doing and understanding algebra. Geometric shapes can be described by equations,
makingalgebraic manipulation into a tool for geometric understing, modeling, and proof.
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GeometryStandards Overview

Note: Thestandards identified with a) contain additional mathematicsthat studerntsshouldlearn in order to take advanced
coursessuchascalculus, advanced statisticsor discrete mathematicsthat go beyad the mathematicsthat all students should
studyin orderto be college- and career-ready. Explanations and examples of these standards are not included in this document

Modeling Standards: Specific modeling standards appear throughout the high school standaidatiedl by a star symbq(E ).
(RETURN TO PG. 5)

Congruence (&O0O)
(REXperiment with transformations in the pla

G.CO.1 G.CO.2 G.CO3 G.CO4 G.COS5

("M Understand congruence in terms of rigid motio

G.CO6 G.CO.7 G.CO.8

\[BProve geometrichieorems

G.CO09 G.CO.10 G.CO.11
1 Make geometric constructions.
G.CO.12 G.CO13

Similarity, Right Triangles, and Trigonometry -8RT)
wRUNnderstand similarity in terms of similarity transformatio
G.SRT.1 G.SRT.2 G.SRT.3
["BProve theorems involving similarit
G.SRT.4 G.SRT.5
\IMDefine trigonometric ratios and solve problems involving higtriangles
G.SRT.6 G.SRT.7 G.SRT.8€)
1 Apply trigonometry to general triangles.
G.SRT.9(+) G.SRT.10(+) G.SRT.11(+)

Circles (&)
w Understand and apply theorems about circles.
GCl G.C2 GC3 G.C4a (v

(WRFind arc lengths and areas sectors of circle
G.C5

Expressing Geometric Properties with Equations -GBE)

w Translate between the geometric description and the equation foraaic section.

GGPE!1 G.GPE.2 G.GPE.3(+)
1 Use coordinates to prove simple geometric theorems algebraically.

GGPE4 G.GPE5 G.GPE.6 G.GPE.1E)

Geometric Measurement and Dimensions -(&MD)

w Explain volume formulas and use them to solve problems.
G.GMD.1 G.GMD.2 (+) G.GMD.3(E)

1 Visualize relationships between twdimensional and threedimensional objects.
G.GMD.4

Modeling with Geometry (6VIG) (E)
w Apply geometric concepts in modeling situatien
G.MG.1(e) GMG2E) G.MG.3()

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Geometry Congruence(G-CO)

Clster: Experiment with transformations in the plang

Standard: G.CQ1 Know precise definitions of angle, circle, perpendicular line, parallel line, and line segn]
based on the undefined notions of point, line, distance along a line, and distance around a eircula

Suggested Standards for Mathematical Practice (MP):
MP.6 Attend to precision.

Connections:

Rotations, reflections and translations are developed experimentally in the Grade 8, and this experience sho
be built upon in high school,\ihg greater attention to precise definitions and formal reasoning.

Transformations can be studied in terms of functions, where the inputs and outputs are points in the plane,
rather than numbers.

Rotations are studied again in the cluster about circles.

Explanaionsand Examples G.CQl

Understand and use definitions of angles, circles, perpendicular lines, parallel lines, and line ségsehtsn the
undefined term of a point, a line, the distance along a line, and the length of an arc.

Definead@f Sa3> OANDE S&a>x LISNILISYRAOdz I NJ f AySas NIeax>iky
' yRonlyA ¥F¢ adGlFdiSYSyitao

Examples
9 Have students write their own understanding of a given term.
w Give students formal and informal detfioins of each term and compare them.
w Develop precise definitions through use of examples andax@amples.
w Discuss the importance of having precise definitions.

Instructional Strategies

Review vocabulary associated with transformaside.g. point, line, segment, angle, circle, polygon, parallelogrz
perpendicular, rotation reflection, translation).

Provide both individual and smagjtoup activities, allowing adequate time for students to explore and verify
conjectures about transfonations and develop precise definitions of rotations, reflections and translations.

Provide realworld examples of rigid motions (e.g. Ferris wheels for rotation; mirrors for reflection; moving
vehicles for translation).

Use graph paper, transparencies, tracing paper or dynamic geametry software to obtain imagesof agivenfigure
under specifiedtransformations.

Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters
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Instructional Strategies

Provide students with a pranage and a final, transformed image, and ask them to describe the tgpsed to
generate the final imageShow examples with more than one answer (e.g., a reflection might result in the sar
image as a translation).

Work backwards to determine a sequence of transformations that will carry (map) one figure onto anbther o
same size and shape.

Focus attention on the attributes (e.g. distances or angle measures) of a geometric figure that remain const
under various transformations.

Make the transition from transformations as physical motions to functions that pakets in the plane as inputs
and give other points as outputs. The correspondence between the initial and final points determines the
transformation.

Analyze various figures (e.g. regular polygons, folk art designs or product logos) to determine teliichsrand
NEBFftSOGA2ya OFNNE O6YI LW GKS FAIdNB 2yi2 AdasStfo
Emphasize the importance of understandinga transformation asthe correspondence between initial and final
points, ratherthanthe physical motion.

Use avariety of meansto representrigid motions, including physical manipulatives, coordinate
methods, and dynamic geanetry software.

Common Misconceptions

Thetermsomappy” Jahd dunder€ are used in special wayswhenstudyingtransformations. Atranslationis a
type of transformationthat movesall the pointsin the object in a straightline in the same direction.

Sudents should knowthat not every transformationis a translation.

Sudentssometimesconfuse the termsdtransformati2 yanhddtransatioy” ® €

Tools/Resources:

G ¢ NI yaT 2 NYA gMathen@ticsoAssesiNgRtPject
CKAA fSaazy dzyAd A& AYyGSYyRSR (2 KSfL) @2dz aasSaa Kz2és
an dject to a transformed image.
wDAGSY | IS2YSGNRO FAIANB YR | NROGFGA2YyT NBFtSOGA
the image is given.)
w5SAO0ONAOGS GNIYATF2NXYIFGA2Yya | a |t 3Siophd ahdyive alagr aints 2s/oatpuis
http://map.mathshell.org/materials/lessons.php?taskid=524+#task524
G.CO.13
G/ 2y ANHS Yy OS> t NP ZIEagagely Geemetry2Module NHzO G A 2 v &
Module 1 embodies critical changes in Geometry as outlined by the Common Core. The heart of the module is the stug
transformations and the role transformations play in defining congruence.
http://www.engageny.org/resource/geometrmodule-1
G.Co.l
lllustrative Mathematics6 STA YAy 3 t httgFviwiv.BustrafivamatBenétics.org/illustrations/1543
lllustrative Mathematics:66 STA YA Y 3 t SNLISYRAOdzf  NJ [ AySace
http://www.illustrativemathematics.org/illustrations/1544

Major Clisters Supporting Cluste Additional Clusters Depth Opportunities(DO)
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161

Geometry Congruence(G-CO)

Clster: Experiment with transformations in the plan

Standard: G.CQZ2 Represent transformations in the plane using, e.g., transparencies and geometry softw
describe transformations as functions that tgkeints in the plane as inputs and give other points as outputs.
Compare transformations that preserve distance and angle to those that do not (e.g., translation versus hori
stretch).

Suggested Standards for Mathematical Practice (MP):
MP.5 Use apppriate tools strategically. MP.6 Attend to precision.

Gonnections:
Rotations, reflections and translations are developed experimentally in the Grade 8, and this experience sho
be built upon in high school, giving greatéteation to precise definitions and formal reasoning.

Transformations can be studied in terms of functions, where the inputs and outputs are points in the plane,
rather than numbers.

Rotations are studied again in the cluster about circles.

Explanaionsand Examples G.CO.2

In middle school students have worked with translations, reflections, and rotations and informally with dilatio
Point out the hasis ofrigid motionsin geometric mncepts, e.g., trandations move paints a specified distancealonga
line parallel to aspecified line; rotationsmove oljecasalonga drcular arc with aspecified center through aspecified
angle.

Use various technologies such as transparencies, geometry software, interactive whiteboards, andsiigital

presentes to represent and compare rigid and size transformations of figures in a coordinate flangparing
transformations that preserve distance and angle to those that do not.

Describe and compare function transformations on a set of points as inputs dogeanother set of points as
outputs, to include translations and horizontal and vertical stretching.

Studentsmay use geometry software and/or manipulatives to model and compare transformations.

Examples

9 Draw transformations of reflections, rotationsanslations, and combinations of these using graph paper,
transparencies and/or geometry software

9 Determine the coordinates for the image (output) of a figure when a transformation rule is applied to the
preimage (input).

9 Distinguish between transfmations that are rigid (preserve distance and angle measeitections,
rotations, translations, or combinations of these) and those that are not (dilations or rigid motions follow
dilations).

Cotinuedonnext page
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Explanaionsand Examples G.CO.2

1 The figure belw is reflected across thgaxis and then shifted upy 4 units. Draw the transformed
figure and label the new coordinates.

What function can be used to describe these transformations in the coordinate plane?

Solution:
F: (:5.00, 7.00) o) i 1
F 1 (-x,y+4) :
&1 r W
Fidhib. T.000 5 A :
. P
o, L
++t ™, E J
z ) | e ot -
E: (-7.00, 4.00) G .Ij 1| 1
21 i
H i +4
HE (-5.00{ 2.00) T £ CERLTN T |
— ————— [leg it ) T |®
10 -5 5 .;' B
1 HT-5 oy D
=7 1 'l
(] a : ]
g -~
3 +

Instructional Strategies

Provide both individual and smagjfoup actvities, allowing adequate time for students to explore and verify conjectu
about transformations and develop precise definitions of rotations, reflections and translations.

Provide realworld examples of rigid motions (e.g. Ferris wheels for rotatioin;ors for reflection; moving vehicles
for translation).

Use graph paper, transparencies, tracing paper or dynamic geanetry software to obtain imagesof agivenfigure under
specifiedtransformations.

Provide students with a prignage and a final, trafigrmed image, and ask them to describe the steps required to
generate the final image. Show examples with more than one answer (e.qg., a reflection might result in the same
as a translation).

Work backwards to determine a sequence of transformatitimat will carry (map) one figure onto another of the sam
size and shape.

Focus attention on the attributes (e.g. distances or angle measures) of a geometric figure that remain constant ul
various transformations.

Make the transition from transfornt&ons as physical motions to functions that take points in the plane as inputs an
give other points as outputs. The correspondence between the initial and final points determines the transformati

Analyze various figures (e.g. regular polygons, fdldesigns or product logos) to determine which rotations and
reflections carry (map) the figure ontoitsef. KSa S (NI yaTF2NXI GA2ya FNB GKS a3

Emphasize the importance of undestandinga transformation asthe correspondence between initial and final points,
ratherthanthe physical motion.

Use a variety of meansto representrigid motions, including physical manipulatives, coordinate methods, and dynamic
geametry software. Cantinued on next page
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Common Misconceptionsz

Thetermsomappiy” Jahid dunder€ are used in special wayswhenstudyingtransformations. Atranslationis atype of
transformationthat movesall the pointsin the object in a straightline in the same direction.

Sudents should knowthat notevery transformationis atranslation. Sudentssometimesconfuse the terms
dtransformati2 yanhddtrandatioy ® €

Tools/Resources:
LffdaAGNI GADBS al GKSYI (A a/mww.ilust mtivdmiatiiemnaiss dro/ilugtidtiors/A 561 |

LftfdzadNIGADBS al GKSYFGAOaAY GCAESR LRAydGa 2F N3
http://www.illustrativemathematics.org/illustrations/1545

Major Clustes Supporting Qlistery Additional Clusters
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Geomety: Congruence(G-CO)

Clster: Experiment with transformations in the plan

Standard: G.CQ3 Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the rotations
and reflections that carry it ootitself.

Suggested Standards for Mathematical Practice (MP):
MP.3 Construct viable arguments and critique the reasoning of others.

MP.5 Use appropriate tools strategically. MP.7 Look for and make use of structure.
Connections: Se Common Misconceptions SeceReo)

Explanaionsand Examples G.CO3

Describe and illustrate how a rectangparallelogram, and isosceles trapezoid are mapped onto themsakiag
transformations.

Calculate the number of lines of reflection symmetry and the degree of rotational symmetry of any regular p
Students may use geometry software and/or manipweas to model transformations.

Examples

1. Draw the shaded triangle aftAerA: L
I & Li KIFIa 6SSy GNIyatldiSR bk
Label your answeb.

7

b. It has been reflected over theaxis.
Label your answeb.

AN

e

NO
pZ

S
)

= da g g da B ND Py i

<

[axN
—h
—h
M: |
<
Py

c. It has been rotated 9&lockwise around the origin.
Label your answeb. T F

X

e
T

L]
L=
'
£
o
T

d. Ithas been reflected over the line= &
Label your answeo. T

N

2. Describe fully the single transformation that:
a. Takes the shaded triangle onto the triangle lab&ed

Bi i B e du fa P e

o

b. Takes the shaded triangle onto the triantdbeled™O
9 For each of the following shapes, describe the rotations and reflections that carry it onto itself.

Major Clustes Supporting Cluste Additional Clusters
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Instructional Strategies: Se

Tools/Resources:
LffdzaGNI GA DS al (i KAt/ Mvallstrativerdafhén@i®s/org/illisidiidn$7a8

LftfdzadNI GADBS al GKSYFGAOAY G{@YYSGNRSE 2F | | dz
http://www.illustrativemathematics.org/illustrations/1471

LftfdzaldNI GADBS al GKSYFGAOAY G{@YYSGNRSE 2F | | dz
http://www.illustrativemathematicsorg/illustrations/1470

LffdzAaOGNI GADS al GKSYI (A Onitpd//www.iltudtrétiveviShiemiicS. éro/ilRiFratids/ 2601

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/708
http://www.illustrativemathematics.org/illustrations/1471
http://www.illustrativemathematics.org/illustrations/1470
http://www.illustrativemathematics.org/illustrations/1469
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Geometry Congruence(G-CO)

Clster: Experiment with transformations in the plan

Standard: G.CQ4 Develop definitionsof rotations, reflections, and transationsin terms of anges, circles,
perpendicular lines, parallel lines, andline segments.

Suggested Standards for Mathematical Practice (MP):

MP.5 Use appropriate tools strategically. MP.6 Attend to precision.
MP.7 Look for and make use of structure.

Connections: Se Common Misconceptions SedeReio}

Explanaionsand Examples G.CO.4

Using previous comparisons andsdeptions of transformations develop and understand the meaninmgtations,
reflections, and translations based on angles, circles, perpendicular lines, parallel lines, and line segments

Sudentsmay use geometry software and/or manipulativesto modeltransformations. Sudents mayobserve
patternsand develop definitionsof rotations, reflections, and translations.

Examples

1 Perform a rotation, reflection, and translation with a given polygon and give a written explanation of how
step meets tle definitions of each transformation using correct mathematical terms

1 Construct the reflection definition by connecting any point on the preimage to its corresponding point on
NEFft SOGSR AYIF3IS YR RSAONAROS (fkeflectibni(¥.&, the Bha of @fedial
is the perpendicular bisector of the segment).

1 Construct the translation definition by connecting any point on the preimage to its corresponding point o
translated image, and connect a second point on theimage to its corresponding point on the translated
image, and describe how the two segments are equal in length, point in the same direction, and are pat

1 Construct therotation definition by connecting the center of rotation to any point on theiprage and to its
corresponding point on the rotated image, and describe the measure of the angle formed and the equal
measures of the segments that formed the angle as part of the definition.

Instructional Strategies: Se

Tools/Resources:
lllustrative Mathematics:d 5 ST A Yy A y 3 hit®/AvinGikdistratigeyhatiematics.org/illustrations/1510

lllustrative Mathematics:& 5 S F w & & ¥ 8 htghyfvéav.illustrativemathematics.org/illustrations/1509

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/1510
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Geometry Congruence(G-CO)

Clster: Experiment with transfomations in the plang

Standard: G.CQ5 Givenageometricfigure andarotation, reflection, or translation, draw the transformed

figure using, e.g.,graph paper, tracing paper, or geametry software. Soecify a sequence of transformationsthat
will carry agivenfigure onto another.

Suggested Standards for Mathematical Practice (MP):
MP.3 Construct viable arguments and critique the reasoning of others.

MP.5 Use appropriate tools strategically. MP.7 Look for and makerust e, st
Gonnections: Se Common Misconceptions SeceReio)

Explanaionsand Examples G.CQ5

Transform a geometric figure given arotation, reflection, or translation usinggraph paper, tradng paper, or
geometric software.

Qreate sequencesof transformationsthat map ageometric figure on to itself and another geometric figure.
Draw a specific transformation when giva geometric figure and a rotation, reflection or translation.

Predict and verify the sequence of transformations (a composition) that will map a figure onto another.

Sudentsmay use geometry software and/or manipulativesto modeltransformations and demonstrate a sequence
of transformations that will carry a given figure onto another.

Examples

1 Thetriangle inthe upper left of the figure below hasbeenreflected acrossaline into the triangle inthe lower
right of the figure. Use a straightedge and compassto construct the line acrosswhich the triangle wasreflected

T

Cotinuedonnext page
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Explanaionsand Examples G.CO.5

1 For the diagram below, describe the sequence of transformations that was used tdcH{tyimage 1pnto

Image 2.
Image 1 !
=t
‘\\
|IHRN
\ |
T |
L
L : L L'
WA
Image 2 N
\ ™~
\HEEAN
-6[___ "‘—..‘--....__-;.d"
Instructional Strategies: Se
Tools/Resources:
lllustrative Mathematics:d { K2 6Ay 3 I GNAIFy3IEfS O02yaANHSYyOSY i KS
http://www.i llustrativemathematics.org/illustrations/1549
lllustrative Mathematics:d { K2 6Ay 3 I GNAIFy3IES 02y aANHSYyOSY LI

http://www.illustrativemathematics.org/illustraibns/1547

A % L ooA
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http://www.illustrativemathematics.org/illustrations/1549
http://www.illustrativemathematics.org/illustrations/1547
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Geometry Congruence(G-CQ

Clster: Understand congruence in terms of rigid motic

Standard: G.CQ6 Use geometric descriptions of rigid motions to transform figures and to predict the effe
a givenrigid motion on a given figure; given two figures, use therddin of congruence in terms of rigid motions
to decide if they are congruent.

Suggested Standards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others.
MP.5 Use appropriate tools strategically. MP.7 Look for and make use of structure.

Connections:

An understanding of congruence using physical models, transparencies or geometry software is developed
8, and should be built upon in high school with greater @titen to precise definitions, careful statements and
proofs of theorems and formal reasoning.

Explanaionsand Examples G.CQ6

For standards G.CQ&the focus is for student® understand thatigid motions are at the foundation of the
definition of congruence.Students reason from the basic properties of rigid motions (that they preserve distar|
and angle), which are assumed without pro&figid motions and their assumed properties can be used to estal
the usual triangle congruence criterighich can then be used to prove other theorems.

Use descriptions of rigid motion and transformed geometric figures to predict the effects rigid motiom figares
in the coordinate plane.

Knowing that rigid transformations preserve size and shap#stance and angle, use this fact to connect the id
of congruency and develop the definition of congruebetermine if two figures are congruent by determining if
rigid motions will turn one figure into the other.

Examples

T k0060 has vertice®0 b M B (4, 0D, 6)

a. 5 NJ @00 bn the coordinate grid praded.

0@ ¢ NIOHEUsihgihd rulewd @ih b p0 G DOON
Record the new coordinate grid (using a different color if possible)

0 0 0

oo w26 (F@Wkusing the ruley(@ _Th to create
ko"6"6".
Record the new coordinates below and add the trianglgdar
coordinate grid (using a different color if possible).

ST T oy

(0] (0] (0]

d. Write ONBNHzf S 6 St 2¢ (KOoDG aR®i" Ron@sdpy IS &

Cotinuedonnext page
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Explanaionsand Examples G.CQ6

1 Detemine if the figures below are congruent. If so tell what rigid motions were used.

N 4

Instructional Strategies [EL®{ONcts

Devdop the relationship between transformations and congruency. Allow adequate time and providedrands
activities for students to visually and physically explore rigid motions and congruence.

Use graph paper, tracing paper or dynamic geometry softwagbtain images of a given figure under specified
rigid motions. Note that size and shape are preserved.

Use rigid motions (translations, reflections and rotations) to determine if two figures are congruent. Compar
given triangle and its image to vsrifhat corresponding sides and corresponding angles are congruent.

Work backwardg, given two figures that have the same size and shape, find a sequence of rigid motions tha
map one onto the other.

Build on previous learning of transformations arahgruency to develop a formal criterion for proving the
congruency of triangles. Construct pairs of triangles that satisfy the ASA, SAS or SSS congruence criteria,
rigid motions to verify that they satisfy the definition of congruent figuregestigate rigid motions and
congruence both algebraically (using coordinates) logically (using proofs).

Cotinuedonnext page
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Common Misconceptions{€®{eXcts

Some students may believe:

That combinations such as SSA or AAA are also a congruence criterion for triBngléde counterexamples for
this misconception.

That all transformations, including dilations, are rigid motions. Provide counterexamples for this misconcept

That any two figures that have the same area represent a rigid transformaftutlentsshould recognize that the
areas remain the same, but preservation of side and angle lengths determine that the transformation is rigid

That corresponding vertices do not have to be listed in order; however, it is useful to stress the importance
of listing corresponding vertices in the same order so that corresponding sides and angles can be easily
identified and that includd sides or angles are apparent.

Tools/Resources:

lllustrative Mathematics:& NB G KS ¢ NR | yrad:/@ndw.illugrafidMath®nialick dérg/illustrations/33

lllustrative Mathematics:owS Tt SOGA2ya YR 9ljdAf I GSNFf ¢NRARFy3It Ss
http://www.illustrativemathematics.org/illustrations/982

lllustrative Mathematics:a wS ¥t SOGA2ya YR 9ljdAfFdSNIE ¢NAIyYy3AES
http://www.illustrativemathematics.orghlustrations/984

lllustrative Mathematics:a wS T S OU A 2 y ahttp:/ARw.illustratiie@&HerSadics.org/illustrations/983

G.CO.6
lllustrative Mathematics:d dzA t RAy 3 | GA€fS LI GGSNYy o6& NBTFtEtSOGAy3
http://www.illustrativemathematics.org/illustrations/1337

lllustrative Mathematics:& . dzA f RAy 3 | (A fKSS ELBI-E[iaijél\h‘;/ 08 NBTFfSOUAY
http://www.illustrativemathematics.org/illustrations/1338
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Geometry Congruence(G-CO)

Clster: Understand congruence in terms of rigid motic

Standard: G.CQ7 Use the definition of congruence in terms of rigid motions to show that two triangles ar
congruent if and only if corresponding pairs of sides and corresponding pairs of anglesgtesobn

Suggested Standards for Mathematical Practice (MP):
MP.3 Construct viable arguments andique the reasoning of others.

Connections:  SedeXeo}

Explanaionsand Examples G.CQ7

A rigid motion is a transformation of points in space consisting of a sequence of one or more translations,

reflections, and/or rotations. Rigid motions are assumed to preserve distances and angle measures. Two
are said to be congruent if one can be exactly superimposed on the other by a rigid motion, and the congrue
theorems specify the conditions under which this can occur.

Studentsidentify correspondingides and corresponding angles of congruent triangleopfruent triangles

Explain that in a pair of congruent triangles, corresponding sides are congruent (distance is preserved) and
corresponding angles are congruent (angles measure is preserved).

Demonstrate that when distance is preserved (correspogdides are congruent) and angle measure is preser
(corresponding angles are congruent) the triangles must also be congruent.

Examples

1 How many ways can you construct a triangle congruent to the given triangle inside the rectangle?
Demonstrate each.

Catinuedon next page
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Explanaionsand Examples G.CO.7
1 Are the following triangles congruent? Explain how you know.

Instructional Strategle GCO.68

Develop the relationship between transformations and congruency. Allow adequate time and promiteona
activities for students to visually and physically explore rigid motions and congruence.

Use graph paper, tracing paper or dynamic geometry software to obtain images of a given figure under spe(
rigid motions. Note that size and shape are presd.

Use rigid motions (translations, reflections and rotations) to determine if two figures are congruent. Compar,
given triangle and its image to verify that corresponding sides and corresponding angles are congruent.

Work backwardg, given two fgures that have the same size and shape, find a sequence of rigid motions that
map one onto the other.

Build on previous learning of transformations and congruency to develop a formal criterion for proving the
congruency of triangles. Construct @agf triangles that satisfy the ASA, SAS or SSS congruence criteria, ang
rigid motions to verify that they satisfy the definition of congruent figures. Investigate rigid motions and
congruence both algebraically (using coordinate®] logically (usingroofs).

Common Misconceptions{€l®{0Xcie
Some students may believe:

That combinations such as SSA or AAA are also a congruence criterion for triengléde counterexamples for
this misconception.

That all transformations, including dilationgeaigid motions. Provide counterexamples for this misconception

That any two figures that have the same area represent a rigid transforma8tudents should recognize that the
areas remain the same, but preservation of side and angle lengths detethmt the transformation is rigid.

That corresponding vertices do not have to be listed in order; however, it is useful to stress the importance
of listing corresponding vertices in the same order so that corresponding sides and angles can be easily
identified and that includd sides or angles are apparent.

Tools/Resources:

lllustrative Mathematics:a ! NB ( KS ¢ NA | #itd:Hwsviv.illustgatiemstiegstidskorgliustrations/33
lllustrative Mathematics:a wS ¥t SOGA2y & YR 9ljdAfFGISNIE ¢NAIyYy3AES
http://www.illustrativemathematics.org/illustrations/982

lllustrative Mathematics:a wS ¥t SOGA2ya YR 9ljdAfFGISNIE ¢NAIyYy3IAES
http://www.illustrativemathematics.org/illustrations/984

lllustrative Mathematics:a wS T SOl A 2 y ahttp:/ARw.illustratiie@&HerSadics.org/illustrations/983

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Geometry Congruence(G-CO)

Clster: Understand congruence in terms of rigid motic

Standard: G.CQ8 Explain how the criteria for triangle congruence (ASA, SAS, and SSS) follow from the
definition of congruence in terms of rigid motions.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Constct viable arguments and itique the reasoning of others.

Connections. SedeXeioN Common Misconceptions: SeceXeio}

Explanaionsand Examples G.CQ8

List the sufficient conditions to prove triangles are congruent.

Map a triangle with one of the sufficient conditions (e.g., SSS) onto the original triangle and show that
corresponding isles and corresponding angles are congruent.

Examples

1 Josh is told that two triangle®0 6 and’ GOOCshare two sets of congruent sides and one pair of congruent
angles: 0 Bis congruent td0Q 00 is congruent td0, and angle is congruent taangle™O
He is asked if these two triangles must be congruent.
Joshdrawsi KS G g2 OGNAIlIy3IfSa o0Sf2¢ YR ale&az ac¢cKSe |
f Syadkae¢H

0 9ELX AY W2aKQa NBlFAaA2YyAYy3d dzeAayABA BFSSAS.T (G KS  NA

o Give an example of two trianglé$ 6 and OFF, fitting the criteria of this problem, which aret congruent.

5 E
A c F D
Cotinuedonnext page
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Explanaionsand Examples G.CO.8

Sample Response:

a. Josh's reasoning is incorrect because he has maslarniwarranted assumption that angles C and F are right
angles. However, with that additional assumption his statement is correct, since we may apply the Pythag

theorem to conclude that|Ad > =|AB ° b| BG % and| DA > =| DB * t| EF >

SinceDEis conguent to ABand EFs congruent taBCby hypothesis we can conclude th&€must be congruent
to DFand so, by SSS, triandl®ds congruent to triangl®EF Instead of SSS, we could also apply SAS using
anglesCandFalong with sideg\Cand BCfor triangle ABCand sidedDFand EFfor triangleDEF

b. The information given amounts to SSA, two congruent sides and a congruent angle wibiihésangle
determined by the two sets of congruent sides. This is a lot of information and, as might be expee® not
leave much ambiguity. Consider five poiAtsB, C, D, Eas pictured below with isosceles triangA\®E

A

L & 4 2

C E D B

TrianglesABDand ABEshare anglé8 and sideABwhile ADis congruent toAEby construction. The triangles
ABDand ABEare definitely not congruent, however, as one of them is properly contained within the othe

The given information heavily restricted this construction but we were still able to findvomccongruent
triangles sharing two congruent sides and a{inciudedcongruent angle.

1 Decidewhether there is enough information to prove that the two shaded triangles are congruent. In the
figure below, ABCDs a parallelogram.

iy = Solution: Thetwo triangles are congruent by SAS.

We haveAX (@ Xand DX@Xsince the diagonals of a parallelogram
bisect each other andJAXD@)IBXGsince they are vertical angles.
Alternatively, we could use and argue W8A We have the gposite
interior angles/IDAX@7BCXand/JADX@TCBXand AD @Csince
opposite sides of a parallelogram are congruent.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies See@

Build onprevious learning of transformations and congruency to develop a formal criterion for proving the
congruency of triangles. Construct pairs of triangles that satisfy the ASA, SAS or SSS congruence criteria, §

rigid motions to verify that they safig the definition of congruent figures. Investigate rigid motions and congrue
both algebraically (using coordinates) and logically (using proofs).

Tools/Resources:

lllustrative Mathematics:a 2 K& R2 Sa hip{/wwi 2ludftatiyémathematics.org/illustrations/109

lllustrative Mathematics:a 2 K& R2 Sa  htfp:l//wwg.BuNtlatiémathematics.orgl/illustrations/339

lllustrative Mathematics:4d 2 KSy 528&a {{!

22N)] G2 5SGSNNAYS ¢NRI Y
http://www.illustrativemathematics.org/illustrations/340

lllustrative Mathematics:a 2 K& R2 S a

http: fwwylr. Auitilatiémathematics.org/illustrations/110

Major Clustes Supporting Cluste Additional Clusters



http://www.illustrativemathematics.org/illustrations/109
http://www.illustrativemathematics.org/illustrations/339
http://www.illustrativemathematics.org/illustrations/340
http://www.illustrativemathematics.org/illustrations/110
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Geometry Congruence(G-CO)

Clster: Prove geometric theorem

Standard: G.CQ9 Prove theorems about lines and angl&heorems include: vertical angles are congruent
when a transversal crosses paralieés, alternate interior angles are congruent and corresponding angles are
O2yANMHzSYUGT LRAYGA 2y | LISNLISYRAOdzZ NI 6AaSOG2N 21
endpoints.

Suggested Standards for Mathematical Practice (MP):

MP2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically.
MP.3 Construct viable arguments and critique the reasoning of others.

Gonnections: [CHe{OXeIN

Properties of lines and angles, trianglesigrarallelograms were investigated in Grades 7 anthéigh school,
these properties are revisited in a more formal setting, giving greater attention to precise statements of theol
and establishing these theorems by means of formal reasoning.

The treorem about the midline of a triangle can easily be connected to a unit on simil&hy proof of it is usually
based on the similarity property that corresponding sides of similar triangles are proportional.

Explanaionsand Examples G.CQ9

Identify and use the properties of congruence and equality(reflexive, symmetric, transitive) in proofs.
Order statements based on the Law of Syllogism when constructing a proof.

Interpret geometric diagrams by identifying what can and cannot be assumed.

Studentsmay use geometric simulations (computer software or graphing calculator) to explore theorems abg
lines and angles.

Examples
1 The diagram below depicts the construction of aparallel line, above the ruler.
The stepsin the constructionresult in aline through the given point that is paallel to the givenline.

Which statement below justifieswhy the constructed line is paallel to the gvenline?
5

a. Whentwo linesare each perpendicularto athird line, the linesare parallel.

b. Whentwo linesare each parallel to athird line, the linesare parallel.

¢. Whentwo linesare intersected by a transversal and alternateinterior anglesare congruent, the linesare
parallel.

d. Whentwo linesare intersected by a transversaland correspondinganglesare congruent, the linesare parallel.

(Correct answer d.) Catinued on next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples G.CO.9

1 Prove that/iHIB @7DJGgiven thatAB Z DE.

A

Instructional Strategies (CE&{@}H

Encourage multiple ways of writing proofs, such asamative paragraphs, using flotvagrams, in twecolumn

format, and using diagrams without words. Students should be encouraged to focus on the validity of the
underlying reasoning while exploring a variety of formats for expressing that reasoningemiempation of G.CO.1
may be extended to include concurrence of perpendicblaectorsand angle bisectors as preparation for G.C.3.

Jassoomteachersandmathematicseducation researchersageethat students have a hard time learninghow to
do geanetricproofs. An article by Battista and dements(1995)
(http://investigations.terc.edu/library/ bookpapes/geometryand proof.cfim) providesinformationfor teachersto
help studentswho strugde learn to do proof. The most significantimplicationfor instructional strategiesfor proofis
stated in their conclusion.
dronically, the most effective pathto engenderingmeaningful use of proofin secondary school
geometry is to avoid formal proof for much of students@vork. By focusinginsteadon justifying
ideaswhile helping studentsbuild the visual and empirical foundationfor higher levels of
geametricthought, we canlead studentsto appreciate the needfor formal proof. Only then will we
be able to use it mearningfully asa mechanism for justifyingideas® €

The article andideasfrom Niven (1987)offersafew suggestionsabout teachingproof in geometry:

1 Initial geometric understandingsandideasshould be taught dwithout excessve emphasisonrigor® €
Developbasic geometric ideas outside an axiomatic framework, and then let the importance of the
framework (and the framework itself) emerges from the geometry.

9 Geometry is visual and should be taught in ways that leverageaipect. Sketching, drawing and
constructingfigures and relationships between geometric objects should be central to any geometri
study and certainly to proofBattista and Clement make a powerful argument that the use of dynami
geometry software cabe an important tool for helping students understand proof.

1 ¢Avoid the deadly elabaration of the obviouse (Niven, p. 43). Often textbooksbegn the treatment of
formal proof with deasye proofs, which appear to studentsto needno proof at dl. After presentingmany
opportunitiesfor studentsto awgtifye propertiesof geometric figures, formal proof activitiesshould begin
with non-obviousconjectures.

1 Use the history of geometry and reabrld applications to help students develop conceptual
understandingsefore they begin to use formal proof. Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://investigations.terc.edu/library/bookpapers/geometryand_proof.cfm
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Instructional Strategies [CLS{OKeAN

Proofs in high school geometry should not be restricted to the-twiumn format. Most proofs at the college le
are done in paragraph form, with the writexplaining and defending a conjecture. In many cases, thecbhamn
format can hinder the student from making sense of the geometry by paying too much attention to format reg
than mathematical reasoning.

Some of the theorems listed in this clusterg. the ones about alternate interior angles and the angle sum of &
triangle) are logically equivalent to the Euclidean parallel postulate, and this should be acknowledged.

Use dynamic geometry software to allow students to make conjectures that camnirbe formally proven.

For example, students might notice that the base angles of an isosceles triangle always appear to be congr
when manipulating triangles on the computer screen and could then engage in a more formal discussion of
this occus.

I 2YY2Yy [/ 2NB {GFyRINR& ! LIWSYRAE ! aidlriSas a9yo02dz
paragraphs, using flow diagrams, in t@olumn format, ad using diagrams without words.

Students should be encouraged to focus on the validitje underlying reasoning while exploring a variety of

F2NXIG&A F2NJ SELINBaaAy3ad GKIG NBFrazyAy3aé oLID HLD
the classroom.

Common Misconceptions{€le{@RexH
Research over the last four cdedes suggests that student misconceptions about proof abound:

w even after proving a generalization, students believe that exceptions to the generalization might

w one counterexample is not sufficient;

w the converse of a statement is true (pa&dllines do not intersect, lines that do not intersect are
parallel); and

w a conjecture is true because it worked in all examples that were explored.

Each of these misconceptions needs to be addressed, both by the ways in which formal {arogiitsn
3S2YSONE YR K2g ARSI A& | 02dzi a2dzaGAFTAOFGA2YE | NJ

Tools/Resources:

lllustrative Mathematics:adt 2 Ay & SldZARAAGFY (G FNRBY (g2 LRAyGA A
http://www.illustrativemathematics.org/illustrations/967

lllustrative Mathematics:a ¢  y3Sy 4 [AyS&a yR GKS wlRAdzA 2F I [ A
http://www..ill ustrativemathematics.org/illustrations/963

Major Clustes Supporting Cluste Additional Clusters


http://www.illustrativemathematics.org/illustrations/967
http://www.illustrativemathematics.org/illustrations/963
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Geometry Congruence(G-CO)

Clster: Prove geometric theorem

Standard: G.CQ10 Prove theorems about triangleSheorems include: measures of interior asgiéa

triangle sum tal80°; base angles of isosceles triangles are congruent; the segment joining midpoints of two
a triangle is parallel to the third side and half the length; the medians of a triangle meet at a point.

Suggested Standards for &thematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategi
MP.3 Construct viable arguments and critique the reasoning of others.

SG.CO.|

Connections: Common Misconceptions:SeceReloN

Explanaionsand Examples G.CQ10

Order statements based on the Law of Syllogism when constructing a proof.
Interpret geometric diagrams by identifying what can and cannot be assumed.

Students may use geometric simulations (computer software or graphing calculator) to explore theorems ab
triangles.

Examples
i Foritems 1 and 2, what additional informatiorrégjuired in order to prove the two triangles are congruent
using the provided justification?
Use the set of choices in the box belo@elect a side or angle and place it in the appropriate regi@my one
side or angle can be placed in each region.

ASA Postulate

Key: Item1-2ABD = £ABC

AB AC AD BC
BD CcD CE DE
£LABC £2ABD ZACB £ADB
£BAC ZCDE LCED £DCE
Iltem 1 A Iter‘LQ
A\
= c =

D
SAS Theorem

ltem2-AC = CE

Cotinuedonnext page

Major Clustes

Supporting Clusdrg

Additional Clusters
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Explanaionsand Examples G.CO.10

1 Given that DABOs isosceles, prove thafJABOQ)TACB

A

Instructional Strategies G CO.

Tools/Resources:
lllustrative Mathematics: & / f | & & A % &SAshi@/weviNilustrtidemathematics.org/illustrations/1167

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/1167

182

Geometry Congruence(G-CO)

Clster: Prove geometric theorem

Standard: G.CQ11 Prove theorems about parallelogranEheorems include: opposite sides are congruenf

opposite angles are congruent, the diagonals of a parallelogram bisect each other, and conversely, rectang
parallelograms with congruent diagorsal

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategi
MP.3 Construct viable arguments and critique the reasoning of others.

Gonnections;  SedeReio) Common Misconceptions:SeceReloN

Explanaionsand Examples G.CQ11

Students may use geometric simulations (compweftware or graphing calculator) to expldieeorems about
parallelograms

Examples
1 Suppose thahBCDis a parallelogam, and thatM andN are the midpoints oAB and CD, respectively.
<> <>
Prove thatMN =AD, and that the lineMN is parallel toAD.

D N
D N ¢ _ \ | g
Solution \

Solution

The diagram above consists of the given information, and one additional line sedvtignishich we willuse to
demonstrate the result. We claim that triangleéAMDand NDMare congruent by SAS:

We haveMD =DM by reflexitivity.

We havé AMD =" NDM since they are opposite interior angles of the transvek$althrough parallel line#\B
andCD.

We haveMA = ND, sinceM andN are midpoints of their respeate sides, and opposite sides of parallelogram
are congruent MA= 1/2(A'B') = 1/2((:'I5) = ND

Now since corresponding parts of congruent triangles are congruent, welD¥s#8IM, as desired. Similarly, we
have congruent opposite interior angle®MN € ~ MDA, soMN is parallel toAD.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies G .CO.

Tools/Resources:
LffdaAGNI GADPS al G§KSYI G A@/Mww.illustratiiemaitHemalics.bro/ilistratibnk/1381f 2

LtfdzaGNI GADS al GKSYFGAOAY Gt I NFf€St23aNrYa |yR
http://www.illustrativemathematics.org/illustrationd511

LffdAGNI AQEARILBRFIBGRPAVGKS ¢ARSa 2F | tFNFftfSft2
http://www.illustrativemathematics.org/illustrations/35

LffdzadaNI (A O€ongrliedic®@ FY LIk NODAY St 2ANT Y& ¢
http://www.illustrativemathematics.org/illustrations/1517

Major Clustes Supporting Cluste Additional Clusers Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/1321
http://www.illustrativemathematics.org/illustrations/1511
http://www.illustrativemathematics.org/illustrations/35
http://www.illustrativemathematics.org/illustrations/1517
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Geometry Congruence(G-CO)

Cluster: Make geometric onstructions. (Formalize and explain processgs.

Standard: G.CQ12 Make formal geometric constructions with a variety of tools and methods (compass
straightedge, string, reflective devices, paper folding, dynamic geometric software, @apying a segment;
copying an angle; bisecting a segment; bisecting an angle; constructing perpendicular lines, including the
perpendicular bisector of a line segment; and constructing a line parallel to a given line through a point not
line.

Suggestd Standards for Mathematical Practice (MP):
MP.5 Use appropriate tools strategically. MP.6 Attend to precision.

Gonnections. G.C0O.1213
Drawing geometric shapes with rulers, protractors and technology is developggadde 7.In high school, students
perform formal geometry constructions using a variety of to@sudents will utilize proofs to justify validity thfeir
constructions.

Explanaionsand Examples G.CO12

ForstandardsG.CO.1213, the expectation isa build on prior student experience with simple constructions.
Emphasize the ability to formalize and explain how these constructions result in the desired objects. Some
constructions are closely related to previous standards and can be irteadwith them.

Students may use geometric software to make geometric constructions.

Examples:
1 Construct a triangle given the lengths of two sides and the measure of the angle between the two sides
9 Construct the circumcenter of a given triangle.

9 Constuct the perpendicular bisector of a line segment.

This construction can also be used to construct a 90 degree angle or to find the midpoint of a line.
1. Mark two points on your line, A and Bhis construction will give you a
straight line which passeexactly half way between these two points and
is perpendicular (at right angles) to the line.
. Open your compasses to a distance more than half way between A and B.
3. With the point of the compass on one of the points, draw circular arcs
above and below the line, at P and Q.
4. Keeping the compasses set to exactly the same distance, repeat with the A B
compass point on your other point. \
. Draw a line through the P and Q. Q
. PQ is the perpendicular bisector of Adeck that the anglesra exactly /

90 degrees and that it does indeed yalthe distance between and B.
http://motivate.maths.org/content/accurateconstructions

N

()

(o]

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://motivate.maths.org/content/accurate-constructions
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Explanaionsand Examples G.CO12

1 You have been asked to place a warehouse so that it is an equal distance from the three roads indicate
the following map.Find this location and show your work.

Elin Rio

o Show how to fold your paper to physically construct this point as an intBoseof two creases.

0 Explain why the above construction works and, in particular, why you only needed to make two crease

Solution (This task connects to standa@C.3
1. Fold and crease the paper so that Oak lies on top of Rio. Do the same sakhas»n top of Elm.
The point of intersection of the two creases is the point an equal distance from the three sides.

2. Since the desired location should be an equal distance from three sides of triangle ABC, we are looki
the center of the circlénscribed in the triangle. The center of the inscribed circle, called the incenter, ¢
be found by constructing the angle bisectors of the three interior angles of the triangle, as in the diagr
below. Since these angle bisectors are concurrentsitfigcient to construct two of the angle bisectors
(and hence only make two creases in part (a)).

Now we show the concurrence of the three angle bisectors: It is easy to see that the distance from the
warehouseWW = WH to Rio equals the distaxe fromW to Oak. Namely, draw perpendiculars frokV to both
Rio and Oak, with respective intersection poiktand.

The triangles WXCand WY Care congruent since they are right triangles withWCX=" WCYand
sharing sid&VC. SoWX= WY. Similarly, drawing a perpendicular to EIm throMgmeeting Elm a¥, we have

WY = WZ Combining the two equalities, we learn tHatX= WZ so that W is on the angle bisector and the
three angle bisectors are concurrent. Cotinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies: G.CO.1213

Students should analyze each listed construction in terms of what simpler constructions are involved (e.qg.,
constructing parallel linesan be done with two different constructions of perpendicular lines).

Using congruence theorems, ask students to prove that the constructions are correct.

Provide meaningful problems (e.g. constructing the centroid or the incenter of a triangle) testftents practice
in executing basic constructions.

Challenge students to perform the same construction using a compass and string. Use paper folding to pro
reflection; use bisections to produce reflections.

a1 addzRSy (& 22 Yskdyhag Brbal isrustions for a particular construction. Offer opportun
for handson practice using various construction tools and methods.

Compare dynamic geometry commands to sequences of congrasstraightedge steps. Prove, using congruen
theorems, that the constructions are correct.

Common Misconceptions:G.C0O.1213

Some students may believe that a construction is the same as a sketch or drawing. Emphasize the need for
and accuracy when doing constructions. Stress the fat a compass and straightedge are identical to a
protractor and ruler. Explain the difference between measurement and construction.

Tools/Resources:

G.CO.1213

dnscribing and Circumscribing Right Triariyégelathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to use geometric properties to solve problen
particular, it will help you identify and help students who have difficulty:

w5802YLIaAry3d O2YLX SE &KFthiBNieahprgbleth. A YLIE SN 2y Sa Ay 2
w. NAyIAy3a G23SGKSNI aSOSNIt IS2YSGNRO O2yOSLiia G2 &
WCAYRAY3 GKS NBfFiA2YyaKALl 0Si6SSy NIRAA 2F AyaONXj

http://map.mathshell.org/materials/lessons.php?taskid=403#task403

LffdzaaGNI 0AGBS al (KSYL G RtQaww.ilugttativem@theyhaicslorgilDstratibns/308 R NJ
lllustrative Mathematicsa h NA 3 YA S |j dzhitpl/AdvsyNlistrativénathéméatit<.oféllustrations/1486

G.CO.12

A 2 4 oA

lllustrative Mathematics:f 2 OF G Ay 3  ‘hitp:Misvic. Rludsiat/émathematics.org/illustrations/507

lllustrative Mathematicsd® y 3t S 6AaSOGA2Y YR YARLRAyGa 2F Ay
http://www.illustrativemathematics.org/illustrations/1320

lllustrative Mathematics:&@ 2 Y & G NJzOG A2y 2F LISNLISYRAOdzZE F NJ 6 A4S0
http://www.illustrativemathematics.org/illustrations/966

lllustrative Mathematics:d. A & S O A y httd://iwwl.ilMsEdtiathematics.org/illustrations/1083

lllustrative Mathematics:dh NA 3 YA NB3Idz  NJ 200 32y €
http://www.illustrativemathematics.org/illustrations/1487

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(OD)



http://map.mathshell.org/materials/lessons.php?taskid=403#task403
http://www.illustrativemathematics.org/illustrations/508
http://www.illustrativemathematics.org/illustrations/1486
http://www.illustrativemathematics.org/illustrations/31
http://www.illustrativemathematics.org/illustrations/507
http://www.illustrativemathematics.org/illustrations/1320
http://www.illustrativemathematics.org/illustrations/966
http://www.illustrativemathematics.org/illustrations/1083
http://www.illustrativemathematics.org/illustrations/1487
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Geometry Congruence(G-CO)

Cluster: Make geometric constructions(Formalize and explain prasses).

Standard: G.CQ13 Construct an equilateraltriangle, a square, andareguar hexagoninsciibedin acircle.

Suggested Standards for Mathematical Practice (MP):
MP.5 Use appropriate tools strategically. MP.6 Attend to precision.

Gonnections, SeeG.C0O.12 Common Misconceptions: SeeG.C0O.12

Bxplanaionsand Examples G.CO13

ForstandardsG.CO.1213, the expectation is to build on prior student experience with simple constructions.
Emphasize the ability to formalize and explain how these constructions result in the desired objects. Some
constructions are closely related to preus standards and can be introduced with them.

Students may use geometric software to make geometric constructions.

Examples:
9 Construct a regular hexagon inscribed in a circle

This construction can also be used to draw a 120° angle.

Keep your compasses to the same setting throughout this construction.
Draw a circle.

Mark a point, P, on the circle. U
Put the point of your compasses on P and draw arcs to cut the circle at Q and U.
Put the point of your compasses on Q and draw an arc to cut the circle at R.

Repeat with the point of the compasses at R and S to draw arcs at S and T.

Join PQRSTU to form a regular hexagon.

Measure the lengths to check they are all equal, and the angles to check they are all 120 degrees.

T

http://motivate.maths.org/content/accurateconstructions

1 Find two ways to construct a hexagon inscribed in a circle as shown.

Instructional Strategies SeeG.C0O.12

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tods/Resources:

Lttt dzAaGNT GAPBYyaONKENY 8 A D ahitp/casvhistrativematheroatic.ddd/ilbistrations/785
Lff dzad NI GA O Sscabingiakh®@ 2 yi A DE Y OKNDOf S¢é
http://www.illustrativemathematics.org/illustrations/786

LffdAGNI GAOSYyaONKSYXYVHADIYSjdAT I GSNIE GNAFyYy3IES Ay
http://www.illustrativemathematics.org/illustrations/1557

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/785
http://www.illustrativemathematics.org/illustrations/786
http://www.illustrativemathematics.org/illustrations/1557
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Geometry Similarity, Right Triangles, and Trigonomet{{=-SR]

Clster: Understand similarity in terms of similaly transformations

Standard: G.SRT1 Verify experimentally the properties of dilations given by a center and a scale factor:

a. A dilation takes a line not passing through the center of the dilation to a parallel line, and leaves a line pag
through the center unchanged.

b. The dilation of a line segment is longer or shorter in the ratio given by the scale factor.

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively MP.6 Attexd to precision.
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reaso

Gonnections: [EASIREE

Dilations and similarity, including the AA criterion, are investigated in Gradel&hase experiences should be
built upon in high school with greater attention to precise definitions, careful statements and proofs of theore|
and formal reasoning.

Bxplanaionsand Examples. G.SR1L

Students should understand thatdilation is a tansformation that movesach point along the ray tlugh the
point emanating from a fixed center, and multiplies distances from the center by a common scale factor.
Perform a dilation with a given center and scale factor on a figure in the coordinate plaréy that when a side
passes through the center of dilation, the side and its image lie on the same line. Verify that corresponding
the preimage and images are parallel. Verify that a side length of the image is equal to the scale fhigttecnu
by the corresponding side length of the preimage.

Students mg usegeometric simulation software to model transformations. Students may observe patterns at
verify experimentally the properties of dilations.

Examples
1 Suppose we apply a dilatidy a factor of 2, centered at the poiRto the figure below.

P,

a. Inthe picture, locate the imagé€) > and/Q@X the points A, B, C under this dilation.
b. Based on you picture in part a., what do you think happens to théwhen weperform the dilation?

c. Based on your picture in part a., what appears to be the relationship between the dig@@e | y R { f
distanceAB?

d. Can you prove your observations in part c?

Continued on next pag

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples. G.SR1L

1 Draw a polygon. Pick a point and construct a dilation of the polygon with that point as the cente
Identify the scale factor that you used.

Example Response

~N

Instructional Strategies ([ERSIRE S

Allow adequate time and hands-on activitiesfor studentsto explore dilationsvisually andphysically.

Use graph paper and rulers or dynamic geametry software to obtain imagesof agiven figure under dilations
having specified centersand sale factors. Caefully observe theimagesof linespassngthrough the center of
dilation and those not passngthroughthe center, respectively. Aline segment passingthrough the center of
dilation will simply be shortened or elongated but will lie onthe same line, while the dilation of aline segment
that doesnot passthroughthe centerwill be paallelto the original segment (thisisintended asa clarification of
Sandard 13).

lllustrate two-dimensional dilationsusing scale drawings and photocopies.

Measure the corresponding angles arndes of the original figure and its image to verify that the corresponding
angles are congruent and the corresponding sides are proportional (i.e. stretched or shrunk by the same sce
factor). Investigate the SAS and SSS criteria for similar triangles.

Use graph paper and rulers or dynamic geometry software to obtain the image of a given figure under a com
of a dilation followed by a sequence of rigid motions (or rigid motions followed by dilation).

Work backwardg, given two similar figures thaire related by dilation, determine the center of dilation and scal
factor. Given two similar figures that are related by a dilation followed by a sequence of rigid motions, detern
the parameters of the dilation and rigid motions that will map oneatite other.

Using the theorem that the angle sum of a triangle is 180°, verify that the AA criterion is equivalent to the AA
criterion. Given two triangles for which AA holds, use rigid motions to map a vertex of one triangle onto the
corresponding vaex of the other in such a way that their corresponding sides are in [lite2n show that dilation
will complete the mapping of one triangle onto the other

Sudentsmay be interested in scale models or experienceswith blueprintsand scale drawings
(perhapsin awork related situation)to illustrate similarity. Cantinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Common Misconceptions [ERS] s ke

Some students often do not recognize that congruence is a special case of sim8aritharity with a scale factor
equal to 1 becomes a congruency.

Studeris may not realize that similarities preserve shape, but not sizegle measures stay the same, but side
lengths change by a constant scale factor.

Students may incorrectly apply the scale factor. For example students will multiply instead of ditiide wi
scale factor that reduces a figure or divide instead of multiply when enlarging a figure.

Some students often do not list the vertices of similar triangles in orbenvever, the order in which vertices are
listed is preferred and especially impomntafor similar triangles so that proportional sides can be correctly identif

Tools/Resources:
LtfdzadNI GAGSA G GKSHED:/EWWDRNSigetathematicsorg/illustrations/602

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/602
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Geometry Similarity, Right Triangles, and Trigonometf{=SRT)

Clster: Understand similarity in terms of similarity transformatio

Standard: G.SRT2 Given two figures, se the definition of similarity in terms of similarity transformations to
decide if they are similar; explain using similarity transformations the meaning of similarity for triangles as the
equality of all corresponding pairs of angles and the proportionef all corresponding pairs of sides.

Suggested Standards for Mathematical Practice (MP):
MP.3 Construct viable arguments and critique the reasoning of others.

MP.5 Use appropriate tools strategically. MP.7 Lo& for and make use of structure.
Qonnections: SedeRaail Common MisconceptionsSeceRaa

Explanaionsand Examples G.SR'P

Use the ideaf dilation transformations to develop the definition of similaritynderstand that a similarity
transformation is a rigid motion followed by a dilation.

Demonstrate that in a pgaof similar triangles, corresponding angles are congruent (angle measure is preserve(
corresponding sides are proportional.

Determine that two figures are similar by verifying that angle measure is preserved and corresponding sides g
proportional

Students may use geometric simulation software to model transformations and demonstrate a sequence of
transformations to show congruence or similarity of figures.

Examples:

1 Are these two figures similar? Explain why or why not.

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Bxplanaionsand Examples G.SRT.2
1 In the picture below, line segmentDandBCintersect atX Line segmentdBandCDare drawn,
forming two triangledDAXBand DCXD

o~

D
B

In each part a below, some additional assumptions about the picture are given. Im gablem,
determine whether the given assumptions are enough to prove that the two triangles are similar, g
so, what the correct correspondence of vertices is. If the two triangles must be similar, prove this
by describing a sequence of sianity transformations that maps one variable to the other. If not exp
why not.

a. The lengths oAXand ADsatisfy the equation 2X= 3XD

b. The length& X, BXCXandDXsatisfy the equatior% =2

CX
c. LineABandCDare paralel.
d. /iXABis congruent to anglé&XCD

Solution:

a. We are giventhat 2AX = 3XD. This is not enough information to prove similarity. To see that in a simple way draw an arbitrary
triangle AAXB. Extend AX and choose a point D on the extended line so that 2AX=3XD. Extend BX and choose a point C on
the extended line so that 2BX=XC. Now triangles AXB and CXD satisfy the given conditions but are not similar. (If you are
extremely unlucky, AXB and CXD might be similar by a different correspondence of sides. If this happens, rotate the line BC a
little bit. The lengths of AX, XD, BX, XC remain the same but the triangles are no longer similar.)

b. We are given that AX_ DX Rearranging this proportion gives AX_ BX Letk = AXSu ose we rotate the triangle DXC 180
d BX TX Il e sy gives s Tx TX>UPP ng

degrees about point X, as in part (a), so that the angle DXC coincides with angle AXB. Then dilate the triangle DXC by a factor
of k about the center X. This dilation moves the point D to A, since k(DX) = AX, and moves C to B, since k(CX) = BX. Then
since the dilation fixes X, and dilations take line segments to line segments, we see that the friangle DXC is mapped to triangle
AXB. So the original triangle DXC is similar to AXB. (Note that we state the similarity so that the vertices of each triangle are
written in corresponding order.)

c. Again, rotate triangle DXC so that angle DXC coincides with angle AXB. Then the image of the side CD under this rotation is
parallel to the original side CD, so the new side CD is still parallel to side AB. Now, apply a dilation about point X that moves
the vertex C to point B. This dilation moves the line CD to a line through B parallel to the previous line CD. We already know
that line AB is parallel to CD, so the dilation must move the line CD onto the line AB. Since the dilation moves D to a point on
the rav XA and on the line AB. D must move to A. Therefore. the rotation and dilation map the trianale DXC to the trianale AXB.
Thus DXC is similar to AXB.

d. Suppose we draw the bisector of angle AXC, and reflect the triangle CXD across this angle bisector. This maps the segment
XC onto the segment XA; and since reflections preserve angles, it also maps segment XD onto segment XB. Since angle
XCD is congruent to angle XAB, we also know that the image of side CD is parallel to side AB. Therefore, if we apply a
dilation about the point X that takes the new point C to A, then the new line CD will be mapped onto the line AB, by the same
reasoning used in (c). Therefore, the new point D is mapped to B, and thus the triangle XCD is mapped to triangle XAB. So
triangle XCD is similar to triangle XAB. (Note that this is not the same correspondence we had in parts (b) and (c)!)

Instructional Strategies Sed€RSIadl

Tools/Resources:
LffdzaadNI A GSNB I G KS & hifpX ihvvillistelvemathematics.org/illustrations/603

Major Clustes Supporing Cluster Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/603
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Geometry Similarity, Right Triangles, and Trigonometf{=SRT)

Clster: Understand similarity in terms of similarity transformains

Standard: G.SR'T3 Use the properties of similarity transformations to establish the AA criterion for two
triangles to be similar.

Suggested Standards for Mathematical Practice (MP):
MP.3 Construct viable arguments and critique the reasonfragleers.

Gonnections. SedeRsTzdl Common MisconceptionsSeceRsIzdl

Explanaionsand Examples G.SRT.3

Show and explain that when two angle measures are known (AA), the third angle measure is also know (Thirg
Theorem).

Identify and explain that AA similarity is a sufficient condition for two triangle®tsitnilar.

Examples:
1 Are all right triangles similar to one another? How do you know?
1 Whatis the least amount of information needed to prove two triangles are similar? How do you know?

9 Using a ruler and a protractor, prove AA similarity.

Instructional Strategies Sec€RSIdl

Using the theorem that the angle sum of a triangle is 180°, verify that the AA criterion is equivalent to the AA
criterion. Given two triangles for which AA holds, use rigid motions to map axeftone triangle onto the
corresponding veaex of the other in such a way that their corresponding sides are in [liitn show that dilation
will complete the mapping of one triangle onto the other

Tools/Resources:
Lff dza G NJ A SSimiladNd (it KNS Y hyfiERv@eiN I stratiiemathematics.org/illustrations/1422

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/1422
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Geometry Similarity, Right Trianglesgnd Trigonometry (G-SRT)

Clster: Prove theorems involving similarit

Standard: G.SR'T4 Prove theorems about triangleSheorems include: a line parallel to one side of a triang|s
divides the other two proportionally, ardnversely; the Pythagorean Theorem proved using triangle similarity.

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others.
MP.5 Use appropriate tools strategically.

Gonnections. [ERSIAR:

The Pythagorean theorem and its converse are proved and applied in Gradaigh school, another proof, basec
on similar triangles, is presented.

The alternate interior angle theorem aritd converse, as well as properties of parallelograms, are established
informally in Grade 8 and proved formally in high school.

Explanaionsand Examples G.SRT.4

Use AA, SAS, SSS similarity theorems to prove triangles are similar.

Use triangle simildty to prove other theorems about triangles
ot NR@S | tAYS LINrfttSt G2 2yS aARS 2F | GNRARIy3
o Prove the Pythagorean Theorem using triangle similarity.

Students may use geometric simulation sete to model transformations and demonstrate a sequence of
transformations to show congruence or similarity of figures.

Examples
1 Prove thatif two triangles are similar, then the ratio of corresponding attitudes is equal to the ratio of
corresponding isles.

1 How does the Pythagorean Theorem support the case for triangle similarity?
o View the video below and create a visual proving the Pythagorean Theorem using similarity.
http://www.youtube.com/watch?v=LrS5-dk94

1 To prove the Pythagorean Theorem using triangle similarity:
We can cut a right triangle into two parts by dropping a perpendicular onto the hypotenuse.
Since these triangles and the original one have the same angles, all threm@ae. si
Therefore

http://www.math.ubc.ca/~cassuclid/java/html/pythagorassimilarity.html Cantinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.youtube.com/watch?v=LrS5_l-gk94
http://www.math.ubc.ca/~cass/euclid/java/html/pythagorassimilarity.html
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Instructional Stategies [€RSI3Y4%

Review triangle congruence criteria and similarity criteria, if it has already been established.
Review the angle sum theorem for triangles, the alternate integiingle theorem and its converse, and propertieq
parallelograms.Visualize it using dynamic geometry software.

Using SAS and the alternate interior angle theorem, prove that a line segment joining midpoints of two sides
a triangle is parallel to andalf the length of the third sideApply this theorem to a line segment that cuts two
sides of a triangle proportionally.

Generalize this theorem to prove that the figure formed by joining consecutive midpoints of sides of an arbitr
quadrilateralid  LJ- NI} £ €t St 23INF YP O0¢CKAA NBadzZ G Aa ({yz26y I a
Theorem.)

Use cardboard cutouts to illustrate that the altitude to the hypotenuse divides a right triangle into two triangle
that are similar to the original triagie. Then use AA to prove this theoreifhen, use this result to establish the
Pythagorean relationship among the sides of a right trian@%e b2 = cz) and thus obtain an algebraic proof of
the Pythagorean Theorem.

Prove that the altitude to the hypenuse of a right triangle is the geometric mean of the two segments into wh
its foot divides the hypotenuse.

Prove the converse of the Pythagorean Theorem, using the theorem itself as one step in theSmoef students
might engage in an exploratiaf Pythagorean Triples (e.g-43%, 512-13, etc.), which provides an algebraic
extension and angportunity to explore patterns.

Common Misconceptions{€RSIaqI::

Some studentsmay confuse the alternate interior ange theorem andits converse aswell asthe Pythagorean
theoremandits converse.

Tools/Resources:

0Solving Geometry Problems: Floodlightsvlathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to identify and use gabkmetviledge to solve a
problem. In particular, this unit aims to identify and help students who have difficulty in:

wal1Ay3 I YFiKSYFGAOFET Y2RSt 2F + 3S2YSAONROFE a&aAdid
W5NF gAy3a RAFIANI YA (2 KSELI gAlGK a2t @Ay3 | LINRoftSYO®
wL RSY (A T @& Mngled andl dsvidithielr ptdpértieditd solve problems.

w¢ NI O1lAy3a YR NBOASsgAYy I solvingr 6 SAA0O RSOAAA2YE 6KSY L

http://map.mathshell.org/materials/lessons.php?taskid29#task429

G.SRT.4
oProofs of the Pythagorean TheorémMathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to produce and evaluate geometrical proofs.
In particular, this unit is intested to help you identify and assist students who have difficulties in:
WLYGSNIINBGIGAY3I RAIFIIANI Yad
WLRSYGATFEAYI YIGKSYFGAOIE 1y26tftSRIAS NBtSGrHyd G2 vy
w[AY1Ay3a GAadzat FYyR Ff3ISONIXrAO NBLINBaSyidldAzyaod
wt NPRdzOAY3 YR S@lFftdzr GdAYy3 YFEOIKSYFGAOFE | NBdzySyidao
http://map.mathshell.org/materials/lessons.php?taskid=419#task419
lllustrative Mathematics:@Joining two midpoints of sides of a tridSge
http://www.illustrativemathematics.org/illustrations/1095

lllustrative Mathematics: ¢t & (0 K1 32 NB I \attpg/indva INSB ativemathematics.org/illustrations/1568

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=429#task429
http://map.mathshell.org/materials/lessons.php?taskid=419#task419
http://www.illustrativemathematics.org/illustrations/1095
http://www.illustrativemathematics.org/illustrations/1568
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Geometry Similarity, Right Triangles, and Trigonomet{{=SRT)

Clster: Prove theorems involving similarit

Standard: G.SRT5 Use congruence and similarity criteria foiangles to solve problems and to prove
relationships in geometric figures.

Suggested tandards for Mathematical Practice (MP):
MP.3 Construct viable arguments and critique the reasoning of others. MP.6 Attend to precision.

MP.4 Model with mathematics. MP.7 Look for and make use of struc
Connections:  SedeRzil Common Misconceptions: SedeRSzll

Explanaionsand Examples G.SRT5

Similarity postulates include SSS, SAS, and AA.
Congruence postulates include SSS, SAS, ASA, AAS, and H

Apply riangle congruence and triangle similarity to solve problem situations (e.g., indirect measurement, miss|
sides/angle measures, side splitting).

Students may use geometric simulation software to model transformations and demonstrate a sequ
of transfamations to show congruence or similarity of figures.

Examples:
9 This diagram is made up of four regular pentagons that are all the same size.

0 Find themeasure ofJAEJ
o0 Find themeasure offIBJF

0 Find themeasure offiIKIJM Cotinuedonnext page
Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies:(€RSIad%a

Tools/Resources:

G! yltel Ay3a [/ 2gMhiNandtysOrSsessmeRt Project
This lesson unit is intended to help you assess how well students are able to:
w2 2N] 6AGK 02y Oéhddinilariy, Mcludiggydamifiiz®) yod@&sponding sides and corresponding angl
within and between triangles.
WLRSYGATE YR dzyRSNEG I wRmpleKS aA3yATFTAOLIYOS 2F || 02d;
wt NP @SS YR S@lFtdad S LINR2Fa Ay | 3S2YSGNRO O2yiSE
http://map.mathshell.org/materials/lessons.php?taskid=452#task452

LtfdzaaGNI GAGSH (1 O I iwiillOsirativemathematics.org/illustrations/651

LffdzaGNI GADS Eé]lélﬁf&ﬁ?lyﬁiiééﬂ(éééﬁi\zyé FYR 5AaaSO0A2)y
http://www.illustrativemathematics.og/illustrations/1009

LffdzadNI GAOS28REKIYE (a1 ddg: N AustinematkelnhtiBsoy/illustrations/1572

LEfdzaONI GAQS I yASKE Y &Y S athAawwe dliBtrativénidddemStiassorg/illustrations/916

LftfdzaliNI GADE 2 ANKSYIOBA@FY LI N&f £ St 23INI Yaé
http://www.illustrativemathematics.org/illustrations/1517

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=452#task452
http://www.illustrativemathematics.org/illustrations/651
http://www.illustrativemathematics.org/illustrations/1009
http://www.illustrativemathematics.org/illustrations/1572
http://www.illustrativemathematics.org/illustrations/916
http://www.illustrativemathematics.org/illustrations/1517
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Geometry Similarity, Right Triangles, and Trigonometf{=SRT)

Clster: Define trigopnometric ratos and solve problems involving right triangls

Standard: G.SR'T6 Understand that by similarity, side ratios in right triangles are properties of the angles
the triangle, leading to definitions of trigonometric ratios for acute angles.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.
MP.6 Attend to precision. MP.8 Look for and express regularity in repeated reaso

Gonnections. [ERSIRENG:

Trigonometry is not introduced until high scho®ight triangle trigonometry (a geometry topic)shianplications
when studying algebra and functionBor example, trigonometric ratios are functions of the size of an angle, th
trigonometric functions can be revisited after radian measure has been studied, and the Pythagorean theore
be used to sbw that (sin A+ (cos A= 1.

Bxplanaionsand Examples G.SRb

Students may use applets explore the range of values of the trigonometric ratiogjaanges from 0 to 90 degrees
Use the characteristics of similar figures to justify trigonomeaios.

hypotenuse
opposite of 8

adjacent to 8

opposite hypotenuse

sineof 8 =sinf=—""—""— cosecant of 8 = csc = ———
hypotenuse opposite

adjacent hypotenuse

cosineof 8 =cosf = ———— secant of @ = sec0 =—

hypotenuse adjacent

opposite ad jacent

tangentof 8§ = tanf —————— cotangent of 8 = cot =———
adjacent opposite

Examples:
1 Find the sine, cosine, and tangenbof

4 Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Bxplanaionsand Examples G.SRT.6

9 Explain why the sine ofis the same regardless of which triangle is used to find it in the figure below.

Instructional Strategies [ERSIRIKS

Review vocabulary (opposite and adjacent sides, legs, hypotenuse and complementaryassgleisted with
right triangles.

Make cutouts or drawings of right triangles or manipulate them on a computer screen using dynamic geome
software andask students to measure side lengths and compute side rabserve that when triangles satisfy tf
AA criterion, corresponding side ratios are equaide ratios are given standard names, such as sine, cosine ar
tangent. Allow adequate time for stughts to discover trigopnometric relationships and progress from concrete t
abstract understanding of the trigonometric ratios

Show students how to use the trigonometric function keys on a calculdtiso, show how to find the measure of
an acute angl# the value of its trigonometric function is known.

Investigate sines and cosines of complementary angles, and guide students to discover that they are equal {
FY20KSNXY t2Ay0 2dzi (2 addRSydGa GKIFIG SREP&02¢ Ay

Observe that, as the size of the acute angle increases, sines and tangents increase while cosines decrease
{GNB&aa GNRI2y2YSOGNRO (GSNXAy2f238 o6& (GUKS KAAG2NE
in trigonometry and tangents circles.

Have students make their own diagrams showing a right triangle with labels showing the trigopnometric ratios
Although students like mnemonics such as SOHCAHIH€ES®, are not a substitute for conceptual understanding
Some students may invegate the reciprocals of sine, cosine, and tangent to discover the other three
trigonometric functions.

Use the Pythagorean theorem to obtain exact trigopnometric ratios for 30°, 45°, and 60° angles.
Use cooperative learning in small groups for discovetiyities and outdoor measurement projects.

Have students work on applied problems and project, such as measuring the height of the school building or
flagpole, using clinometersd the trigonometric functions.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Common Misconceptions{€RSIaq K«
Some students believe that right triangles must be oriented a particular way.

Some students do not realize that opposite and adjacent sides need to be identified with reference to a partig
acute angle in a right triangle.

Some students believe th#te trigonometric ratios defined in this cluster apply to all triangles, but they are only
defined for acute angles in right triangles.

Tools/Resources:

oGeometry Problems: Circles and TriangleMathematics Assessment Project
This leson unit is intended to help you assess how well students are able to use geometric properties to solve problems
In particular, the lesson will help you identify and help students who have the following difficulties:
w{ 2t @AYy 3 LINEOf Seléngtiasdf the SdesSindght tyflahgles.
WCAYRAY3I (GKS YSIadnNBYSyida 2F akKlLlSa o6& RSO2YLRaAy3
http://map.mathshell.org/materialfessons.php?taskid=222#task222

LtfdzadNI GADSAYREKSYOKSOBNBIlI a2F 'y 9ljdaAfl GSNIf ¢ N
http://www.illustrativemathematics.org/illustrations/1322

LftfdzaldNI GADEl®D & KS Yl EE O dhep:/bwsdilllisKativerhathéntaties org/illustrations/131

Major Clustes Supporting Cluste Additional Clusters


http://map.mathshell.org/materials/lessons.php?taskid=222#task222
http://www.illustrativemathematics.org/illustrations/1322
http://www.illustrativemathematics.org/illustrations/1316
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Geometry Similarity, Right Triangles, and Trigononmgt(G-SRT)

Clster: Define trigonometric ratios and solve problems involving right triang

Standard: G.SRT/ Explain and use the relationship betweenthe sine and cosine of complementary angles.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.

Qonnections: SedeRads Common Misconceptions:SeceRzal

Bxplanaionsand Examples G.SRT/

Calculate sine and cosine ratios for scangles in a right triangle when given two side lengths.
Use a diagram of a right triangle to explain that for a pair of complimentary aAgled B, the sine of angléis
equal to the cosine of angRand the cosine of anglis equal to the sinefaangleB.

Geometric simulation software applets and graphing calculators can be used to explore the relationship betw
sine and cosine.

Examples:
1 What is the relationship between cosine and sine in relation to complementary angles?

o0 Construct a tablelemonstrating the relationship between sine and cosine of complementary ang

f Find the second acute angle of a right triangle given that the first acute angles has a measiie of 39

f Complete the followingtatement: If sin 38 1/2, then the cos =1/2_

1 Find the sine and cosine of angjén the triangle below.What do you notice?

Instructional Strategies SedeRads

Tools/Resources:

GDS2YSGNE t NROf SY ayMathemitlod ASessmenyRRoje¢ctNA | y 3t S & ¢
http://map.mathshell.org/materials/lessons.php?taskid=222#task222

LtfdzaAGNI GADS al (NEYF @FO4Y 9G@RAYRABNIGKSE NR I y3If S2
http://www.illustrativemathematics.org/illustrations/1322

LffdaAaGNI GAGOS al G§KSYLI (A O ahip:/iwvwwillasirativemakh&ningcS arg/illiisPraticnS131]

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=222#task222
http://www.illustrativemathematics.org/illustrations/1322
http://www.illustrativemathematics.org/illustrations/1316
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Geometry Similarity, Right Triangles, and Trigonomet{{=SRT)

Clster: Define trigopnometric ratios and solve prddéms involving right triangles

Standard: G.SR'T8 Use trigonometric ratios and the Pythagorean Theorem to solve right triangles in appli
problems. (E)

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevarsdlving them. MP.5 Use appropriate tools strategicall
MP.4 Model with mathematics.

Gonnections. SeceRsIzdl Common Misconceptions:Seceisadl

Explanaionsand Examples G.SRT.8

Use angle measures to estimate side lendthg., The side across from a\8Bgle will be shorter than the side
across from a S¥angle).

Use side lengths to estimate angle measures (e.g., The angle opposite afeside will be larger than the angle
across from a 9 cm side).

Draw right triangles that describe real world problems and label the sides and angles with their given measurg
Solve application problems involving right triangles, including angle oftiElevand depression, navigation, and
surveying.

Students may use graphing calculators or programs, tables, spreadsheets, or computer algebra systems to §
right triangle problems.

Examples:
' Find the height of a flagpole to the nearest tenth if theynof elevation of the sun is B&nd the shadow of
the flagpole is 50 feet.

g

(
I

—

a;”) 50 feet
NI/

1 A teenager whose eyes are 5 feet above ground level is looking into a mirror on the ground and can see
top of a building that is 30 feet away from the teenager. @hgle of elevation from the center of the mirror
to the top of the building is 7 l2¢g GFftf A& GKS o0dzAf RAYy 3K | 2 4

1 While traveling across flat land, you see a mountain directly in front of you. Thedadrelévation to the peak
is 3.3\ After driving 14 miles closer to the mountain, the angle of elevatioRigi9Q o ¢ ¢ ®
Explain how you would set up the problem, and find the approximate height of the mountain.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies: SedeRsizdl

Tools/Resources:

LffdAGNI GABS al 6KSYFGAOQAY Ploalng NI Sad tAyS
http://www.illustrativemathematics.org/illustréions/962

QX
w
L
_<
(0p))
<

LffdzaaGNI GA DS al (i KSwp/iwinwdldsyativemathendafics.aigkliSstratidng/1B53B €

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.illustrativemathematics.org/illustrations/962
http://www.illustrativemathematics.org/illustrations/1638
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Geometry Circles(GQ

Clster: Understand and apply theorems about circles

Standard: G.C1 Prove that all circles are similar.

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others.
MP.5 Use gpropriate tools strategically.

Gonnections: G.C.12
The expectation is to emphasize the similarity ibtacles.

Explanaionsand Examples G.C1

Using the fact that the ratio of diameter to circumference is the same for circles, prove that all circles are simil
Prove that all circles are similar by showing that for a dilation centered at therogfngecircle, the preimage and the
image have equal central angle measures.

Students may use geometric simulation software to model transformations and demonstrate a sequ
of transformations to show congruence or similarity of figures.

Examples:
1 Showthat the two given circles are similar by stating thecessary transformatiorfsom Cto D.

o C center(2,3) radius5
o D: center €1, 4) radius 10

9 Draw or find examples of several different circles. In what ways are they related? How carsgbedinis
relationship in terms of geometric ideas? Form a hypothesis and prove it.

Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters
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Instructional Strategies G.C.13

Given any two circles in a plane, show that they are related by dilation. Guide students to discover th@iénter
scale factor of this dilation and make a conjecture about all dilations of circles.

Starting with the special case of an angle inscribed in a semicircle, use the fact that the angle sum of a triang
180° to show that this angle is a right anglésing dynamic geometry, students can grab a point on a circle and
move it to see that the measure of the inscribed angle passing through the endpoints of a diameter is always
Then extend the result to any inscribed angles. For inscribed angless paoobe based on the fact that the
measure of an exterior angle of a triangle equals the sum of the measures of the nonadjacent angles. Consid
of acute or obtuse inscribed angles.

Use properties of congruent triangles and perpendicular linegtogtheorems about diameters, radii, chords, ar
tangent lines.

Use formal geometric constructions to construct perpendicular bisectors of the sides and angle bisectors of a
triangle. Their intersections are the centers of the circumscribed sswilibed circles, respectively.

Dissect an inscribed quadrilateral into triangles, and use theorems about triangles to prove properties of thes
quadrilaterals and their angles.

Chdlengestudentsto generalize the results about angle sums of triandesand quadrilateralsto a
corresponding result for n-gons.

Common MisconceptionsG.C.13

Students sometimes confuse inscribed angles and central angtesexample they will assume that the inscribed
angle is equal to the arc like a central angle.

Students may think they can tell by inspection whether a line intersects a circle in exactly one point. It may be
beneficial to formally define a tangent line as the line perpendicular to a radius at the point where the radius
intersects the circle.

Students nay confuse the segment theorems. For example, they will assume that the inscribed angle is equa
arc like a central angle.

Tools/Resources:

G.C.13

dnscribing and Circumscribing Right Triariégslathematics Assessment Project
This lesson unit intended to help you assess how well students are able to use geometric properties to solve problems.
particular, it will help you identify and help students who have difficulty:

w5802YLRaAy3d O2YLX SE &KI LIS Aofflen2 A A YLX SNJ 2y Sa Ay 2
w. NAYyIAy3a G23SGKSNI aSOSNIt IS2YSGNRO O2yOSLiia G2 &3
WCAYRAY3 GKS NBfFiA2YyaKALl 0Si6SSy NIRAA 2F AyaONRO

http://map.mathshell.org/materials/lessons.php?taskid=403#task403

oGeometry Problems: Circles and TriangleMathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to use geometric propertieptoisiaires.
The lesson will help you identify and help students who have the following difficulties:
w{ 2t GAYy3I LINRBOfSYa o0& RSISNVAYyAYy3I (GKS fSy3aaka 2F GK
WCAYRAY3A (GKS YSIadaNBYSyida 2F akKlmgderones.28 RSO2YLRaAy3
http://map.mathshell.org/materials/lessons.php?taskid=222#task222
G.C1

lllustrative Mathematics:d { A Y A £ | Mdtp#//AdvMIDlGsBasivémathematics.org/illustrations/1368

Major Clusers Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=403#task403
http://map.mathshell.org/materials/lessons.php?taskid=222#task222
http://www.illustrativemathematics.org/illustrations/1368
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Geometry. Circles(GC)

Clster: Understand and apply theorems about circles.

Standard: G.C2 Identify and escribe relationships among inscribed angles, radii, and chandiide the
relationship between central, inscribed, and circumscribed angles; inscribed angles on a diameter are right a
the radius of a circle is perpendicular to the tangent whbeeradius intersects the circle.

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving thenMP.5 Use appropriate tools strategicg
MP.3 Construct viable arguments and critique the reasoning of others. MP.6 Attend to precisio

Gonnections. SeeG.C1 Common Misconceptions:SeeG.C.1

Explanaionsand Examples G.C2

Identify central angles, inscribed angles, circumscribed andiaseters, radii, chordsnd tangents.
Describe the relationship between a central angle and the arc it intercepts.

Describe the relationship between an inscribed angle and the arc it intercepts.

Describe the relationship between a circumscribed angle and the arcs it intercepts.

Recognize that an inscribed angle whose sides intersect the endpoints of the diameter of a circle is a right ang
Recognize that the radius of a circle is perpendicular to the tangent where the radius intersects the circle.

Examples:

9 Given thecirclebelow with radius of 10 and chord length of 12, find the distance from the chord to the ce

of the circle.

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples G.C.2
9 Find the unknown length in the picture below.

LN

Solution:
The theorem for a secant segmteand a tangent segment that share an endpoint not on the circle states tt

for the picture below secant segment QR and the tangent segment SR share and endpoint R, not on the
Then the length of SR squared is equal to the product of the legiQR and KR.

@ K
R
x2=16110
£ 5 So for the example abovex? = 160
¥ =+160 =4/10~126

1 How does the angle between a tangent to a circle and the line connecting the point of tangency and the
center of the circle change as you move the tangent point?

Instructional Strategies: SeeG.C.1

Tools/Resources:
lllustrative Mathematics:d wA I K& GNAFy3If S&d AYyaONAROSR Ay OANDf Sa

http:// www.illustrativemathematics.org/illustrations/1091

AYEONROSR Ay OANDE Sa

w»

lllustrative Mathematicsd wA I K{G GNXIF y3f Sa
http://www.illustrativemathematics.org/illustrations/1093

[AySa yR GKS whkRAdzA 2F | /A

lllustrativeMathematics:& ¢ I y 3 Sy i
http://www.illustrativemathematics.org/illustrations/963

lllustrative Mathematics: éNeglecting thé dzNJJI G dzZNB 2 F G KS 9 NI K¢

http://www.illustrativemathematics.org/illustrations/1345

Supporting Cluste Additional Clusters Depth Opportunities(DO)

Major Clustes


http://www.illustrativemathematics.org/illustrations/1091
http://www.illustrativemathematics.org/illustrations/1093
http://www.illustrativemathematics.org/illustrations/963
http://www.illustrativemathematics.org/illustrations/1345
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Geometry. Circles(GC)

Clster: Understand and apply theomas about circles.

Standard: G.C.3 Construct the inscribed and circumscribed circles of a triangle, and prove properties of &
for a quadrilateral inscribed in a circle.

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable @guments and critique the reasoning of others.
MP.5 Use appropriate tools strategically.

Gonnections:
Constructing inscribed and circumscribed circles of a triangle is an application of the formal constructions sty
G.CO.12

Explanaionsand Examples G.C.3

Define the terms inscribed, circumscribed, angle bisector, and perpeadiuigkector.
Construct the inscribed circle whose center is the point of intersection of the angle bisgb®nscentey.

Construct the circumscribed circle whose center is the point of intersection of the perpendicular bisectors of e
side of the trangle the circumcentéex

Apply the Arc Addition PBulate to solve for missing anceasures.

Prove that opposite angles in an inscribed quadrilateral are supplementary.

Using definitions, properties, and theorems, prove properties of angles for a quexhilanscribed in a circle.
Students may use geometric simulation software to make geometric constructions.

Examples:
1 The following diagram shows a circle that just touches the sides of a right triangle whose sides are 3 un
units, and 5 units long

F-r

-+ ~ >4

Explain why triangleAOXand AOYare congruent
a. What can you say about the measures of the line segn@&aed C2
b. Findr, the radius of the circle. Explain your work clearly and show all your caledatio

Cotinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples G.C.3

1 The following diagram shows a circle that just touches the sides of a right triangle whose sides are 5 unit
units, and 13 units long. Draw radius lines as in the previous task and find the radius ofl¢he ¢ims 5, 12, 13
right triangle. Explain your work and show your calculations.

1 Given the inscribed quadrilateral below prove th@Bis supplementary td7D.

“n

1 You have been asked to place a fire hydrant so that it is an equal cistarm three locations indicated on the
following map.

G

a. Show how to fold your paper to physically construct this point as an intersection of two creases.
b. Explain why the above construction works, and in particular why you only need tawwmkeeases.

Solution (This task connects gtandard9G.C0O.1213)

a. Fold and crease the paper so that line segment pdlahds onto poinB. Do the same so that poidtlands on poinC
The intersection of the twareases is the point we want.

b. Since the desired location is an equal distance from threegulnear points, we are looking for the center of the circle
passing through these three points. This corresponds to the center of the circle circumsdrihedte triangleABC

The center of the circumcircle, called the circumcenter, can be found by constructing the perpendicular bisectors ofth
sides of the triangle (precisely the creases made in the paper on the previous step). Since theipelgebidectors are
concurrent, it is sufficient to construct only two of the three perpendicular bisectors

The concurrency of the perpendicular bisectors can be argued as
follows: LetPbe the green dot in the above diagram, the intersecti
of the perpendicular bisectors éBand AC By virtueof Pbeing on
the perpendicular bisector AAB Pis equidistant fromAandB, i.e.,
PA=PB Similarly, by virtue of being on the perpendicular bisectol
AC we havePA=PC But this implies thaPB=PC i.e., thatPis also o
the perpendicular bisgtor of BG demonstrating thaPindeed lies on
all three perpendicular bisectors

Major Clustes Supporting Cluste Additional Qusters -
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Tools/Resources:
LtfdzadNI GADS al GKSYFGAO0AY GLYAONROAY3I | GNRIF Y3
http://www.illustrativemathematics.org/illustrations/1013

LtfdzadNI GAGBS al GKSYFGAO0aAY GLY&AONAROGAY3 | OANDES
http://www.illustr ativemathematics.org/illustrations/1017
LffdzaGNI GADBS al 6KSYIFGAO&Y GLYaONAROAY3I | OANDES

http://www.illustrativemathematics.org/illustrations/1018

LftfdzadNI GAGS al GdKSYL (A Oritp//www.ilbugtratieb atnéidefiof. dr@ilNidtratidns/ 101 10

LffdzaaGN GADBS al (KSYL (HttYAww.illustrétiyethddHeriakicg. @ q/iRustrtiBnk/20dza S ¢

LftfdzadNI GAGS al 0KSYI ( ntadwww.illustativenatBemtias.otg/illBthatitBs/5088 R N

Major Clustes Supporting Cluste Additional Clusters


http://www.illustrativemathematics.org/illustrations/1013
http://www.illustrativemathematics.org/illustrations/1017
http://www.illustrativemathematics.org/illustrations/1018
http://www.illustrativemathematics.org/illustrations/1011
http://www.illustrativemathematics.org/illustrations/507
http://www.illustrativemathematics.org/illustrations/508
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Geometry. Circles(GC)

Cluster: Find arc lengths and areas of sectors of cirg

Standard: G.C.5 Derive using similarity the fact that the lengthtbg arc intercepted by an angle is
proportional to the radius, and define the radian measure of the angle as the constant of proportionality; deri
formula for the area of a sector.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason alisactly and quantitatively. MP.7 Look for and make use of structure.
MP.3 Construct viable arguments and critique the reasoning of others.
MP.6 Attend to precision.

Gonnections:
Formulas for area and circumference of a circle were devetbim Gade 7. In this cluster the formulas are
generalized to fractional parts of a circle and will prepare students for the study of trigonametry

Explanaionsand Examples G.C.5

Emphasize theimilarity of circles Note that by similarity of sectors with the same central angle, arc lengths are
proportional to the radius. Use this as a basis for introducing radian as a unit of measure. It is not intended th
applied to the developmendf circular trigonometry at this point.

Students can use geometric simulation software to explore angle and radian measure and derive the formula
area of a sector.

Examples:

9 Find the area of the sectors below. What general formula can yoelggwased on this information?

S

Catinuedon next page

Major Clusters Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Bxplanaionsand Examples G.C.5

1 The amusement park has discovered that the brace that provides stability to the Ferris wheel has been
damaged and needs work. The arc length of steel reinforcenfetmust be replaces is between the two
seats shown below. If the sector area is 28.2%ifitd the radius is 12 feet, what is the length of steel that m
be replaced? Describe the steps you used to find your answer.

Brace that
provides stabili
to the ride.

1 If the amusemenpark owners wanted to decorate each sector of this Ferris wheel with a differ
color of fabric, how muchbf each color fabric would theyeed to purchase?
The area to be covered is described by an arc length of 5.9 feet. The circle has a radigenf 15
Describe the steps you used to find your answer.

Instructional Strategies G.C.5

Begin by calculating lengths of arcs that are simple fractional parts of a circl%’@:.gnd do this for circles of
various radii so that students discover aportionality relationship.

Provide plenty of practice in assigning radian measure to angles that are simple fractional parts of a straight
Stress the definition of radian by considering a central angle whose intercepted arc has its length #upighttius,
making the constant of proportionality 1. Students who are having difficulty understanding radians may bene
constructing cardboard sectors whose angles are one radiese. a ruler and string to approximate such an angle

Compute aras of sectors by first considering them as fractional parts of a circle. Then, using proportionality,
derive a formula for their area in terms of radius and central angle. Do this for angles that are measured bot
degrees and radians and note that tfeemula is much simpler when the angels are measured in radians.

Derive formulas that relate degrees and radians.

Introduce arc measures that are equal to the) measures of the intercepted central angles in degrees ar radia
Emphasize appropriate usd terms, such as, angle, arc, radian, degree, and sector.

Catinuedonnext page
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Common MisconceptionsG.C.5
Sectors and segments are often used interchangeably in everyday conversation. Care should be taken to dis
these two geometric concepts.

The formulador converting radians to degrees and vice versa are easily confused. Knowing that the degree m
of given angle is always a number larger than the radian measure can help students use the correct unit.

Tools/Resources:

4 { SO0 2 NAE ¢ Mathematits\NSsbsSndeat Project
This lesson unit is intended to help you assess how well students are able to solve problems involving area and aralengt
sector of a circle using radians. It assumes familiarity with radians and should not be treatethxtsduction to the topic.
This lesson is intended to help you identify and assist students who have difficulties in:

w/ 2YLMziAy3 LISNAYSGISNARZ FINBIFazX FyR FNO fSy3aika 2
WCAYRAY3A (GKS NBf I A2y aKAokdkctors Sffess&lthy.. | NO f Sy3aiKazx
http://map.mathshell.org/materials/lessons.php?taskid=441#task441

T a
Ly

LffdzadNI A O&dza dzki KS& | ¢ I DiEbFwhiv dlustkatiBniathemétics.org/illustrations/1006

LffdadNI GAO662al 41 KS St a Ahlpd/Rwwilldstr8ideinathematics.org/illustrations/621

LffdzadNI GAGS al (KS Y GhtgAww.illusirdti&inathenfafics. ord/dlustratibil/607 £ S NJ

NustratidS al GKSYI A O4aY htm/hvMbillusirdtivemathermalicS.ord/illusir&iéns/1639

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=441#task441
http://www.illustrativemathematics.org/illustrations/1006
http://www.illustrativemathematics.org/illustrations/621
http://www.illustrativemathematics.org/illustrations/607
http://www.illustrativemathematics.org/illustrations/1639
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Geometry Expressing Geometric Properties with Equatio(G-GPE)

Clster: Translate between the geometric description and the equation for a conic section.

Standard: -1 Derive the equation of a circle of given center and radius using the Pythagorean The
complete the square to find theenter and radius of a circle given by an equation.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.
MP.7 Lookor and make use of structure. MP.8 Look for and express regularity in repeated reasq

Gonnections: G.GPE.R
In Grade 8 the Pythagorean theorem was applied to find the distance between two particular poihtgh schogl
the application is generalized to obtain formulas related to conic sections.

Quadratic functions and the method of completing the square are studied in the domain of interpreting functi
The methods are applied here to transform a quadratic equatigmesenting a conic section into standard form.

Explanaionsand Examples - 1

Connect G.GPE.1 @.GPE.4nd reasoning with triangles, limited to right triangles, e.g., derive the equation for
line through two poins using similar right triangles.

Identify the center and radius of a circle given its equation.

Draw a right triangle with a horizontal leg, a vertical leg, and the radius of a circle as its hypotenuse.

Use thePythagorean Theorem, theordinatesofacdbf SQ&4 OSY G SNE | yR GKS OANX
the circle.

Convert an equation of a circle in general (quadratic) form to standard form by completing the square.
Identify the center and radius of a circle given its equation.

Students may wsgeometric simulation software to explore the connection between circles and the Pythagore
Theorem.

Examples:

1 Write an equation for a circle with a radius of 2 units and center at (1, 3).
1 Write and equation for a circle given that the endpoints of thiameter are<(2, 7) and (4; 8).
1 Find the center and radius of the circlg’4 4y2 Ix+ - 1=0.

1 A circle is tangent to thg-axis andy-axis in the first quadrant. A point of tangency has coordinates (4, 0).
Find the equation of the circle.

9 Acircle is inscribed in an equilateral triangle. The equilateral triangle lies in the first quadrant with one
at the origin and second vertex ai{3, 0).

Catinuedonnext page
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Instructional Strategies -1
Review the definition of a circkes a set of points whose distance from a fixed point is constant.

Review the algebraic method of completing the square and demonstrate it geometrically.
lllustrate conic sections geometrically as cross sections of a cone.

Use the Pythagorean theorem tierive the distance formula. Then, use the distance formula to derive the
equation of a circle with a given center and radius, beginning with the case where the center is the origin.
Starting with any quadratic equation in two variablgsuidy) in whichthe coefficients of the quadratic terms are
equal, complete the squares in battandy and obtain the equation of a circle in standard form.

Given two points, find the equation of the circle passngthroughone of the points and havingthe other asits center.

Import images of circle from fields from Google Earth into a coordinate grid system and find their equations.

Common MisconceptionsG.GPE 2

Because new vocabulary is being introduced in this cluster, remembering the names of the cimis $an be
problematic for some students.

The Euclidean distance formula involves squared, subscripted variables whose differences are added.
The notation and multiplicity of steps can be a serious stumbling block for some students.

The method of comleting the square is a multitep process that takes time to assimilate. A geometric
demonstration of completing the square can be helpful in promoting conceptual understanding.

Tools/Resources:

6Equations of Circlet Mathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to:
w!' a8 (KS tedKFr3I2NBly (KS2NBY (2 RSNARGS i
We¢NIyatlridsS 60SGsSSy GKS 3IS2YSOUNRO FSIFGdNBa 2
http://map.mathshell.org/materials/lessons.php?taskid=406#task406

lllustrative Mathematics { 2 LIS & | pttR//w wiv.NdBtta/éntathematics.org/illustrations/479

lllustrative Mathematicsd 9 ELJ | AYAy 3 GKS SljdzZ GA2y F2NJ I OANDEt S
http://www.illustrativemathematics.org/illustrations/1425

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=406#task406
http://www.illustrativemathematics.org/illustrations/479
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Geometry Expressing Geometric Properties with Equatio(G-GPE)

Clster: Translate between the geometric description and the equation for a conic section.

Standard: G.GPE.2 Derive the equation of a parabola give focus and directrix.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.3 Construct viable arguments and critique the reasoning of others.
MP.7 Look for and make use of strugtur ~ MP.8 Look for and express regularity in repeated reasq

Connections: SecCIGPE 1 Common Misconceptions: SecCIGPE] 1

Bxplanaionsand Examples G.GPE

The directrix should be parallel to a coordinate axis.

Find the distance from a point on the parabatay) to the directrix.

Find the distance from a point on the parabatay to the focus usig the distance formula (Pythagorean Theore
Equate the two distance expressions for a parabola to write its equation.

Identify the facus and directrix of a parabola when given its equation.

Students may use geometric simulation software to explore palesh

Examples:
1 Write and graph an equation for a parabola with focus (2, 3) and dirgctrik.
1 Given the equation 2§(-5) = &+ 3)2, find the focus, vertex and directrix.

Solution: Thevertex is at{3, 5) and to find the vertex we know that tieenstant of the unsquared term is 2
Since $=20 thenp=>5. The focus is 5 units above the vertex & 6+5) or{3. 10). The directrix is 5 units
below the vertex sy = 0.

1 A parabola has focusZ. 1) and directriy =- 3. Determine whether onot the point (2, 1) is part of the
parabola. Justify your answer.

Instructional Strategies G.GPE.2

Define a parabola as a set of points satisfying the condition that their distance from a fixed point (focus) equ
distance from a fixed line (dictrix). Start with a horizontal directrix and a focus on hexis, and use the distanc
formula to obtain an equation of the resulting parabola in termy ahdx’. Next use a vertical directrix and a foc
on thex-axis to obtain an equation of aapabola in terms ok andyz. Make generalizations in which the focus ma
be any point, but the directrix is still either horizontal or verticallow sufficient time for students to become
familiar with new vocabulary and notation.

Giveny as a quadric equation ofx (or x as a quadratic function gof), complete the square to obtain an equation
a parabola in standard form.

Identify the vertex of a parabola when its equation is in standard form and show that the vertex is halfway be
the focusand directrix.

Investigate practical applications of parabolas and paraboloids.
Major Clustes Supporting Cluste Additional Clusters
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Geometry Expressing Geometric Properties with Equatio(S-GPE

Cluster: Use coordinates to prove simple geometric theorems algebraicall

Standard: - Use coordinates to prove simple geometric theorems algebraicBbly.example, prove
or disprove that a figure defined by four given points in the coordinate plane is a rectangle; prove or disprove
0KS LAyl thewitledentaied at h&atiginZagd containing the point (0, 2).

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for use and make of structure.
MP.3 Constuct viable arguments and critique the reasoning of others.

Gonnections. G.GPE4
Rates of change and graphs of linear equations were studied in Grade 8 and generalized in the Functions ar
Geometry Conceptual Categories in high schdtlerefore, an alternative way to define the slope of a line is to ¢
it the tangent of an angle of inclination of the line.

Explanaionsand Examples -

Represent the vertices of a figure in the coordinate plane using variables.
Use coordinate to prove or disprove a claim about a figure.

For example: use slope to determirisides are parallel, intersecting, perpendicular; use the distance formula t
determine if sides are congruent or to decide if appoint is inside a circle, outsid#ea or on the circle; use the
midpoint formula or the distance formula to decide if a side has been bisected.

Students may use geometric simulation software to model figures and prove simple geometric theorems.

Examples:

1 Use slope and distance fotda to verify the polygon formed by connecting the point8,(¢ 2), (5, 3), (9, 9)1, 4
is a parallelogram.

9 Prove or disprove that triangl&BCwith coordinatesA (- 1, 2),B (1, 5),C(- 2, 7) is an isosceles right triangle.

9 Take a picture or find agture which includes a polygon. Overlay the picture on a coordinate plane (manu
electronically). Determine the coordinates of the vertices. Classify the polygon. Use the coordinates to |
the classification.

Instructional Strategies G.GHE.47

Review the concept of slope as the rate of change ofystheordinate with respect to the-coordinate for a point
moving along a line, and derive the slope formula.

Use similar triangles to show that every nonvertical line has a constant slope.

Revew the pointslope, slopentercept and standard forms for equations of lines.

Investigate pairs of lines that are known to be parallel or perpendicular to each other and discover that their
are either equal or have a product @i, respectively.

Catinuedon next page
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Instructional Strategies G.GPE.4
Pay special attention to the slope of a line and its applications in analyzing properties of lines.

Allow adequate time for students to become familiar with slopes and equations of lines and methodspafticgm
them.

Use slopes and the Euclidean distance formula to solve problems about figures in the coordinate plane such

w DAGSY GKNBS LRAydGaz INBE GKS& @GSNIAOSa 27

) DA @SY T2 dzNésbia payaliebbgiaml; aN&tarigli, & honB & NliaAsquare?

W DA@SY GKS Sljdzr dA2y 2F I OANDES YR | LRAY

W DA@SY GKS SljdzrdA2y 2F I OANDE S dtheRircle at thag goiyit

w DAGSY | fAYS FYR | LRAY(G y2Gd 2y Al FAYR
line.

w DAGSY | fAYS FYR | LRAY(G y2iG 2y Al3I ciahtytRe
givenline.

w DA@SyY G KS -parilldzlingsi fidd/ttieir @ifit oflinge@ectior y

Given two points, use the distance formula to find the coordinates of the point halfway between them.
Generalize this for two arbitrary pointe terive the midpoint formula.

Use linear interpolation to generalize the midpoint formula and find the point that partitions a line segment in
specified ratio.

Given the vertices of a triangle or a parallelogram, find the equation of a line corgdh®e altitude to a specified
base and the point of intersection of the altitude and the base. Use the distance formula to find the length of
altitude and base, and thecompute the area of the figure.

Common MisconceptionsG.GPE.4

Students nay claim that a vertical line has infinite slopes. This suggests that infinity is a number. Since apply,
slope formula to a vertical line leads to division by zero, we say that the slope of a vertical line is undefined.
Also, the slope of ahorigpli £ f AyS A& no {GdzRSy(a 2FGSy alre af
af2LSx¢ GKAOK Ada AYO2NNBOGO®

Tools/Resources:

G.GPE4

oFinding Equations of Parallel and Perpendicular Eigé4athematics Assessment Project
This lessominit is intended to help you assess how well students are able to understand the relationship between the slo
parallel and perpendicular lines and, in particular, to help identify students who find it difficult to:
WCAYRZ TFNRBY ek tfat aié pSrilldzbnd peBoghdiculart A
WLRSYGATFE YR dz&a8§S AyGSNOSLIWGa®
http://map.mathshell.org/materials/lessons.php?taskid=226#task226

lllustrative Mathematicsad L & G KA &  |hitp:hMBv@.illkstyafenthtkiematics.org/illustrations/1302
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Geometry Expressing Geometric Properties with Equatio(G-GPE

Cluster: Use coordinates to prove simple geometric theorems algebraically.

Standard: G.GPE.5 Prove the slope criteria for parallel and perpendicular lines and use them to solve

geometric problems (e.g., find the equation of a line parallel appedicular to a given line that passes through ¢
given point).

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasoning of others.
MP.8 Look for and express regularity in repeated reasoning.

Connections.  SedCIGPE 4 Common Misconceptions: SecClGPE 4

Bxplanaionsand Examples G.GPE.5

Relate work on palel lines to standard A.REirfvolving systems of equations having no solution or infinitely m
solutions.

Lines can be horizontal, vertical or neither.
Prove that the slopes of parallel lines are equal.

Prove that the product of the slopes of pemdicular lines is1.

Write the equation of a line parallel or perpendicular to a given line, passing through a given point.

Students may use a variety of different methods to construct a parallel or perpendicular line to a given line ar
calculate theslopes to compare relationships.

Examples:

1 Find the equation of a line perpendicular ta 85/ + 15 through the point-(3. 2).
1 Find an equation of a line perpendiculante X - 4 that passes through (3, 4).

1 Verify that the distance between two pdlal lines is constant. Justify your answer.

Instructional Strategies See-4

Allow students to explore and make conjectures about relationships between lines and segments using a va
methods.

Discuss the tle of algebra in providing a precise means of representing a visual image.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources:
LffdzaGNI GADBS al (KSYL btth:dn.illustiativematheRatigs ord/iflustentiomslcdd t S €

LffdzadNI 0AQGS al dKSYL (A O atp//wnivdlidskativgnathGriaticsioytall@stalionstl B32

lllustrative Mathemt G A O& Y al yAl { htgzZ/wMds. BustlatifdRnatieNitics6ra/iluStEations/918

LftfdaaGNI 0ABS al GKSYFGAOQAY G9ljdz- £ ! NBI ¢NARIFyYy3IfSa
http://www.illustrativemathematics.org/illustrations/1347

LffdzaGNI GADBS al 6KSYIFGAOAY a9l dzl £ I NBF ¢NRARFy3f Sa
http://www.illustrativemathematics.org/illustrations/1348

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/605
http://www.illustrativemathematics.org/illustrations/1332
http://www.illustrativemathematics.org/illustrations/918
http://www.illustrativemathematics.org/illustrations/1347
http://www.illustrativemathematics.org/illustrations/1348
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Geometry EXxpressing Geometric Properties with Equatio(G-GPE)

Cluster: Use coordinates to prove simple geometric theorems algebraically

Standard: G.GPE.6 Find the point on a directed line segment between two given points that partitions thq
segment in a given ratio.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively MP.7 Look for and make use of structure
MP.8 Look for and express regularity in repeated reasoning.

Connections: SecCIGPE4 Common Misconceptios: SecCHGPE 4

Explanaionsand Examples G.GPE.6

Students may use geometric simulation software to model figures or line segments.

Examples:

1 GivenA(3, 2) andB(6, 11),
o Find the point that divides the line segmehB twothirds of the way fromAto B.

Solution:
The point twethirds of the way fromAto B has anx-coordinate twaothirds of the way from 3 to 6 and
y-coordinate twathirds of the way from 2 to 11. So (5, 8) is the point that is-tids from pointAto B.

o0 Find the midpoint of the line segmeAB

1 For the line segment whose endpoints are (0, 0) and (4, 3), find the point that partitions the segment into

of 3to 2
Solution: 200)+ (314) 12 9
x= GIOEGLA) 12 - 2101 B13) -5 the pointisd2, 2 )
(3+2) 5 (3+2) 5 >

Instructional Strategies See-4

Tools/Resources:

G.GPE4

oFinding Equations of Parallel and Pengienlar Lines ¢ Mathematics Assessment Project
http://map.mathshell.org/materials/lessons.php?taskid=226#task226

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=226#task226




223

Geometry Expressing Geometric Properties with Eagions (GGPE)

Clster: Use coordinates to prove simple geometric theorems algebraically.

Standard: -7 Use coordinates to compute perimeters of polygons and areas of triangles and recta
e.g., using the distarcformula. (E)

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theriviP.5 Use appropriate tools strategical
MP.2 Reason abstractly and quantitatively MP.6 Atend to precision.

Connections: SecCIGPE 4 Common Misconceptions:SecCIGPE 4

Explanaionsand Examples -
This standrd provides practice with the distance formula and its connection with the Pythagorean Theorem.

Use the coordinates of the vertices of a polygon graphed in the coordinate plane and use the distance formulg
compute the perimeter.
Use the coordinates dhe vertices of triangles and rectangles graphed in the coordinate plane to compute the 4
Students may use geometric simulation softwawariodel figures
Examples:

1 Find the perimeter and area of a rectangle with vertice€@tl, 1), D(3, 4), E(6, 0), F(2,- 3). Round your

answer to the nearest hundredth when necessary.
9 Find the area and perimeter for the figure below.

&
A -] D

{ Calculate the area of triangeBGwith altitude CQ givenA (- 4, - 2), B(8, 7), C(1, 8) andD (4, 4).
Catinuedon next page
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Instructional Strategies See-4

Graph polygons using coordinates. Explore perimeter and area of a variety of polygons, including convex, @
and irregularly shaped polygons.

Given a triangle, use slep to verify that the length and height are perpendicular. Find the area.

Find the area and perimeter of a reabrld shape using a coordinate grid and Google Earth. Select a shape (y
parking lot, school, etc.). Use the tool menu to overlay a doatd grid. Use coordinates to find the perimeter a
area of the shape selected. Determine the scale factor of the picture as related to the actdéiéréalv. Then
find the actual perimeter and area.

Tools/Resources:

G.GPE4

oFinding Equatios of Parallel and Perpendicular LineMathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to understand the relationship between tbé s
parallel and perpendicular lines and, in partamito help identify students who find it difficult to:
WCAYRZ FTNBY (GKSANI Sljdzr GA2yas tAySa GKFG FNB LI NI f¢
wLRSYyGATE YR dzasS AydiSNOSLIGaod
http://map.mathshell.org/materials/lessons.php?taskid=226#task226

lllustrative Mathematicsa L & G KA &  IhttpMBv@.dldstyaf &ngitkematics.org/illustrations/1302

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=226#task226
http://www.illustrativemathematics.org/illustrations/1302
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Geometry Geometric Measurement and Dimension$&sGMD)

Cluster: Explain volume formulas and use them to solve problems.

Standard: G.GMD.1 Give an informal argument for the formulas for the circumference of aegiatka of a
circle, volume of a cylinder, pyramid, and coneda S RA &daSO0GA2y | NBdzySyidasz /|
arguments

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critique the reasonfrajleers  MP.4 Model with mathematics
MP.5 Use appropriate tools strategically.

Gonnections. G.GMD1; G.GMD.3

In Grade 8, students were required to know and use the formulas for volumes of cylinders, cones, and spher
In Grade 7 studentsformally derivel the formula for the area of a circle from the circumference.

In this cluster those formulas are derived by a combination of concrete demonstrations and formal reasoning

Explanaionsand Examples G.GMD.1
Informal arguments for area anglume formulas can make use of the way in which area and volume scale un
similarity transformations: when on figure in the plane results from another by applying similarity transformat
with scale factok; its area isk’ times the area of the fits Similarly volumes of solid figure scald under a
similarity transformation with scale factda
Explain the formulas for the circumference of a circle and the area of circle by determinimgéméng of each
term or factor. Explain the formulas fahe volume of a cylinder, pyramid and cone by determining the meaning
each term or factor.
Unded G YR / I @I f-K SdFoldsihaviedtia seraeiheigihtdind the same caesgional area at every leve
then they have the same volume.
Exampeés:

9 Usethe diagramto give an informal argument for the formula fiinding the area

of a circle.(Thisconcept was introduced in Gradg et

© WAV
r
i

r

1 Justify using the given measurements itwdfthe volume of the Great Pyradchof Gka.
(Dimensions Bownon the diagram below are in royal cubits).

440° 755.7 feet
e 418° 718 feet

-—- 280 ---==

¢ 356° 611.4 feet
280° 480 .9 feet
440
Cotinuedonnext page
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Bxplanaionsand Examples G.GMD.1

1 Explain why the volume of a cylindeMs przh.

1 Prove that the right cylinder and the oblique cylinder have the same volume.

& S e
@ -

Right cylinder Oblique cvlindex

Instructional Stategies G.GMD.1 & G.GMD.3

Revisit formulas €~ RandC= Z r. Observe that the circumference is a little more than three times the diame
of the circle. Briefly discuss the history of this number and attempts to compute its value.

Review alternative ways to derive the formula for the area ofdinele Al =T example,

Cut a cardboard circular disk into 6 congruent sectors and rearrange the pieces to form a shape that looks li
parallelogram with two scalloped edges. Repeat the process with 12 sectors and note how the edges of the
paralSf 2IANI Y 221 aaidNIAIKISNIDE 5Aa0dzaa oKIFG ¢2dzf F
large. Then calculate the area of a parallelogram with ba€a##l altituder to derive the formula A=~ A\

Wind a piece of string or rope form a circular disk and cut it along a radial line. Stack the pieces to form a
triangular shape with bas€and altituder. Again discuss what would happen if the string became thinner and
thinner so that the number of pieces in the stack became irdinitarge. Then calculate the area of the triangle
to derive the formula

A=~ NJ

LYGNRRdzOS / F @FfASNRQa LINAYOALX S dzaAy3a | O2yONBGS
sections of cylinders, pyramids, and cones to justify their volume formulas.

For pyramids and cones, the factdg will need somexplanation. An informal demonstration can be done usin
volume relationship set of plastic shapes that permit one to pour liquid or sand from one shape into another.
Another way to do this for pyramids is with GeoblacR$e set includes three pyraasiwith equal bases and
altitudes that will stack to form a cube. An algebraic approach involves the formula for the sum of sqﬂaré?s (
b X i).

After the coefficient/s has been justified for the formula of the volume of the pyranAd=(1/38h), one can argue
that it must also apply to the formula of the volume of the cone by considering a cone to bemighyhathas a
base with infinitely many sides.

The formulas for volumes of cylinders, pyramids, cones and spheres can be applied to arieigefaroblems

such as finding the capacity of a pipeline; comparing the amount of food in cans of various shapes; compatri
capacities of cylindrical, conical and spherical storage tanks; using pyramids and cones in architecture; etc.
combination of concrete models and formal reasoning to develop conceptual understanding of the volume fo

Catinuedon next page
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Common MisconceptionsG.GMD.1 & G.GMD.3

An informal survey of students from elementary school through college showed the nymitbdre the
mathemaical idea about which more students were curious than any other. There are at least three facets tq
curiosity: thesymbol A 1 8 St FX GKS ydzYoSNJ odmnmMp X YR GKS T3
be addressed here, at least briefly.

Many students want to think of infinity as a numbekvoid this by talking about a quantity that becomes larger g
larger with no upper bound.

The inclusion of the coefficierits in the formulas for the volume of a pyramid or cone dhglin the formula for the
volume of a sphere remains a mystery for many studemshigh school, students should attain a conceptual

understandingpf where thesecoefficientscome from. Concrete demonstrations, such as pouring water from on
shape into another should be folved by more formal reasoning.

Tools/Resources:

lllustrative Mathematicsd ! NB I 2 TFhttp://wevikilNgr&tieinathematics.org/illustrations/1567

lllustrative Mathematicsid / A NI dzY F S NB y Hi@//wavikillustratiGemadigmafics.org/illustrations/1565



http://www.illustrativemathematics.org/illustrations/1567
http://www.illustrativemathematics.org/illustrations/1565
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Geometry Geometric Measurement and Dimension$&GMD)

Clster: Explain volume formulas and use them to solve problems.

Standard: G.GMD3 Use volume formulas for cylinders, pyramids, cones, and spheres to solve proffiejn

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them. MP.4 Model with maf
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategical
MP.3 Construct viable arguments and critique the reasoning of others.

Gonnections. SeeG.GMD.1 Common Misconceptions: SeeG.GMD.1

Explanaionsand Examples G.GMD.3

Missing measures can inclubtlat are not limited to slant height, altitude, height, di@anal of a prism, edge length,
and radius.
Find the volume of cylinders, pyramids, cones and spheres in contextual problems.

Examples:

1 Deermine the volume of the figure below.

1 Find the volume of a cylindrical oatmeal box.

1 Givena threedimensional object, compute the effect on volume of doubling or tripling one or more
dimension(s). For example, how is the volume of a cone affected by doubling the height?

Catinuedon next page
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Bxplanaionsand Examples G.GMD.3

1 Janine is planning on creatjira waterbased centerpiece for each of the 30 tables at her wedding reception.
She has already purchasaaylindrical vase for each table. The radius of the vases is 6 cm. and the hefigh
cm. She intends to fill them half way with water and tlaeld a variety of colored marbles until the waterline
approximately threeguarters of the way up the cylinder. She can buy bags of 100 marbles in 2 different s
with radii of 9mm or 12 mm. A bag of 9 mm marbles costs $3, and a bag of 12 mm roasiée$4.

a. If Janine only bought 9 mm marbles how much would she spend on marbles for the whole reception?
What if Janine only bought 12 mm marbles? (Notemiz imb)

b. Janine wants to spend at most d dollars on marbles. Writstarayof equalities and/or inequalities that she
can use to determine how many marbles of each type she can buy.

c. Based on your answer to part b. How many bags of each size marble should Janine buy if she has $18
wants to buy as many smatlarbles as possible?

Solution:

a. We are looking to fill one fourth of the cylinder's volume with marbles, a volume given by

I?h = In.62 . 28 = 252m em®,

Using the formula for the volume of the sphere, each of the 9mm (= .9cm) marbles has a volume of %n{,QS) or .9721 cm®. So to

fill the desired volume requires -21-;’?22% -. 260 marbles. To obtain 260 marbles per table for each of 30 tables, Janine needs to

purchase 260 - 30 = 7800 marbles. At 100 marbles per $3-bag, this requres 78 bags of marbles, for a total cost of 3 - 78 = 234

dollars. We repeat for the 12mm marbles similarly: Each of the 12mm marbles has a volume of én(l.?}g or 2.3041 cmS. To fill

that volume requires 2521 cn r approximately 110 marbles. Thus 30 tables requires 3300 marbles, which in turn requires 33
q TI04T ¢ Pp y q q

bags of 12mm-marbles. At a cost of $4 per bag, we arrive at a total cost of $132.

b. We have two constraints: 1) that we don't spend more than d dollars, and 2) that we acquire enough volume of marbles to fill the
cylinders to their desired level (approximately a quarter of the cylinder, as in part a). Let s be the number of bags of smaller
(9mm) marbles and b be the number bags of bigger (12mm) marbles.

The first constraint corresponds to the inequality
3.5+4.b<d,

and the second (using calculations from part (a)) is the approximate equality

100 - s -.9721 + 100 - b - 2.304m ~ 252m - 30.
which we can re-arrange more simply as

97.2-5+ 230.4 -b = T560.

c. Since we learned in part (a) that it would require $234 to do the reception entirely with small marbles, she will certainly have to
spend all $180 when maximizing the number of small marbles. Thus we can precede by solving the system of linear equations
below (we have replaced approximations with equalities for the sake of solving the system, and then consider rounding below.)

3:5+4-b=180
97.2-5 4 230.4-b = 7560.

Multiplying the top row by 2}2= 32.4, we get

—97.2-5—-129.6-b = —5832
97.2-54 2304 - b= 7560

Major Clustes Supporting Cluste Additional Clusters
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Tools/Resources:

G/ €t OdzZ F GAyYy 3 +2f dzY § Matheriatics Asyekdtheiy/PRojett 6 2 S O & ¢
This lesson unit is intended to help you assess how well students solve problems involvingemeasuand in particular, to
identify and help students who have the following difficulties:
w/ 2YLMziAy3a YSFAd2NBYSydGa dzaAy3a F2NNdz I aod
w5S02YLRaAy3d O2YLRdzyR aKILJSa Ayid2 aiavYLi SNI 2ySao
w! aAy3 NRIKG GNRFy3It Sa -wordpBobérisSA NI LINPLISNIIASE G2 &azf
http://map.mathshell.org/materials/lessons.php?taskid=216#task216

lllustrative Mathematicsés 2 O 2 NR & ! Lhitg2vvwiiillsBayivéndathematics.org/illustrations/527

Ltfdzad N GAGES G 8§ KBSl Musthativentathematics.orgillustrations/514

Major Clustes Supporting Cluste Additional Clusters
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Geometry Geometric Measurement and Dimension&GGMD)

Clster: Visualizerelationshipsbetween two-dimensional and threedimensional objects.

Standard: G.GMD.4 Identify the shapesf two-dimensional crossections of threedimensional objects, and
identify threedimensional objects generated by rotations of tdimmensional objects

Suggested tandards for Mathematical Practice (MP):

MP.4 Model with mathematics. MP.7 Look for and make use of structure.
MP.5 Use ppropriate tools strategically.

Gonnections:
Slices of rectangular prisms and pyramids were explored in Grabiehigh school, the concept is extended to a
wider class of solids.

Students who eventually take calculus will learn how to compute volumes of solids of revolution by a method
involving crossectional disks.

Bxplanaionsand Examples G.GMD4

Given a threadimensional object, identify the shape madeavhthe object is cut into crossections.

When rotating a twedimensional figure, such as a square, know the thteensional figure that is generated,
such as a cylinder. Understand that a cross section of a solid is an intersection of a pladien@sional and a
solid (threedimensional).

Students may use geometric simulation software to model figures and create cross sectional views.

Examples:
1 Identify the shape of the vertical, horizontal, and other cross sections of a rectangular prism.

1 Identify the shape of the vertical, horizontal, and other cross sections of a rectangular prism.

Cotinuedon next page
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Bxplanaionsand Examples G.GMD.4

1 The official diameter of a tennis ball, as defined by the International Tennis Federation, is at leagt¢hBg5
and at most 2.700 inches. Tennis balls are sold in cylindrical containers that contain three balls each. T
the container and the balls in it, we will assume that the balls are 2.7 inches in diameter and that the cont
is a cylinder thénterior of which measures 2.7 inches in diameter 8nd2.7=8.1inches high.

a. Lying on its side, the container passes through-gayXcanner in an airport.
If the material of the container is opaque terdys, what outline will appear?
With what dimensions?

b. If the material of the container is partially opaque toeXs and the material
of the balls is completely opaque terys, what will the outline look like (still
assuming the can is lying on its side)?

¢. Thecentral axisof the cortainer is a line that passes through the centers of
the top and bottom. If one cuts the container and balls by a plane passing
through the central axis, what does the intersection of the plane with the
container and balls look like? (The intersectionl$® &alled aross section
Imagine putting the cut surface on an ink pad and then stamping a piece of
paper. The stamped image is a picture of the intersection.)

d. If the canis cut by a plane parallel to the central axis, but at a distance of 1
inchfrom the axis, what will the intersection of this plane with the container and
balls look like?

e. If the can is cut by a plane parallel to one end of tha @horizontal
planet what are the possible appearances of the intersections?

f. A crosssectbn by a horizontal plane at a heighth85+w inches from the
bottom is made, with0 <w <1.35(so the bottom ball is cut)What is the area of
the portion of the cross section inside the container but outside the tennis ball?

g. Suppose the carsicut by a plane parallel to the central axis but at a distaneein€hes from the axis
(0<w < 1.35). What fractional part of the cross section of the container is inside of a tennis ball?
Solution (This task connects wittomainG.MG)
a. Theshadow is a rectangle measuring 2.7 inches by 8.1 inches.

b. The shadow is a light rectangle (2.7 x 8.1 inches) with three
disks inside. It looks like a traffic light:

c. The image is similar to the previous one, but now only the outlines are seen

Catinuedon next page
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Explanaionsand Examples G.GMD.4

d. The intersection with the container is a narrower rectangle. The intersections with the balls are smaller ci
. SO0ldzaS SIOK oFff (2dz0OKSa GKS O2y il Ay SNingsides gfihe A (i
rectangle:

e. The intersections are two concentric circles, except wher0,2.7,5.4,8.1and whenw =1.354.056.75.
In the former case, we see a circle (from the container) and a point (where the plane touches a sphere).
In the latter case, we see a single circle corresponding to a place where the equator of a ball touches the cor

Pl 70 N ol S\ /_\
f \ f P \ { ‘/" N A {/ \ f
\ ___/' \ ____/" "\__‘ R _._/‘ \ ,/ \ > /

f. The intersection of the plane with the interior of thentainerA & + RA &1 2F NI RA dzad Zinfe
The intergction with theballis a smaller disk that is contained in the first disk. The radifishe smaller disk is the
square root of (1.3§)B w?, as we see from the diagram below depicting the intersection of a plane through the
central axis of thecontaidé) g A 1K (G KS o620d2Y ol ftfo ¢KEEE). décSdingly
GKS FNBF AyaAaARS (KS f I NEENILRROA RBHRG Migkdzii®o MREH (G K S a
of the ball does not appear expligitin the expression for this annular area.)

g. Referring to Problem d), we see that we wish to find the ratio of the total area of three congruent disks to 1
area of a rectangle, one of whose dimensions is equal to the diameter of the disksame picture used in the

previous problem, but interpreted as a view from one end of the container, gives us the radius of the small dis
oy a2
(1.35)2 -

namely »/ w” , so the total area of the disks3‘s((1.35)2Bw2).
f 2 2 L )
The area of the rectangle (8.1)2+/(1.35)* - w= . So, the ratio is (32— ny/(L357 — 2
- 54

(8.1)2 \..f'll(1.35)2—w2

Catinuedonnext page
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Instructional Strategies G.GMD.4

Review vocabulary for names of solids (e.g., right prism, cylinder, cone, sphere, etc.).

Slice varios solids to illustrate their cross sectiorfsor example, cross sections of a cube can be triangles,
guadrilaterals or hexagons. Rubber bands may also be stretched around a solid to show a cross section.

Cut a haHinch slit in the end of a drinking stka and insert a cardboard cutout shape. Rotate the straw and obs
the three-dimensional solid of revolution generated by the tdisnensional cutout.

Java applets on some web sites can also be used to illustrate cross sections or solids of revolution.

Encourage students to create thregmensional models to be sliced and cardboard cutouts to be rotated.
Students can also make thretmensional models out of modeling clay and slice through them with a plastic
knife.

Common MisconceptionsG.GMD.4

Some cross sections are more difficult to visualize than others. For example, it is often easier to visualize a
rectangular cross section of a cube than a hexagonal cross section.

Generating solids of revolution involves motion and is difficult to visualize by merely looking at drawings.

Tools/Resources:

@D Representations of 3D ObjectsMathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to visualtdinemgional crossections
of representdions of threedimensional objects. In particular, the lesson will help you identify and help students who have
difficulties recognizing and drawing twimensional crossections at different points along a plane of a representation of a
three-dimensional object.
http://map.mathshell.org/materials/lessons.php?taskid=439#task439

lllustrative Mathematicsé¢ Sy y A & . I fhitpd/wwiwlluskrativernaghématics.org/illustrations/512

lllustrative MathematicséDf 201 f t 2aAGA2yAy3a {@adaSy L¢é
http://www.illustrativemathematics.org/illustrations/1215
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Geometry Modeling with Geometry (GMG)

Cluster: Apply geometric concepts in modeling situations.

Standard: G.MG.1 Use geometric shapes, their measurasd their properties to describe object®.g.,
modeling a tree trunk or a human torso as a cylindg(.)

Suggested tandards for Mathematical Practice (MP):

MP.4 Model with mathematics. MP.7 Look for and make use of stry
MP.5 Use appropriate tools strategically.

Gonnections. G.MG.13
Modelingactivitiesare a good way to show connectionsamongvariousbranchesof mathematics

Bxplanaionsand Examples G.MG.1

Focus on situations that require relating twand three dimensional objects.

Estimate measures (circumference, area, perimeter, meluof realworld objects using comparable geometric
shapes or threaimensional objects.

Apply the properties of geometric figures to comparable +walld objects (e.g., The spokes of a wheel of a bicy
are equal lengths because they represent the irafla circle).
Students may us simulation software and modeling software to explore which model best describes a set of (
situation.

Examples:

1 Howcan you model objects in your classroom as geometric shapes?

9 Picture a roll of toilet paper; assiwe that the paper in the roll is very tightly rolled. Assuming that the paper
the roll is very thin, find a relationship between the thickness of the paper, the inner and outer radii of the
and the length of the paper in the roll.

Express youanswer as an algebraic formula involving the four listed variables.

The purpose of this task is to engage students in geometric modeling, and in particular to deduce algebrg
relationships between variables stemming from geometric constraints. The mgd®iocess is a challenging
one, and will likely elicit a variety of attempts from the students. Teachers should expect to spend time g
students away from overly complicated models. Similarly, the task presents one solution, but alternativey
abourd: For example, students could imagine slicing the roll along a radius, unraveling theeuntss into a
sequence of trapezoids whose area can be computed.

Cotinuedon next page
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Explanaionsand Examples G.MG.1

Solution

We begin by labelig the variables, for which the above diagrams may be usefult degtote the thickness of the
paper, letr denote the inner radius, leRdenote the outer radius and létdenote the length of the paper, all

measured in inches. We now consider the afemeasured in square inches, of the annular ciesstion displayed
at the top of the first image, consisting of concentric circles. Namely, we see that this area can be expresseq
ways: First, since this area is the area of the circle of ralinimus the area of the circle of radiusve learn that

A="(Rbr?).

Second, if the paper were unrolled, laid on a (very long) table and viewed from the side, we would see a very
thin rectangle. When the paper is rolled up, this rectangle is distorteds-lasisuming r is large in comparisontte
the area of the distorted rectangle is nearly identical to that of the flat oAs.in the second figure, the formula fa
the area of a rectangle now gives=t t L.

Comparing the two formulas for A, we find that the four variables are related byt L=" (R2 b r2).

Instructional Strategies G.MG.%13

Genuine mathematical modeling typically involves more than one conceptual category. For example, model
herd of wild animals may involve geometry, measurement, proportional reasoning, estimptaability and
statistics, functions, and algebra. It would be somewhat misleading to try to teach a unit with the title of
GY2RStAYy3 gAGK 3IS2YSGNR®E LyadSIRY GKSasS aidl yRIN

A challenge for teaching modelimgyfinding problems that are interesting and relevant to high school students
lYyRT G GKS ary$S GAYS:E az2tglrotS gAGK GKS YFUGKSY!
are a beginning for addressing this difficulty.
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Common Misconeptions: G.MG.13
2 KSy aiddzRSyida Fal G2 aSS adzaS¥dzZ ¢ YIFGKSYFGAOaAx: ¢4
O2yOSLJi 2NJalAff G2 az2t@dS GKS K2YS@2N] LINRBOf SYyad
problems in whichihe path to the solution is not obvious. Geometry may be one of several tools that can be

Tools/Resources:

G.MG.13

oModeling: Rolling Cupg Mathematics Assessment Project
This lesson unit is intended to help you assess how well studeatsble to:

w/ K2248S F LIINZLINARIF (S Youtingpgomemi A 0a G2 a2t 3S | yz2y
wDSYSNY (S dzaSFdA REGI o6& a2adSYLdAaoOrtte O2yGNREffAY
w5S@St 2L SELISNAYSYy(Gdlt FyYyR FylrtedAaolrt Y2RSta 2F | L

http://map.mathshell.org/materials/lessons.php?taskid=428#task428

lllustrative Mathematics 2 Ay a Ay | OnkpVddweli luptdativ@méthie®aids.org/illustrations/720

[llustrative MathematicsiéEratosthenes and the circumference of the earth
http://www.illustrativemathematics.org/ilistrations/1141

lllustrative MathematicsdRegular Tessellations of the plane
http://www.illustrativemathematics.org/illustrations/1125

lllustrative Mathematicsd wdzy' Yy A y 3 | NRhtipJ/Rwwillusirdtiyed&dtherhaics.org/illustrations/1127
lllustrative Mathematicsd wdzy y A y 3 | NRhtipZ/Rwwillusiraiye@dtheratics.org/illustrations/1128
lllustrative Mathematicsé t | LIS Nbttp:/fwiviBustrativemathematics.org/illustrations/415

G.MG1
lllustrative Mathematicsa¢ KS [ A 3K (0 K 2 ttp:Bwwiv. NBttivédthematics.org/illustrations/397

lllustrative Mathematis: éHexagonal Pattern of Beehives
http://www.illustrativemathematics.org/illustrations/1126

[llustrative MathematicsdTilt of earth's axis and the four seaséns
http://www.illustrativemathematics.org/illustrations/1140

lllustrative Mathematics{ 2 t I NJ ifpf// dwwiall$seativemathematics.org/illustrations/1145
lllustrative Mathematicso¢ 2 A £ S ihttpW\BV\iwfiIIéstrativemathematics.orq/ilIustrations/40

lllustrativeMathematics:6Df 20t t 2aAGA2yAy3 {@8aGSY LLE
http://www.illustrativemathematics.org/illustrations/1202

lllustrative MathematicsidHow far is the horizoré? http://www.illustrativemathematics.org/illustrations/1591

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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http://www.illustrativemathematics.org/illustrations/1125
http://www.illustrativemathematics.org/illustrations/1127
http://www.illustrativemathematics.org/illustrations/1128
http://www.illustrativemathematics.org/illustrations/415
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http://www.illustrativemathematics.org/illustrations/40
http://www.illustrativemathematics.org/illustrations/1202
http://www.illustrativemathematics.org/illustrations/1591




238

Geometry Modeling with Geometry (GMG)

Standard: - Apply concepts of density based on area and volume in modeling situations (e.g., persons
per square mile, BTUs per cubic foot). (E)

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevia solving them. MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.

Connections: SeeG.MG.1 Common Misconceptions:SeeG.MG.1

Bxplanaionsand Examples G.MG.1

Decide whether it is best to calculate or estimate the area or volume of a geometric figure and perform the
calculation orestimation.

Students may us simulation software and modeling software to explore which model best describes a set of (
situation.

Examples:
f Wichita, Kansashasnn S Hon LIS2LX S GAGKAY mMcpdd aldzZ NB YAf

1 Consilerthe two boxes below. Each box has the same volume. If each ball has thensas) which box
would weight more? Why

BlockI BlockIT
Mass=79.4 grams Mass =254 grams
Volume=298 cubiccm  Volume = 29.8 cubic cm

1 AKing Size waterbed has the following dimensions 72 in. X 84 in. X 9.5in. It takes 240.7 gallongafilvaty
it which would weigh 2071 pound&¥hat is the weight of a cubic foot of water?

Instructional Strategies See-L
Major Clustes Supporting Cluste Additional Clusters
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Tools/Resources:
G.MG.22

LffdaGNI 0ADBS al KSYFGAOQAY al 26 Ylye OStfa I NB Ay
http://www.illustrativemathematics.org/illustrations/1146

LffdzaGNI GABS al 6KSYFGAOAY Gl 26 Ylye tSI@Sa 2y |
http://www.illustrativemathematics.org/illustrations/1137

LffdadaGNI 0ABS al GKSYIFGAQAY Gl 26 Ylye Sl @Sa 2y |
http://www.illustrativemathematics.org/illustrations/1138

LffdzaaGNI GADBS al §KSYLF (A GipYwwwilusatveniathemdtics.ohghllusiratioas?l K78
Lff dza G NI (A O Sow thickliska8oda o€ ChitpY/wwwiillustrativemathematics.org/illustrations/1192

LffdAaGNI A OSNAKEKSREAAODER (KS YAy3IUua ONRgyE
http://www.illustrativemathematics.org/illustrations/1144

LffdzaGNI GAOSYRAEKESYWEaYOaYlIyR GKS D2t RSy {GF (dzS¢
http://www.illustrativemathematics.org/illustrations/1439

Major Clsters Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Geometry Modeling with Geometry (GMG)

Clster: Apply geometric concepts in modeling situations.

Standard: G.MG.3 Apply geometric method® solve design problems (e.g., designing an object or structu
to satisfy physical constraints or minimize cost; working with typographic grid systems based on(i&jios).

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them. MP.4 Model with mathemat|
MP.5 Use appropriate tools strategically.

Gonnections. SeeG.MG.1 Common Misconceptions:SeeG.MG.1

Explanaionsand Exampls G.MG.3

Create a visual represtation of a design problem and solve using a geometric model (graph, equation, table,

formula).
Interpret the results and make conclusions based on the geometric model.
Students may us simulation software and modeling software to explore which modeldsssilubs a set of data or

situation.

Examples:

1 Given one geometric solid, design a different geometric solid that will hold the same amount of substance
a cone to a prism).

1 This paper clip is just over 4 cm long.

0 0 O 0 O 0 O 0

y’ ww
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\ 1 | ] ]
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\ NG44 : : -4 ._‘,l
5 — 4 /
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T TTTT /{:'
T 3 1 L
T L

i
1 |
[

How many pper clips like this may be made from a straight piece of wire 10 meters long?

In this task, a typographic grid system serves as the background for a standard pap&maéfric measuremen|
scale is drawn across the bottom of the grid and the pappresitends in both directions slightly beyond the gt
Students are given the approximate length of the paper clip and determine the number of like paper clips
from a given length of wireExtending the paper clip beyond the grid provides an oppatyuo include an

estimation component in the problem. In the interest of opemded problem solving, no scaffolding or additio
guestions are posed in this task. The paper clip modeled in this problem is an actual large standard paper

Major Clustes Supporting Cluste Additional Clusters
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Explanaionsand Examples G.MG.3

Sample Response:

One approach is to divide the paper clip into vertical regions, and then to use the measurement grid to determine the length of the
straight sections and estimate the length of the curved sections using a string or thin wire in conjunction with the measurement scale
provided. One such division is accomplished using three vertical dividers splitting the paper clip into four distinct regions as shown.

1 I 1
A . B g % 1 D
IIllIIllIllIIIIIlllIllIlll:lllllllll‘l%%
1 v
P amn T “\k:
/ yan 1 J- 1 N
/. - \
[ : i \ VI \
( . T\ 2 \
\ n L] 1 L) 1
L . : ] . ]
\ A} 1 u 7 L ]
NG sy
r g . 8 <1
HHHHH . S
IlllllllIl[llllllllllllllll lI[I|I‘II[
L 1 : ] ] 1 N L 41 |
0 : 1 2 . 3 ” 4
1 I |
Regions Number of Linear Sections Number of Curved Sections
Region A 0 1
Region B 4 0
Region C 2 1
Region D 0 1

The lengths of the linear sections were determined using the gridlines. The estimations of the lengths of the curved sections were
determined using a string or thin wire in conjunction with the measurement scale provided.

Regions ?ﬂ:ta:du;re::x:u_:!:;;rsnt)!cﬁons Estimated Measurement of Curved Sections
Region A 2.5cm

Region B 1.8cm, 1.5cm, 1.8cm, 1.5cm

Region C 0.8cm, 0.8cm 1.6cm

Region D 2.5cm

The length of wire needed to manufacture one paper clip is now approximately:

l8cm+ 15em+ 18cm+ 15cm+0.8cm+ 08cm+ 2.5cm+ 1.6 cm+ 2.5 cm = 14.8 em

The length of the straight piece of wire is 10 meters. Since 1 meter is the same as 100 centimeters, 10 meters is 10 - 100 = 1000
centimeters. Finally, we find that at 14.8 cm per paper clip, 1000 centimeters will produce approximately

1000

Tais =~ 67.6 paper clips.

Since we can only make a whole number of paper clips, we conclude that approximately 67 paper clips may be manufactured from a
straight piece of wire 10 meters in length.

Instructional Strategies See-L

Tools/Resources:

llustrative Mathematicsd t | LIS Nbttp:/fwinwiLBustrativemathematics.orgl/illustrations/415
lllustrative Mathematicsa L OS / NB hthg://wwd.yuStéativemathematics.org/illustrations/414
lllustrative Mathematicsa { I G S hitp:Awiivs.lustrativemathematics.org/illustrations/416

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Conceptual Category Statistics and Probabil{ty)

Decsions or predictions are often based on dataumbers in context. These decisions or predictions would be
easy if the data always sent a clear message, but the message is often obscured by variability. Statistics provi
tools for describing variabilityidata and for making informed decisions that take it intocunt.

Data are gathered, displayed, summarized, examined, and interpreted to discdtemgaand deviations from
patterns. Quantitative data can be described in terms of key characteristiessures of shape, center, and
spread. The shape of a data distribution might be described as symmetric, skewed, flat, or bell shaped, and it
might be sumnarized by a statistic measuring center (such as mean or median) and a statisgermgapread
(sueh as standard deviation or interquartile rang®ifferent distributions can be compared numerically using
these statistics or compared ually using plots Knowledge of center and spread are not enough to describe a
distribution. Which statistics toarnpare, which plots to use, and what the results of a comparison might mean,
depend on the question to bevestigated and the redife actions to be taken.

Randomization has two important uses in drawing statistical conclusieinst, colleting datafrom a random
sample of a population makes it possible to draw valid agichs about the whole population, taking

varnability into account. Second, randomlgsagning individuals to different treatments allows a fair comparison
of the effectiveness ofose treatments. A statigtally significant outcome is one that is unlikely to be due to
chance alone, and this can be evaluated only under the condition of randommkesconditions under which
data are collected are important in drawing conclusiomsrfrthe data; in critically reviewing uses of statistics

in public media and other reports, it is impant to consider the study design, how the data were gathered,
and the analysesmployed as well as the data summaries and the agichs drawn.

Randan processes can be described mathematically by using a probability model: a list or description of the
possible outcomes (the sample space), each of which is assigned a probability. In situations such as flipping a
coin, rolling a number cube, or drawingard, it might be reasonable to assume various outcomes are equally
likely. In a probality model, sample points represent outcomes and combine to make up events; piitibabil

of events can be coputed by applying the Addition and Multiplication Rulbgerpreting these probabilities

relies on an understanding of independence and conditional probability, which can be approached through the
analysis of tweway tables.

Technology plays an important role in statistics and probability by making it ppssigénerate plots,
regression functions, and correlation coefficients, and to simulate many possible outcomes in a short amount
of time.

Connections to Functions and Modelingunctions may be used to describe data; if the data suggéastar |
relationship, the relationship can be modeled with a regression line, and its strength and direction can be
expressed through a correlation coefficient.
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Statistics and Probabilitystandards Overview

Note: Thestandards identified with at) contain additionalmathematicsthat studentsshouldlearn in order to take advanced
coursessuchascalculus, advanced statisticsor discrete mathematicsthat go beyamd the mathematicsthat all students should
studyin orderto be college- and career-ready. Explanations and examples of these standards are not included in this document

Modeling Standards: All standardswithin the Statistics and Probability conceptual categaoe/specified asnodeling
standards(E) (RETURN TO PG.5)

Interpreting Categorical and Quantitative Datge) (SID)

w Summarize, represent, and interpret data on a single count or measurement variable.
SID.1 S.ID.2 SiBB S.D.4
w Summarize, represent, and interpret data on two categorical and quantitative variables.

1 Interpret linear models.
S.ID.7 S.D.8 Sibb

Making Inferences and Justifying Conclusioges) (SIC)

wBUnderstand and evaluate random processes underlying statistical experim

S.IC.1 S.C.2
w Make inferences and justify conclusions from sample surveys, experimantsobservational studies.
Sk s.IC4 SIC5 S.C.6

Conditional Probability and the Rules of Probabilitg) (SCP)
w Understand independence and conditional probability and use them to interpret data.
S.CP.1 S.CP.2 S.CP.3 S.CP4 S.CP.5

w Use the rules of probability to compute probabilities of compound events in a uniform probability
S.CP.6 S.CP.7 S.CP.8(+) S.CP.9 (+)

Using Probability to Make Decisiors) () (SMD)

The standards in this domainagoeyond the mathematicsthat all studentsshould study in orderto be college- and career-
ready. The clusteyand standarddisted are not included in this document.

w Calculate expected values and use them to solve problems.
S.MD.1(+) S.MD.2(+) S.MD.3(+) S.MD.4 (+)

{1 Use probability to evaluate outcomes of decisions.
S.MD.5(+)  S.MD.6 (+) S.MD.7 (+)

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Statistics and Probability Interpreting Categorical and @antitative Data® (SID)

Cluster: Summarize, represent, and interpret data on a single count or measurement variable.

Standard: SID.1 Represent data with plots on the real number line (dot plots, histograms, and box (eqts).

Sug@sted $andards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them. MP.4 Model with mathemat
MP.5 Use appropriate tools strategically.

Gonnections. S.D.1-4

The fourstep statistical process was introduced in Grade 6, with the recognition of statistical questiongddle
school students describe center and spread in a data distributddrihe high school level, students need to beco
proficient in the first step of generating meaningful questiamsl choose a summary statisippropriate to the
characteristicof the data distributionsuch as the shape of the distribution or the existence of extreme data poi

Explanaionsand Examples SID.1

A statistical process is a problesonlving process consisting of four steps:

1. formulating a statistical question that anticipates variability and can be answered by data
2. designing and implementing a plan that collects appropriate data.

3. analyzing the data by graphical and/or numerical methods.

4. interpreting the analysis in the context of the original question.

Graph numerical data on a real number line using dot plots, histograms, and box plots.
Analyze the strengths and weakness irdrdrin each type of plot by comparing different plots of the same data.
Describe and give a simple interpretation of a graphical representation of data.

Examples:

9 The following data set shows the number of songs downloaded in one week by each studiest Jones class|
10, 20, 12, 14, 12, 27, 88, 2, 7, 30, 16, 16, 32, 25, 15, 4, 0, 15, 6.

Choose and create a plot to represent the data.

1 On the midterm math exam, students had the following scores:
95, 45, 37, 82, 90, 100, 91, 78, 67, 84, 85, 85, B0, 92, 76, 84, 100, 59, 92, 77, 68, and 88.

What are the strengths and weaknesses of presenting this data in a certain type of plot for:
0 Students in a class?
o Parents?
0 The school board?

Catinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opprtunities(DO)
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Explanaionsand Examples SID.1

1 A movie theater recorded the number of tickets sold for two movieseach day during ane week. Box plots of the
data are shownbelow.

Tickets Sold for Two Movies
Movie X —_ [ e

Movie Y — T

1 I 1 Il | 1 1 1 1 | |
T T T T T T T T T T

350 400 450 500 550 600 650 700 750 800 85

Number of Tickets Sold Daily

Based on the boxplot, determine whether each ofthe following statementsis true, false, or @nnot be
determined from the information given in the box plot.

True False I::::t::;ti::d
The mean number of tickets sold for Movie X is greatq
than the mean number of tickets sold for Movie Y. O O O
The median number of tickets sold for Movie X is gred
than the mean number of tickets sold foravie Y. O O O

The interguartile range of the number of tickets sold fq

Movie X is greater than the interquartile range of the O O O
numbher of tickets sald for Movie Y.

Solution Row 1: Cannot be determined; Row 2: True; Row 3: True

Instructional Strategies:S.ID1-4

It is helpful for students to understand that a statistical process is a probl#wing process coisting of four steps
Opportunities should be provided for students to work through the statistical prodesGrades @, learning has

focused on parts of this procesblow is a good time to investigate a problem of interest to the students and fo
it through. The richer the question formulated, the more interesting is the procdgsachers and students should
make extensive use of resources to perfect this very important first step. Global web resources can inspire p

Help students to clerly distinguish between categorical and numerical variables by providing multiple examplg
each type.

{2YS aiddRSydGa YI& yYSKR AiS2RE FI A @ASiike b @ Saf fd KSe L
with data, begin to include data setgth outliers and noANormal shapes.
Although this domain addresses both categorical and quantitative data, there is no reference in the Standarc
to categorical dataNote that Standard 5 in the next cluster (Summarize, represent, and interptatah two

categorical and quantitative variables) addresses analysis for two categorical variables on the same subject

To prepare for interpreting two categorical variables in Standard 5, this would be a good place to discuss grz
one categoricavariable (bar graph, pie graph) and measure of center (mode).

Catinuedonnext page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Instructional Strategies:S.ID.14

Have students practice their understanding of the different types of graphs for categorical and numerical var
by constructing statistical posterflote that a bar graph for categorical data may have frequency on the vertic
0a0GdzRSY (1 Qa LIATTEF LINSBTSNBYyOSa0 2NJ YSI ddaB)YSyid 2y

Measures of center and spread for data sets without outliers are the medrstamdard deviation, whereas
median and interquartile range are better measures for data sets with outliers.

Introduce the formula of standard deviation by reviewing the previously learned MAD (mean absolute deviat
The MAD is very intuitive and giva solid foundation for developing the more complicated standard deviation
measure.

Informally observing the extent to which two boxplots or two dot plots overlap begins the discussion of drawi
inferential conclusions5 2 y Qi & K 2 NIi O dza coingaring tw@ data Set810+ G A 2 Y

As histograms for various data sets are drawn, common shapes appear. To characterize the shapes, curve
41 SGO0KSR GKNRddzZAK G(GKS YARLRAy(Ga 2F (GKS (2La 2F (K
unimodal curve that has specific areas within one, two, and three standard deviations of its mean. It is called
Normal distribution and students need to be able to find areas (probabilities) for various events using tables
graphing calculator.

Comnon Misconceptions:S.ID.14

Students may believe:
That a bar graph and a histogram are the same. A bar graph is appropriate when the horizontal axis has cati
and the vertical axis is labeled by either frequency (e.g., book titles on the horiamat@lumber of students who
like the respective books on the vertical) or measurement of some numerical variable (e.g., days of the week
horizontal and median length of root growth of radish seeds on the vertical). A histogram has units of mMeas
of a numerical variable on the horizontal (e.g., ages with intervals of equal length).

That the lengths of the intervals of a boxplot (min,Q1), (Q1,Q2), (Q2,Q3), (Q3,max) are related to the numbe
subjects in each interval. Students should untierd that each interval theoretically contains ofaurth of the
total number of subjects. Sketching an accompanying histogram and constructing a live boxplot may help in
alleviating this misconception.

That all belishaped curves are normal distributis. For a bekkhaped curve to be Normal, there needs to be 689
the distribution within one standard deviation of the mean, 95% within two, and 99.7% within three standard
deviations.

Cotinuedonnext page
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Tools/Resources

SID

G 5SaONA LI A-ByagN¥iAlgébkad KddWex2This Module includes lessons for standards S-H5-9)
In this module, students reconnect with and deepen their understanding of statistics and probability concepts first irdro
in Grades 6, 7, and 8. Students deyedoset of tools for understanding and interpreting variability in data, and begin to m
more informed decisions from data. They work with data distributions of various shapes, centers, and spreads. Studer
on their experience with bivariatguantitative data from Grade 8. This module sets the stage for more extensive work w|

sampling and inference in later grades.
http://www.engageny.org/resource/algebramodule-2

S.ID.14
oRepresenting Data 1: Using Frequency Graphdathematics Assessment Project

This lesson unit is intended to help you assess how well students:
w! N5 FofS (2 dz&S FNBIdzSyoOe 3INI LKA (2 aeRrbafdaivofidcoritextNI

w! YRSNAEGIYR GKIFG F t£FNBS ydzYoSNI 2F RIFEGE LRAydGa I|f¢
distribution.

http://map.mathshell.org/materials/lessons.php?taskid=404#task404

O0Representing Data 2: Using Box F@tdathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to interpret data using frequenangrapis

plots. In particular this unit aims to identify and help students who have difficulty figuring out the data points and aprea
data from frequency graphs and box plots. It is advisable to use the lesson: Representing Data hciFrégaghs, before

this one http://map.mathshell.org/materials/lessons.php?taskid=423#task423

Lff dza 0 N» G A @ BccumaeyloKCargdn (4ADGt ey | a
http://www.illustrativemathematics.org/illustrations/782

S.ID.13
Lff dza NI GA GBI & ND &z8http:/adivdiliusgtrativecnathematics.org/illustrations/942

LffdzadNF GAJDE LIS B R K GMIWMA. iuatrétivemathematics.org/illustrations/1027

For detailed information seddigh School Statistics and Probabil@rogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_pregsion_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Statistics and Probability Interpreting Categorical and @antitative Data® (SID)

Cluster: Summarize, represent, and interpret data on a single count or measurement variable.

Standard: SID.2 Use statistics appropriate to the shape of the data distribution to compare center (media
mean) and spread (interquartile range, standard deviation) of two or more different data(sets.

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving thei?.5 Use appropriate tools strategilya
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structu
MP 3 Construct viable arguments and critique the reasoning of others.

MP.4 Model with mathematics.

Gonnections. SeeS.ID.1 Common MisconceptionsSeeS.1D1

Bxplanaionsand Examples SID.2

Given two sets of data or two graphs, identify the similarities and differences in shape, center and spread.
Compare data sets and be able to summarizesinalarities and difference between the shape, and measures g
center and spreads of the data sets.

Use the correct measure of center and spread to describe a distribution that is symmetric or skewed.

Identify outliers and their effects on data sets.

Students may use spreadsheets, graphing calculators and statistical software for calculations, summaries, ar
comparisons of data sets.

Examples:

9 The box plots show the distribution of scores on a district writing test of two classes at a school.
Comparehe range and medians of the scores form the two classes.

——— | —
| o ————

9 Given a set of test scores: 99, 96, 94, 93, 90, 88, 86, 77, 70, 68, find the mean, median, and standard d¢
Explain how the values vary about the mean andliae. What information does this give the teacher?

Continued on next pag
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Bxplanaionsand Examples SID.2

1 The fiequencydistributionsof two data sets are shownin the dot dots below.

Data Set 1 Data Set 2
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For each of the following statistics, determiwtiether the value of the statistic is greater for Data Set 1,
equal for both data sets, or greater for Data Set 2.

Greater for | Equal for Both | Greater for
Data Set 1 Data Sets Data Set 2

Mean

Median

Standard
Deviation

Solution:
Row 1: Greater for Daa Set 1
Row 2: Equal for both data sets
Row 3: Greater for Daa Set 1

Instructional Strategies SeeSID.1

Tools/Resources

SID

a5 SaONA LI A-ByageNMIgabkad Kdd@de2§This Module includes lessons for standards S-E)5-9)
In this module, students reconnect with and deepen their understandirgjatistics and probability concepts first introduce
in Grades 6, 7, and 8. Students develop a set of tools for understanding and interpreting variability in data, andrbakn
more informed decisions from data. They work with data distributiohgarious shapes, centers, and spreads. Students b
on their experience with bivariate quantitative data from Grade 8. This module sets the stage for more extensive work
sampling and inference in later grades.
http://www.engageny.org/resource/algebramodule2

S.ID.13
LffdzaGNT A @B a ND &z8http:/AvEvdiliustrativecnathematics.org/illustrations/942

Ltf dza G NI (A @6 LIS B R K EtMIwikik.iDuatrétiveméathematics.org/illustrations/1027

For detailed information seddigh SchooStatistics and ProbabilitProgression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.engageny.org/resource/algebra-i-module-2
http://www.illustrativemathematics.org/illustrations/942
http://www.illustrativemathematics.org/illustrations/1027
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Interpreting Categorical and Quantitative Data (SID)

Cluster: Summarize, represent, and interpret data on a single count or measurement variable.

Standard: - Interpret differencesn shape, center, and spread in the context of the data sets, account
for possible effects of extreme data points (outlierg))

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theviP.5 Use appropriate tools strategically
MP.2 Reason abstractly and quantitatively. MP.7 Look foand make use of structure
MP.3 Construct viable arguments and critique the reasoning of others.
MP.4 Model with mathematics.

Gonnections. SeeS.ID.1 Common MisconceptionsSeeS.ID.1

Explanaionsand Examples -

Use data from multiple sources to interpret differences in shape, center and spread.
Discuss the effect of outliers on m&ures of center and spread and the effect on the shape.
Predict the effect an outlier will have on the shape, center, and spread of a data set.
Decide whether to include the outliers as part of the data set or to remove them.

Students may use spreadsheegraphing calculate and statistical software to statistically identify outliers and
analyze data sets with and without outliers as appropriate.
Examples:

1 The box plots show the distribution of scores on a district writing test of two classes a@.sch
Which class performed better? Justify your conclusion.

—_—
== ————

1 Findtwo similar data sets A and B. Choose and create a plot or graph to represent the data.
What changes would need to be made to data set A to make it look like data set B?

Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples -
9 The ages of the students in a certain high school are to be graphed on a set of parallel box plots accordir
the following:
Set I: All seniors in the school (grade 12)
Set II: All students irhe school (grades 9 through 12)
In the figure below, drag each of the two box plots into position above the number line to approximate the
ages of the two sets of student3.o do this:
o Hrstmove eachboxplot at an appropriate location according toits center.
0 Then drag eachendpoint to stretch the boxplot to represent the spread.
Note: There are no odliersin either set.
I. Seniors Only [}~

IL. All Students +{[]-

1 1 1 1 Il 1 1 Il 1
T T T T T T T T T

12 13 14 15 16 17 18 19 20

Age in years

Solution:

1. Seniors Only ._ED_.
II. All Students e

Age in years
Graphs should show: Median of | >Medianof 1l Range of | < Range of Il Maxof | >XMax of I

1 The bt plots below compare the number of minutes 30 flights made by two airlines arrived before or
after their scheduled arrival times.

Airline P
L ] L
[ ] L L ] [ ]
[ ] [ ] L ] [ ] [ ]
) [ L ] L ] [ ] [ ] @ ®
L ] @ L ] L ] L ] L ] L ] L ] L ] 2 L ]
—4'5 —4IO —3|5 —310 —2|5 —2IO —1l5 —1I0 —5I (IJ é 1|0 1|5 2|0 2l5 3IO 3|5 4'0 4I5 5|0 5|5 6|O 6|5
@& & 3 L ] L ] b @ £l L ] [ ] & @ 8 & &
& k3 [ L ] L ] L ] [ ] L ] &
® ] ®
]
L J
L J
Airline Q

0 Negative numbers represent the minutes the flight arriveedore its scheduled time.
o Positive numbers represent thinutes the flight arrivedfter its scheduled time.
0 Zero indicates the flight arriveat its scheduled time.

Based on these data, from which airline will you choose to buy your ticket?

Use the ideas of center and spread to justify your choice. .
Catinuedonnext page

Major Clustes Supporing Cluster Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples -

Sample Response

| would choose to buy the ticket from Airline P. Both airlines are likely to have-amerarrival since they both
have median values at 0. However, Airline Q has a much greater range in arrivalAiimies. Q could arrive
anywhere from 35 minutes early to 60 minutes late. For Airline P, this flight arrived within 10 minutes on €
side of the scheduled arrival time abozutg, of the time, and for Airline Q, that number was only abcl)’@t
For the® reasons, | think Airline P is the better choice.

Instructional Strategies SeeSID.1

Tools/Resources

S.ID.13
Lffdza iGN GA GBI & ND &z8hitd:/Evdiliudtrativetnathematics.org/illustrations/942

Ltf dza i NI A D6 LIS B R K BtMIWMA. iDEtréativeméathematics.org/illustrations/1027

For detailed information seddigh School Statistics and ProbabillByogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_pregsion _sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters



http://www.illustrativemathematics.org/illustrations/942
http://www.illustrativemathematics.org/illustrations/1027
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Statistics and Probability Interpreting Categorical and Quantitative Data (SID)

Cluster: Summarize, represent, and interpret data on a single count or measurement variable.

Standard: SID.4 Use the mean and standard deviation of a data set to fit it to a normal distribution and to
estimate population percentagefRecognize that there are data sets for which such a procedure eppobpriate.
Use calculators, spreadsheets, and tables to estimate areas under the normal @iyve

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving thei?.5 Use appropriate tools strategicall
MP.2 Reason abstractly ahquantitatively. MP.7 Look for and make use of structu
MP.3 Construct viable arguments and critique the reasoning of others.

MP.4 Model with mathematics.

Gonnections. SedS.D.1 Common MisconceptionsSeeS.ID.1

Explanaionsand Examples S1D.4

While students may have heard of the normal disition, they may have little prior experience using it to make
ALISOATAO SaltAyYrGSao .dZAf R 2y &a0dzRSyGaQ dzyRSNREG!
distribution uses are to make estimates of frequencies (which can be expressembasbifties).

Emphasize that only some data are well described by a normal distribution.

Use the 6895-99.7 rule to estimate the percent of a normal population that falls within 1, 2, or 3 standard
deviations of the mean.

Recognize that normal distribotis are only appropriate for unimodal and symmetric shapes.

Students may use spreadsheets, graphing calcrtdaiad statistical software, and tables to analyze the fit betwes
a data set and normal distributions and estimate areas under the curve.

Exampeés:

1 The bar graph below gives the birth weight of a population of 100 chimpanZéesline shows how the
weights are normally distributed about the mean, 3250 grams.
Estimate the percent of baby chimps weighing BP9 grams.

Birth Weight Distribution for a Population

g 50
@ 40 //'\
5 30 \
€ 20 / \
[
5 10
o
P @ O O S 9 D P
I AA SIS
S I S
Weight (grams) Cotinuedonnext page
Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Bxplanaionsand Examples S1D.4

9 Determine which situation(s) is best modeled by a normal distribution. Explain your reasoning.

o0 Annual income of a household in the U.S.
0 Weight of babies born in one year in the U.S.

1 Suppose that SAT matiatics scores for a particular year are approximately normally distributed with a n
of 510 and a standard deviation of 100.
1. What is the probability that a randomly selected score is greater than 6107?
2. Greater than 7107
3. Between 410 and 710?
4, Ifastudg/ i Aa (y2s6y (2 &a02NB 71pnx ¢KIFIG Aa GKS aiod

750)?

Solution:

1. The score 610 is one standard deviation above the mean, so the tail area above that is about half of
0.16. The calculator gives 0.¥58

2. The score 710 is two standard deviations above the mean, so the tail area above that is about half 0
or 0.025. The calculator gives 0.0227.

3. The area under a normal curve from one standard deviation below the mean to two standard deviati
above § about 0.815. The calculator gives 0.8186.

4. Either using the normal distribution given or the standard normal (for which 750 translatesdocaiez of
2.4) the calculator gives 0.9918.

Instructional Strategies SeeSID.1

Tools/Resources

SID

a5 SaONA LI A-ByagENMIgabkad Mdd@e2This Module includes lessons for standards S-E)5-9)
In this module, students reconnect with and deepen their understanding of statistics and probability cdivs¢sroduced
in Grades 6, 7, and 8. Students develop a set of tools for understanding and interpreting variability in data, andrbakin
more informed decisions from data. They work with data distributions of various shapes, centerpreadss Students builg
on their experience with bivariate quantitative data from Grade 8. This module sets the stage for more extensive work
sampling and inference in later grades.
http://www.engageny.org/resource/algebramodule-2

S.ID.4

LffdzadNI GAGE! al (i QEBaEVEiIDStrativemathematics.org/illustrations/216
lE dza G NJ (G A @S Shduld WESehdiDut @ Bertificaté?
http://www.illustrativemathematics.org/illustrations/1218

Lff dza G NI (A @Bo You Rit K ShslCarhitipd/Www.illastrativemathematics.org/illustrations/1020

For detailed information seadigh School Statistics and Probabil@rogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.engageny.org/resource/algebra-i-module-2
http://www.illustrativemathematics.org/illustrations/216
http://www.illustrativemathematics.org/illustrations/1218
http://www.illustrativemathematics.org/illustrations/1020
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Interpreting Categorical and Quantitative Data (SID)

Cluster: Summarize, represent, and interpret data on two categorical and quantitative variables

Standard: - Summarize categorical data for two categories in-way frequency tableslnterpret
relativefrequencies in the context of the data (including joint, marginal, and conditional relative frequencies)
Recognize possible associations and trends in the data.

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving thei?.5 Use appropriate tools strategicall
MP.2 Reason abstractly and quantitatively.

MP.3 Construct viable arguments and critique the reasoning of others.

MP.4 Model with mathematics. MP.8 Look ford express regularity in repeated reasoni

Connections: SHDISE

In thiscluster, the focusisthat two categarical or two quantitative variablesare being measuredonthe same
subject. In Grade 8 students worklewith two-way frequency tables, scatter plots and lines of best fit.

Explanaionsand Examples -

Create a tweway frequency table from two categorical variables; read and interpret data displayed in a two w4
table.

Write clear summaries of data displayed in aiway frequency table.

Calculate joint, marginal, and ditional relative frequenciesMake appropriate displays of joint, marginal, and
conditional distributions.

Describe patterns observed in the data. Recognize the association between two vanjattesgaring conditional
and marginal percentages.

Students may use spreadsheets, graphing calculators, and statistical software to create frequency tables and
determine associations or trends in the data.

Examples:

Two-way Frequency Table
1 A twoway freqiency table is shown below displaying the relationship between age and baldness. We to(
sample of 100 male subjects, and determined who is or is not bald. We also recorded the age of the ma
subjects by categories.

Two-Way Frequency Table
Bald Age Total
Younger than 45 45 or older
No 35 11 46
Yes 24 30 54
Total 59 41 100

Thetotal row andtotal columnentries in the table above report the marginal frequencies, while entries in t
body of the table are the joint frequencies.

Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples -
Two-way RelativeFrequency Table

9 The relative frequencies in the body of the table aafler] conditional relative frequencies.

Two-Way Relative Frequency Table
Bald Age Total
Younger than 45 45 or older
No 0.35 011 0.46
Yes 0.24 0.30 0.54
Total 0.59 0.41 1.00

1 Given the data in the table belowhat is the joint frequency of students who have chores and a curfew?
Which maginal frequency is the largest?

Curfew: Yes | Curfew: No Total
Chores: Yes| 13 5 18
Chores: No | 12 3 15
Total 25 8

9 The 54 students in one of several middle school classrooms were asked two questions about musical
LINETFSNEBEYyOSayYy w2 &2dz i M{1$S NB QKK E ¢tKS NBalLRya

Like Rap
Like Rock Yes No Row Totals
Yes 27 6 33
No 4 17 21
Column Totals 3 23 54
1. Is this a random sample, one that fairly represents the opinions of all students in the middle school?
2. What percentage of the students in the classroom like rock?

3. Isthere evidene in this sample of a positive association in this class between liking rock and liking rap
Justify your answer by pointing out a feature of the table that supports it.
4. Explain why the results for this classroom might not generalize to the entire naddt®l.

Solution:
1. This is not a randomly selected sample that fairly represents the students in the school. See part (d) f¢
details.

2. 3¥5,=61.1%

3. Yes, there is evidence of a positive association. Of those who Iiké7R§p=, 87.1% like Rock, too
This means that the percentage of those who like Rock is higher among those who like Rap than amo
entire sample.

4. The sample is not necessarily a random sample. While it might be true that the association holds in ot
classes, we have no evidenof this. It is possible, for instance, that this was an unusual class at this sg
maybe this class consisted entirely of music students, and their preferences would be different than in
classes or than in the entire school.

Catinuedon next page
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Instructional Strategies -

In the categorical case, begin with two categories for each variable and represent them imeywtable with

the two values of one variable defining the rows and the two values of the other variable defining the column
(Extendiry the number of rows and columns is easily done once students become comfortable with the 2x2 @
The table entries are the joint frequencies of how many subjects displayed the respectivelessified values.
Row totals and column totals constitutee marginal frequencies. Dividing joint or marginal frequencies by the
total number of subjects define relative frequencies (and percentages), respectively. Conditional relative
frequencies are determined by focusing on a specific row or column oftile.t They are particularly useful in
determining any associations between the two variables.

In the numerical or quantitative case, display the paired data in a scatterplot. Note that although the two var
in general will not have the same scadgy., total SAT versus grafeint average, it is best to begin with variableg
with the same scale such as SAT Verbal and SAT Math. Fitting functions to such data will avoid difficulties ¢
interpretation of slope in the linear case in which scalé®ed Once students are comfortable with the same sc4g
case, introducing different scales sititms will be less problematic.

Common Misconceptions-

Sudentsmay believe:

That a45 degee line in the satterplot of two numerical variablesalwaysindicatesa slope of 1 whichiis the case
only whenthe two variableshave the same saling.

Thatresidual plotsin the quartitative case should show a pattern of some sort. Just the opposite is the case.

Tools/Resources

SID

a5 S a ONA LIaxBRagENMIgabkad Kddide 2AThis Module includes lessons for standards S-)5-9)
In this module, students reconnect with and deepen their understanding of statistics and probability concepts first irdrg
in Grades 6, 7, and 8. ustents develop a set of tools for understanding and interpreting variability in data, and begin to
more informed decisions from data. They work with data distributions of various shapes, centers, and spreads. Stude
on their experiencavith bivariate quantitative data from Grade 8. This module sets the stage for more extensive work \
sampling and inference in later grades.
http://www.engageny.org/resourcedlgebrai-module-2

LffdzaGNI GAD8dza Rk OK B Yt B BDENIAusEeathematics.org/illustrations/123

For detailed information seadighSchool Statistics and Probabiligrogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Statistics and Probability Interpreting Categorical and Quantitative Data (SID)

Cluster: Summarize, represent, and interpret data on two categorical and quantitative variables.

Standard: - Representata on two quantitative variables on a scatter plot, and describe how the vari
are related. (g)

a. Fit a function to the data; use functions fitted to data to solve problems in the context of the datagiven
functions or choose a functi@uggested by the contexEmphasize linear and exponential models.

b. Informally assess the fit of a function by plotting and analyzing netsd
c. Fit a linear function for a scatter plot that suggests a linear association.

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structure.
MP.3 Construct viable arguments and critique the reasoning of others.

MP.4 Model with mathematics. MP.8 Look for and express regularity in repeated reaso
MP.5 Use appropriate tools strategically

Connections:  SedSHlDg Common MisconceptionsSecSHDIb

Explanaionsand Examples -

Create ascatter plot from two quantitative variables; identify the independent and dependent variables; and
describe the relationship of the variable®escribe the form, strength and direction of the relationship.

S.ID.6&; Determine when linear, quadratic, amcponential models should be used to represent a data set.
Use algebraic methodsand technology to fit alinear, exponential or quadratitunctionto the data. Usethe
functionto predict values. Exphin the meaning of the slope andy-interceptin cantext. Exphin the meaningof the
growth rate and y-intercept in cantext. Expéin the mearing of the constant and coefficientsin context.

S.ID.6Ikx Calculatea residual.Create andhnalyze a residual plot to determine whether the function is an
approprite fit.

S.ID.6q Categorize data as linear or not. Write the equation of the line of best fit.
The residual in a regression model is the difference between the observed and the predfotesbmew(wthe
dependent variable andthe independent variable).

So, if we have a modéi=Gxo+ ¢y and a data pointdiq ¢x) the residual for this point is: = G (Gact 6).

Students may usspreadsheets, graphing calators, and statistical software to represent data, describe how th
variables are related, fit functions to dagaerform regressions, and calculate residuals.

Examples:
w Measure the wrist and neck size of each person in your class and make a plmtt&ind the least squares
regression line Calculate and interpret the correlation coefficient for this linear regression model.
Graph the residuals and evaluate the fit of the linear equations.

Continued on next pag
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Explanaionsand Examples -

1 The following data shows the age and average daily energy requirements for make children and teeng

Age 1 2 5 11 14 17
Daily Energy | 1110 | 1300 | 1800 | 2500 | 2800 | 3000

Create a graph and find a linear function to fit the data. Ugmg function, what is the daily energy
requirement for a male 15 years old? Would your model apply to an adult male? Explain your reason

9 Collect data on forearm length and height in a class. Plot the data and estimate a linear function foath
Compare and discuss different student representations of the data and equations students discover.

Could the equations(s) be used to estimate the height for any person with a known forearm length?
Why or why not?

Instructional Strategies See-

Tools/Resources

SID

G5 S aONR LI A-ByagENMgébkad Kidd@exThis Module includes lessons for standards S-H5-9)
In this module, students reconnect with and deepen their understandingadsits and probability concepts first introducec
in Grades 6, 7, and 8. Students develop a set of tools for understanding and interpreting variability in data, andrbakgn
more informed decisions from data. They work with data distributioihgapious shapes, centers, and spreads. Students b
on their experience with bivariate quantitative data from Grade 8. This module sets the stage for more extensive work
sampling and inference in later grades.
http://www.engageny.org/resource/algebramodule-2

Lff dza G NI G A O BsedhSuliafi Sordstéas Hig/Mww.ilfustrativemathematics.org/illustrations/941

Lt f dza i NI ( A O BaptaplBattkr$ Gharged@ig/Mww.ilkustrativemathematics.org/illustrations/1559

For detailed infomation seeHigh School Statistics and Probabil@rogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp _hs 20421 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Statistics and Probability Interpreting Categorical and Quantitative Data (SID)

Clster: Interpret linear models.

Standard: SID.7 Interpret the slope (rate of change)and the intercept (constant term) of alinearmodelin the
context of thedata. (E)

Suggested tandards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.
MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategically
MP.4 Model with mathematics. MP.6 Attend to precision.

Gonnections. S.ID.#9

Developing a measure of relationship between m@ntitative variablesvasintroduced inmiddle schoal

The focus here is on the development of the correlation coefficient as a measure of how well the data fit the
relationship. The important distinction between a statistical relationship and a embeffect relationship arises
S.ID.9.

Explanaionsand Examples SID.7

Explairthe meaning of slope anglintercept in terms of the units stated in the data and context of the situation.

Students may use spreadsheets or graphing calculators &tecrepresentations of data sets and create linear
models.

Examples:

w Lisa lights a candle and records its height in inches every hour. The results recorded as (time, height) a
(0, 20), (1, 18.3), (2, 16.6), (3, 14.9), (4, 13.2), (5, XZ.9,1), (9, 4.7), and (10, 3).
9ELINB&& (KS hpds g frictrind timé)Sind3tité thedmeaning of the slope and the intercept
terms of the burning candle.

Solution

h=-1.7t+20

{f2LISY ¢ KS Qé¢aseRiy $.Dikchek BriedK fibur RIS Brning.
Intercept: Béore the candle begins to burn, its height is 20 inghes

9 Collect power bills and graph the cost of electricity compared to the number of kilowatt hours used. Fing
function that modelghe data and tell what the intercept and slope mean in the context of the problem.

Instructional Strategis: SID.7-9

In this cluster, the key is that two quantitative variables are being measured on the same subject. The paireq
should be listed iad then displayed in a scatterplot. If time is one of the variables, it usually goes on the horiz(
axis. That which is being predicted goes on the vertical; the predictor variable is on the horizontal axis.

Continued on next pag
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Instructional Stategies SID.7-9

Note that unlike a twadimensional graph in mathematics, the scales of a scatterplot need not be the same, ai
even if they are similar (such as SAT Math and SAT Verbal), they still need not have the same3padsugal
rendering d slope makes no sense in most scatterplots, i.e., a 45 degree line on a scatterplot need not mean
of 1.

Often the interpretation of the intercept (constant term) is not meaningful in the context of the data. For
example, this is the case when thero point on the horizontal is of considerable distance from the values of th
horizontal variable, or in some case has no meaning such as for SAT variables.

Notingthat a correlated relationship between two quantitative variablesis notcausal (unlessthe variablesare in an
experiment)is avery important topic and a substartial amount of time should be spentoniit.

Common MisconceptionsSID.7-9

Students may believe:

That a 45 degree line in the scatterplot of two numerical variables always iadiaatlope of 1 which is the case
only when the two variables have the same scaling. Because the scaling for mamgndaituation varies
greatly students need to be give opportunity to compare graphs of differing scale. Asking students question
What would this graph look like with a different scale or using this scale? Is essential in addressing this
misconception.

That when two quantitative variables are related, i.e., correlated, that one causes the other to occur. Causati
not necesarily the case. For example, at a theme park, the daily temperature and number of bottles of water
are damonstrably correlated, but anincrease in the number of bottlesof watersold doesnot cause the day@
temperature torise or fall.

Tools/Resouces

SID

G5 SaONA LI A-BageNMIgabkad Mddde2§This Module includes lessons for standards S-B)5-9)
http://www.engageny.org/resource/algebramodule2

S.107-9
oDevising a Measure for CorrelatiogMathematics Assessment Project
This lesson unit is intended to help you assess how well students understand the notion of correlation. In particuldr this
aims to identify and help students who have itifity in:
w! YRSNEGI YRAYI O2NNBf I GA2y | a i
wal {TAy3 I YFEGKSYFiAOrt Y2RSt 27F
w¢SadAy3a YR AYLINRGAY3I (GKS Y2RSf o
w/ 2YYdzy AOFGAy3 GKSANI NBlFazyAay3a Ot SINIeo
wIPlfdzk GAYy3I FEOGSNYIFGABS Y2RSta 2F (GKS &AlddzZ idAzyo
http://map.mathshell.org/materials/lessons.php?taskid=420#task420
LffdzadN GAGE2aKFE RS I KR ANONMSESemathematics.org/illustrations/1307

S.ID.7
Lff dza G4 N» G A O Bextmd andBaddsdl htt@/AWw.illugtrativemathematicsorg/illustrations/1028

Lf f dza 4 NI G A @ BsedSulinfa Sordstérs | Bxtp:Mvww.flustrativemathematics.org/illustrations/940
Lt f dza 4 NI G A @ Blynpit NieK'S10anéiter dasisy G
http://www.illustrativemathematics.org/illustrations/1554

iKS RSaINBS 2F FTAG o8
I &aArddzd GAZ2y o

For detailed information seddigh School Statistics and Probabil@Brogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf
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Statistics and Probability Interpreting Categoricaind Quantitative Datef (SID)

Clster: Interpret linear models.

Standard: SID.8 Compute (using technology) and interpret the correlation coefficient of a lineaefit.

Suggested tandards for Mathematical Practice (MP):

MP.4 Model with mathematics. MP.6 Attend to precision.
MP.5 Use appropriate tools strategically

Gonnections. Seds.1D.7 Common Misconceptions: SeeS.1D.7

Explanaionsand Examples SID.8

Explain that the correlation coefficient must be betweehand 1 inclusive and explain what each of these values
means.

Determine whether the correlation coefficient shows a weak pasijtsirong positive, weak negative strong negati
or no correlation.

Use the correlation coefficient to determine if a linear model is a good fit for the data (significant).

Sudents may use spreadsheetgaphing calculatorand statistical software toepresent data, describe how the
variables are related, fit functions to data, perform regressions, and calculate residuals and correlation coeffic

Examples:

9 The correlation coefficient of a given data set is 0.97. List three specific thingslthigou about the data.

w Collect height, shosize, and wrist circumference data for each student. Determine the best way to displi
data. Answer the following questions.

Is there a correlation between any two of the three indicators?
Is there a correlation between all three indicators?

What patterns and trends are apparent in the data?

What inferences can be made from the data?

9 Hypothesize the correlation between two sets of related data. Gather data to suppaetute your
hypothesis.

Instructional Strategis: SeeSID.7

Have students enter data into graphing technology, calculate theessgyn equation and interprathat the
correlation coefficient is telling about the data.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources

SID
G5 S aONX LI A-ByagbNitgébkad MddWexThis Module includes lessons for standards S-55-9)

http://www.engageny.org/resource/algebramodule-2

S.ID.79
oDevising a Measure for CorrelatiogMathematics Assessment Project
This lesson unit is intended to help you assess how well students understand the notion of correlation. In particuldr this

aims to identify and help stuas who have difficulty in:

w! YRSNEGI yRAY3 O2NNBf A2y 4 GKS RSAINBS 2F FAd 08§
wal {TAy3 I YFGKSYFGAOLE Y2RSt 2F | aAaddd A2y o
w¢SadAy3a YR AYLINRGAY3I (GKS Y2RSt o

w/ 2YYdzy AOFGAYy3 GKSANI NBlFazyAy3a Oft SINIe&o

w9 Gl fdzr Ay 3 £ 0 Singfioni A S Y2RSta 2F (KS

http://map.mathshell.org/materials/lessons.php?taskid=420#task420

LffdzZaGNI GAOB2aAF S8 KRS it:NvdviNustEvemathematics.org/illustrations/1307

For detailed information seddigh School Statistics and ProbabilBrogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.engageny.org/resource/algebra-i-module-2
http://map.mathshell.org/materials/lessons.php?taskid=420#task420
http://www.illustrativemathematics.org/illustrations/1307
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Interpreting Categorical and Quantitative Dafa (SID)

Cluster: Interpret linear models.

Standard: - Distinguish between correlation and causation. ()

Suggested tandards for Mathematical Practice (MP):

MP.3 Construct viable arguments and critidbhe reasoning of others.
MP.4 Model with mathematics. MP.6 Attend to precision.

Gonnections. Se&s.D.7 Common Msconceptions: SeeS.1D.7

Explanaionsand Examples -
Understand and explain the difference between correlation and causation.

Understand and explain that a strong correlation does not mean causation.

Determine if satements of causation seem reasonable or unreasonable and justify reasoning.

Choose two variables that could be correlated because one is the cause of the other; defend and justify selec
variables.

Choose two variables that could be correlate@re¥hough neither variable could reasonably be considered to be
cause of the other; defend and justify selection of variables.

Some data leads observers to believe that there is a cause and effect relationship when a strong relationship
observed. Students should be careful not to assume that correlation implies causation. The determination tha
thing causes another requires a controlled randomized experiment.

Examples:

9 Diane did a study for a health class about the effects of a studend'®fypear math test scores on height.
.FASR 2y I AN LK 2F KSNIRF{GFX aKS F2dzyR GKFG @
height. She concluded that "doing well on your eaficourse math tests makes you tall.”

Is this conclusn justified? Explain any flaws in Diane's reasoning.

Instructional Strategis: SeeSI1D.7
Discuss data that has correlation but no causation (height vs. foot length).

Discuss data that has correlation and causation (remabd M&Ms in a cup vs. weight of the cup).

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources

SID

G5 S aONX LI A-ByagbNigébkad MddWexThis Module includes lessons for standards S-559)
http://www.engageny.org/resource/algebraemodule2

S.ID.79

dDevising a Measure for CorrelatiogMathematics Assessment Project

This lesson unit is intended to help you assess how well students understand the notion of correlationclgpdiiis unit

aims to identify and help students who have difficulty in:
w! YRSNEGIYRAY3I O2NNBf I A2y | a GKS
wal 1Ay3 | YIFIGKSYFGAOLE Y2RSt 2¥F |
w¢SadAy3a IyR AYLINRGAY3I (GKS Y2RSt o
w/ 2YYdzy A Ol G A ifidcledrli SA NJ NBI a2y
wIBlfdzr GAYy3I FEAGSNYIFGABS Y2RSta 2F (GKS &AlddzZ idAzyo

http://map.mathshell.org/materials/lessons.php?taskid=420#task420

RSaANBS 2F FAG 08
aAlddzZ GA2y @

Lffdzad NI GA O6offesl i K RY htiRv@S Mustrativemathematics.org/illustrations/1307

LffdzZaGNI GADBS al (KSY htip:Avdviv. Mustratv@rathematicsyo i/l EsthabBsiD S €

For detailed information see High School Statistics and Probability Progression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://www.engageny.org/resource/algebra-i-module-2
http://map.mathshell.org/materials/lessons.php?taskid=420#task420
http://www.illustrativemathematics.org/illustrations/1307
http://www.illustrativemathematics.org/illustrations/44
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Making Inferences and Justifying ConclusidngSIC)

Clster: Understand and evaluate random processes underlying statistical experim

Standard: SIC1 Understand statistics as a process for making inferences about population parameters b
on a random samplfrom that population.(g)

Suggested tandards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively.
MP.4 Model with mathematics. MP.6 Attend to precision.

Connections:
The fourstep statistical process was introduced in Grade 6, with the recognition of statistical quegiiothe high
school level, students need to become proficient in all the steps of the statistical process.

Using simulation to ésnate probabilities is a part of the Grade 7 curriculum as is initial understanding of using
random sampling to draw inferences about a population

Explanaionsand Examples SIC1

Define populations, poulation parameter, random sample, and inference.

Explain why randomization is used to draw a sample that represents a population well.

Recognize that statistics involves drawing conclusions about a population based on the results obtained from
random sanple of the population.

Example

9 From a class containing 12 girls and 10 boys, three students are to be selected to serve on a school advi
panel. Here are four different methods of making the selection.

L @ {StSOG GKS UNRG GKNBS ylrYSa 2y GKS OfFaa NJ
LL® {StSOG GKS UNRG OGKNBS adddRSyida ¢Kz2 @2fdzyd s
lll. Place the names of the 22 students in a hat, mix them thoroughly, and select three names from the m
Lxd {StSO0 G§KS UsN&vilp far dasS@noriow.dzRSy 1a ¢ K2

Which is the best sampling method, among these four, if you want the school panel to represent a fair an
representative view of the opinions of your class?

Explain the weaknesses of the three you did not select as the best

Solution
Choice lll is the best solution in terms of fairness because each of the other methods does not give equa
of selection to all possible groups of three students. Explanations as to why the others are unfair may ing
comments suls as the following:

I. Names beginning with the same letter may belong to the same family or the same ethnic group.
Il. Volunteers may have special interest in a particular issue on which they want to focus.

IV. Prompt students perhaps, would be tim®re conscientious members of a panel, but they may not be tyg

of students in the class. Caontinued on next page
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Instructional Strategies SYLO8 %

Inferential statistics based on Normal probability models is a topic for Advanced Placement Statisticte@s).,
The idea here is that all students understand that statistical decisions are made about populations (paramet
particular) based on a random sample taken from the population and the observed value of a sample statist
that both words startwil K G KS f SGGSNI a&dé 0o Il LR Lz FdAz2y LI N
is a measure of some characteristic in the population such as the population proportion of American voters
in favor of some issue, or the populatiorean time it takes an Alka Seltzer tablet to dissolve.

la GKS adrdradaolrt LINRPOSaa Aa o60SAy3a YFLaliSNBR o@
a coin spun five times produces five tails in a row, could one concludéitka§ O2 Ay A& O0Al &S|
a student might answer this is by building a model of 100 trials by experimentation or simulation of the numb
times a truly fair coin produces five tails in a row in five spins. If a truly fair coin profieésils in five tosses 15
times out of 100 trials, then there is no reason to doubt the fairness of the coin. If, however, getting five tails
spins occurred only once in 100 trials, then one could conclude that the coin is biased towaifithalsdin in

guestion actually landed five tails in five spins).

A powerful tool for developing statistical models is the use of simulations. This allows the students to visuali
model and apply their understanding of the statistical process.

Provide opportunities for students to clearly distinguish between a population parameter which is a constant,
sample statistic which is a variable.

Common Misconceptions Sy Lo

Students may believe
That population parameters and sample statistics one in the same, e.g., that there is no difference between {

population mean which is a constant and the sample mean which is a variable.

Making decisions is simply comparing the value of one observation of a sample statistic to the value datomoy]
parameter, not realizing that a distribution of the sample statistic needs to be created.

Tools/Resources:

Lt f dza G NI ( A @ SchaolAdvis@yyPariel kit #HWvw.i lldstrativemathematics.org/illustrations/186
Lt f dza G NI ( A @WhyRanddn&e? I hilp¥/@wévYllustradivemathematics.org/illustrations/191
lllustrative Mather" I i A \dusidal Preferencés http://www.illustrativemathematics.org/illustrations/123

For detailed information seddigh School Statistics and Probabil@rogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf
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Statistics and Probability Making Inferen@s and Justifying Conclusiofis (SIC)

Clster: Understand and evaluate random processes underlying statistical experim

Standard: SIC2 Decide if a specified model is consistent with results from a givengkataratng process,
e.g.,using simulation.For example, a model says a spinning coin falls heads up with probability 0.5. would a
of 5 tails in a row cause you to question the modgly

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sese of problems and persevere in solving themMP.6 Attend to precision.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structt
MP.3 Construct viable arguments and critique the reasoning of otherddP.4 Model with mathematic
MP.5 Use appropriate tools strategically. MP.8 Look for and express regularity in repeated reaso

Connections:  SedoA Common Misconceptions: SecEAleN

Explanaionsand Examples SI1C2

Include comparing theoretical ar@npirical results to evaluate the effectiveness of a treatment.
Explain how well and why a sample represents the variable of interest from a population.
Demonstrateunderstandingpf the different kinds of sampling methods.

Design simulations of random satimg, assign digits in appropriate proportions for events, carry out the simulati
using random number generators and random number tables and explain the outcomes in context of the popl
and the known proportions.

Possible dataenerating processaaclude (but are not limited to): Flipping coins, spinning spinners, rolling a nu
cube, and simulations using the random number generators.

Students may use graphing calculators, spreadsheet programs, or applets to conduct simulations and quickly
large numbers of trials.

The law of large numbers states that as the sample size increases, the experimental probability will approacl
theoretical probability. Comparison of data from repetitions of the same experiment is part of the modehguilg
verification process.

Examples:

1 Have multiple groups flip coins. One group flips a coin 5 times, one group flips a coin 20 times, and one
FtALA + O2AY wmnn GAYSaA® 2 KAOK 3INRdzZLIQAa NBadzZ Ga

Catinuedonnext page
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Explanaionsand Examples SIC.2

1 A random sample of 100 students from a specific high school resulted in 45% of them favoring a plan to
implement block scheduling. Is it plausible that a majority of the students in the school actually favardke
schedule? Simulation can help answer the questions.

The accompanying plot shows a simulated distribution of sample proportions for samples of size 100 frg
population in which 50% of the students favor the plan, and another distribution from algtiguin which
60% of the students favor the plan. (Each simulation contains 200 runs.)

1. What do you conclude about the plausibility of a population proportion of 0.50 when the sample propo
is only 0.45?

-
Distribution of Sample Proportions Dot Plot 3 !

il

035 040 045 050 055 060 065
Sample_Proportion

| 0.45 =0.45

2. What about the plausibility of 0G6for the population proportion?

Distribution of Sample Proportions f Dot Plot & !

m ™

045 050 055 060 065 070 0.75
Sample_Proportion

| 0.45 =0.45

Solution:

1. When sampling 100 students from a population in which 50% of the students favor the plan, the data
indicates that a sample proportion of 45% (or less) is quite likely to occur. Thus, a population propbrtig
0.50 is plausible, given the observed sample result.

2. When sampling 100 students from a population in which 60% of the students favor the plan, the data

indicates that a sample proportion of 45% (or less) is quite unlikely. Thus, a population prod®.60 is
not plausible, given the observed sample result.

Instructional Strategies Seem

Tools/Resources:
Lf f dza 4 NI G A @ Sarah theiGhidhyahzéeht® dWvw.illdstrativemathematics.org/illustrations/244

LftfdzadNI G0AGBSt abi K§ U KRy MystEhtivemathematics.org/illustrations 25
LftdZAGONI GAGEI AF EKE KB (i A Bth: M. flubtdtsematbematics.org/illustrations/1099

For detailed information seddigh School Statists and ProbabilityProgression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

[N
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http://www.illustrativemathematics.org/illustrations/125
http://www.illustrativemathematics.org/illustrations/1099
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Robability: Making Inferences and Justifying ConclusidngSIC)

Clster: Make inferences and justify conclusions from sample surveys, experiments and observatio
studies.

Standard: ‘ Recognize the purposes of and differences among sample surveys, experiments, and
obsenationalstudies; explain how randomization relates to ba¢e)

Suggested Standards for Mathematical Practice (MP):

MP.2 Reason abstractly and quantitatively. MP.4 Model with mathematics
MP.3 Construct viable arguments and critique the reasoning of otherddP.6 Attend to precision.

Gonnections. S.IC.26

In earlier grades, students are introduced to different ways of collecting data and use grapptaysiand
summary statistics to make comparisons. These ideas are revisited with a focus on how the way in which dg
collected determines the scope and nature of the conclusions that can be drawn from that data. The concep
statistical significace is developed informally through simulation as meaning a result that is unlikely to have
occurred solely as a result of random selection in sampling or random assignment in an experiment

Using simulation to estimate probabilities is a part of the @rd@cturriculum, as is introductory understanding of
using random sampling to draw inferences about a population.

Explanaionsand Examples ‘

Identify situations as either sample survey, experiment, or observational study. Discuss the approgsiafeesch
2ySQa dzaS Ay O2yGSEdGa 6AGK fAYAGAY3T FILOG2NRO® 58

Desigror evaluate sample surveys, experiments and observational studies with randomization. Discuss the
importance of randomization in these processes

Students should be able to explain techniques/applications for randomly selecting study subjects from a pop
and how those techniques/applications differ from those used to randomly assign existing subjects to control
groups or experimental groups a statistical experiment.

In statistics, and observational study draws inferences about the possible effect of a treatment on subjects, v
the assignment of subjects into a treated group versus a control group is outside the control of the ingegtigat
example, observing data on academic achievement and ®mtioomic status to see if there is a relationship

between them). This is in contrast to controlled experiments, such as randomized controlled trials, where ea
subject is randomly assigneéal a treated group or a control group before the start of the treatment.

Example

9 Students in a high school mathematics class decided that their term project would be a study of the strict
the parents or guardians of students in the schobhei goal was to estimate the proportion of students in th
d0K22f ¢K2 (K2dAKIGI 2F (K SThbydbdtothBrg timé to thiddvicivazl 18R A |
students in the school, so they plan to obtain data from a sample of students.

Cotinuedon next page
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Explanationsand Examples '
a. Describe the parameter of interest and a statistic the students could use to estimate the parameter.

b. Is the best design for this study a sample survey, an experiment, or an observational study?
Explain your reasoning.

c. ThestzZRSy la ljdzaOl1te& NBFIEATSR GKFEGX a GKSNB Aa
G! NB @2dzNJ LI NByda 2NJ 3dz2 NRAFya adNROGKE 2NRGS
strictness.

d. Describe an appropriate nieid for obtaining a sample of 100 students, based on your answer in part (&
above.

Solution:(This task connects to standard S.IC.1)

(a) The parameter of interest is the proportion of all 1000 students at the school who have strict parents g
guardians.A possible statistic to estimate this parameter is the proportion of students in the collected san
who have strict parents or guardians.

(b) The best design would be a sample survey, because we are interested in estimating a population par
namely, the proportion of all parents at the school who are "stridt"is less time consuming and costly to tak|
a random sample of students than to interview all students at the school.

(c) Answers will vary. "Do your parents require you to do your hvaonk before you can meet with your
friends?" "Do your parents require that you be home before 11pm on a weekend nigi@"your parents limit
your mobile phone time?"

(d) Answers will vary. A list of all students should be obtained from the prinajffads and a subset of studen
names should be taken from the list by randomly sampling without replacement. For example, the stude
could read triplets of digits from a random number table so that 000 represents the first student on the
principal's Ist and 999 the last. The students would begin at an arbitrary point in the table and then write
consecutive triplets until they had obtained the desired sample size. If a-thgdenumber is repeated, then
they should skip that triplet and writeadvn the next. Alternatively, a computer could be asked to take a
random sample without replacement from the digits 1 through 1000.

Instructional Strategies S1C.36

This cluster is is designed to bring the fstep statistical process to life and heffudents understand how
statistical decisions are made. The mastery of this cluster is fundamental to the goal of creating a statisticalll
literate citizenry. Students will need to use all of the data analysis, statistics, and probability conceptsl tover
date to develop a deeper understanding of inferential reasoning.

Students learn to devise plans for collecting data through the three primary methods of data production: sury
observational studies, and experiment8andomization plays variolgy roles in these method€£mphasize that
randomization is not a haphazard procedure, and that it requires careful implementation to avoid biasing the
analysis. In surveys, the sample selected from a population needs to be representative; taking asanmgsenis
generally what is done to satisfy this requiremeii.observational studies, the sample needs to be representati
of the population as a whole to enable generalization from sample to populafibe.best way to satisfy this is to

use randomselection in choosing the sample. )
Catinuedon next page
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Instructional Strategies SIC.36

Students like to ask each other questions, but constructing meaningful, unbiased survey questions is not ea
by critiquing published surveys before having students detbigin own.

In comparative experiments between two groups, random assignment of the treatments to the subjects is es
to avoid damaging problems when separating the effects of the treatments from the effects of some other vg
called confoundingln many cases, it takes a lot of thought to be sure that the method of randomization corre
produces data that will reflect that which is being analyzed. For example, in-a¢atnent randomized
experiment in which it is desired to have the same hamof subjects in each treatment group, having each sul

toss a coin where Heads assigns the subject to treatment A and Tails assigned the subject to treatment B w
produce the desired random assignment of egsiake groups.

The advantage thatgeriments have over surveys and observational studies is that one can establish causa
with experiments.

Standard 4 addresses estimation of the population proportion parameter and the population mean parametg
Data need not come from just a survieycover this topic. A margiof-error formula cannot be developed throug
simulation, but students can discover that as the sample size is increased, the empirical distribution of the s
proportion and the sample mean tend toward a certain shé&the Normal distribution), and the standard error o}

the statistics decreases (i.e. the variation) in the models becomes smaller. The actual formulas will need to
stated.

Standard 5 addresses testing whether some characteristic of two pairedependent groups is the same or
different by the use of resampling technique€onclusions are based on the concept aftue. Resampling

procedures can begin by hand but typically will require technology to gather erahggrvationdor which a
p-value calculation will be meaningful.

Use avariety of devicesasappropriateto carry out simulations. number cubes, cards, randomdigit tables,
graphing calculators, computer programs.

Common MisconceptionsSI1C.36
Students may believe:
Thatcollecting data is easy; asking friends for their opinions is fine in determining what everyone thinks.

That causal effect can be drawn in surveys and observational studies, instead of understanding that causalit
in fact a property of experiments.

That inference from sample to population can be done only in experiments. They should see that inference c
be done in sampling and observational studies if data areatelfl through a random process.

Catinuedonnext page
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Tools/Resources

S.IC.%

dinterpreting Satistics: A Case of Muddying the WatecdMathematics Assessment Project
This lesson unit is intended to help you assess how well students are able to:
WLYGSNIINBG REGF FYR S@IfdzZ S adldAadAOrt &adzyYl NASaA
w/ NAGAljdzS§ a2YS2yS St andaaluatibns of StatiktibiBsinmmade2 ya 2F R G|
The lesson also introduces students to the dangers of misapplying simple statisticamonidatontexts, and illustrates some
of the common abuses of statistics and charts found in the media

http://map.mathshell.org/materials/lessons.php?taskid=217#task217

LtfdzadNI GABE0G AR OE Shitp:/SbvDidSrativeinathematics.org/illustrations/122
It £ dza G NI 0 A 9S2 aNK K SIYy R hmodedoly.Dudttativémathematics.org/illstrations/1029
LtfdzZaGNI GAGBS al G§KSYI Untpdaw.illusrdtive@athemafic® @ dRlludtraNidhs/ Bl eaNE ¢

For detailed information see lgh School Statistics and Probability Progression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf
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Statistics and Probability Making Inferences and Justifying ConclusiongSIC)

Clster: Make inferences and justify conclusions from sample surveys, experiments and observatio
studies.

Standard: SIC4 Use datdrom a sample survey to estimate a population mean or proportion; develop a m
of error through the use of simulation models for random sampli@.

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere Iaiisg them. MP.5 Use appropriate tools strategic
MP.3 Construct viable arguments and critique the reasoning of others.
MP.4 Model with mathematics. MP.6 Attend to precision.

Connections: SecSHGR Common Misconceptions:SecSHGE3

Explanaionsand Examples SIC4

For S.IC4 focus on the variability of results from experiments. Focus on statistics as a way of dealing with, r
eliminating, inherent randomness.

Calculate the sample mean and proportion.
Use sample means and sample proportions taneate population values.
5SFSYR (KS adldSYSyidz a¢KS LRLMAFGA2Y YSFyYy 2N LN

Al YLX S A& NIyR2Yfeée aStSOGSR FyR fINBS Sy2dzaK (2
Infer that the population mean or proportivis equal to the sample mean or proportion and conduct simulation
determined which sample results are typical of this model and which results are considered opdssible, but

unexpecteil

Choose an appropriate margin of error for the sample meaproportion and create a confidence interval based
the results of the simulation conducted.

Determine how often the true population mean or proportion is within the margin of error of each sample meg
proportion.

Pose a question regarding the meanproportion of a population, use statistical techniques to estimate the
parameter, and design an appropriate product to summarize the process and report the estimate. Explain w
results mean about variabilityy a population and use results tolcalate the error for these estimates.

Students may use computer generated simulation models based upon the results of sample surveys to estim
population statistics and margins of error.

Cotinuedonnext page
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Explanaionsand Examples SIC.4

1 Is normal body temperane the same for men and women? Medical researchers interested in this questi
collected data from a large number of men and women. Random samples from that data are recorded i

table below.
a. Use a 95% confidence interval to estimate the mearytbechperature of men.
b. Use a 95% confidence interval to estimate the mean body temperature of women.

c. Find the margin of error for the men and for the women.

d. Which margin of error is larger? Why is it larger?

Body Temperature (°F)
Male Female
069 978
97 4 98.0
978 982
97.8 982
97.9 986
98.0 988
981 988
98.6 992
98.8 994

Instructional Stategies See-B

Tools/Resources

S.IC.3%6
GLYGSNIINBGAY A {GF GAadA OaMathématics AssBssrachit PmjdgRRe@ Ay 3 (G KS
This lesson unit is intended to help you assess how well students are able to:
wL y (et315kA AN evaluate statistical summaries.
w/ NAGAILjdzS§ a2YS2yS StasQa AyGaSNILINBGlFGA2ya 2F REGE |
The lesson also introduces students to the dangers of misapplying simple statisticamonidatontexts, and illusates some
of the common abuses of statistics and charts found in the media.
http://map.mathshell.org/materials/lessons.php?taskid=217#task217

S.IC4
HNustNJ G A @S al & KSY Rk i NDOfp®wwwéilldsFrativemathematics.org/illustrations/1411

For detailed information seddigh School Statistics and Probabil@rogresion
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)



http://map.mathshell.org/materials/lessons.php?taskid=217#task217
http://www.illustrativemathematics.org/illustrations/1411
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Making Infelences and Justifying Conclusiofs(SIC)

Clster: Make inferences and justify conclusions from sample surveys, experiments and observatio
studies.

Standard: SIC5 Use data from a randomized experiment to compare two treatmentse simulations to
decide if differences between parameters are significagt)

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them. MP.6 Attend to precisio
MP.3 Construct viable arguments agritique the reasoning of others.
MP.4 Model with mathemats. MP.8 Look for and express regularity in repeated rg

MP.5 Use appropriate tools strategically.

Connections:  SeSHGK3 Common Misconceptions:SecSHEE

Explanaionsand Examples SIC5

For S.IC4 focus on the variability of results from experiments. Focus on statistics as a way of dealing with, n
eliminating, inherent randomness.

Calculate the sample mean and standard deviation of the two treatment groups and the difference of the me
Conduct ssimulation for each treatment group using the sample results as the parameters for the distribution
Calculate the difference of means for each simulation and represent those differences in a histogram.

Use the results of the simulation to create a coefide interval for the difference of means.

Use the confidence interval etermineif the parameters are significantly different based on the original diffee
of means.

Students may use computer generate simulation models to decide how likely it istktberved differences in a
randomized experiment are due to chance.

Treatment is a term used in the context of an experimental design to refer to any prescribed combination of \
explanatory variables. For example, one wants to deterntieectectiveness of week killer. Two equal pieces o
land in a neighborhood are treated, one with a placebo and one with weedtkillletermine whether there is a
significant difference in effectiveness in eliminating weeds.

Example. Number of Breaths Number of Blinks
' 10 27
1 Using a completely randazed design, 20 students counted the 9 28
number of times they blinked their eyes and the number of :']2 ig
breaths they took in one minute. The data is shown in the table 1 »
14 22
Compute the mean and standard deviation for both the numbef 20 31
of breaths and number of blinks. 12 29
13 30
What are the similarities and differences in the results? 14 20

Instructional Strategis: See-S

Major Clustes Supporting Clsterg Additional Clusters Depth Opportunities(DO)
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Tools/Resources

S.IC.3%6
GLYGSNIINBGAY3I {GF GAadA OaMathématics AssBssaehit PmjdeRReé Ay 3 G KS
This lesson unit is intended to help you assess how well students are able to:
WLYGSNLINBG REGF YR S@FfdzZ ¢S adriArAadAort adzyYl NASa
w/ NAGAIjdzS§ a2YS2yS StasSQa AYyGSNILINBGlFGA2ya 2F REGE |
The lesson also introducetidents to the dangers of misapplying simple statistics inwaald contexts, and illustrates some
of the common abuses of statistics and charts found in the media.
http://map.mathshell.org/materials/lessons.php?taskid=217#task217

For detailed information see High School Statistics and Probability Progression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression _sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=217#task217
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Making Inferences and Justifying ConclusidngSIC)

Clster: Make inferences and justf conclusions from sample surveys, experiments and observation:
studies.

Standard: SIC6 Evaluate reports based on date)

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevarsolving them. MP.4 Model with mathematts.

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategica
MP.3 Construct viable arguments and critique the reasonfraghers. MP.6 Attend to precision.
MP.7 Look for and make use of structure. MP.8 Look for and express regularity in repeated reasqg

Connections:  SeSHIGK3 Common Misconceptions:SecSHEE

Explanaionsand Examples SIC6

Read and explain in context data from outside reports.

Identify the variables as quantitative or categorical.

Describe how the dateas collected.

Indicate any potential biases or flaws.

Identify inferences the author of the report made from sample data.

Write or present a summary of a daltesed report addressing the sampling techniques used, inferences made,
any flaws or biases.

Explanations can include but are not limited to sample size, biased survey sample, interval scale, unlabeled g
uneven scale, and outliers that distort the lin&bestfit. In a pictogram the symbol scale used can also be a soy
of distortion.

Asa strategy, collect reports published in the media and ask students to consider the source of the data, the d
the study, and the way the data are analyzed and displayed.

Example:

1 A reporter used the two data sets below to calculate the mean mgugtice in Kansas as $629,000.
Why is this calculation not representative of the typical housing price in Kansas?

o Wichita area {1.2nillion, 242,000, 265,500, 140,000, 281,000, 265,000, 211,000}
o Overland Park homes {&illion, 154,000, 250,000, 250,000, 200,000, 160,000, 190,000}

Instructional Strategie: See-B

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources

S.IC.3%6
GLYGSNIINBGAY3T {GF GAadA OaMathématics AssBssraetit PejdzR R & A y 3
This lesson unit istended to help you assess how well students are able to:
WLYGSNIINBG REGF FYR S@Ifdza S adldAadAOrt &adzyyYl NASaA
w/ NARGALdzS a2YS2yS StasSQa AyuSNLINBGFGA2ya 2F REGE F
The lesson also introduces students to the dangérsisapplying simple statistics in reabrld contexts, and illustrates some
of the common abuses of statistics and charts found in the media.
http://map.mathshell.orgmaterials/lessons.php?taskid=217#task217

“ A

u K

For detailed information see High School Statistics and Probability Progression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters

Depth Opportunities(DO)


http://map.mathshell.org/materials/lessons.php?taskid=217#task217
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Conditional Probabilityand the Rules of Probability (SCP)

Clster: Understand independencand conditional probability and use them to interpret data.

Standard: SCP1 Describe events as subsets of a sample space (the set of outcomes) using characterist
categories T G KS 2dzi02YSas 2Nl a dzyAz2yas AYIBNHEDE ey

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving thenMP.6 Attend to precision.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structt
MP.4 Model with mathemats.

Gonnections. S.IC.15
Bednning work with categorical variables and twma@y tables occurs in Grade B.is likely that these standards wil
need to be revisited on a deeper level

Explanaionsand Examples SCPR1

Build on work with tweway tablesrom -ao develop understanding of conditional probability and independe
Define a sample space and events within the sample space.

Establish evats as subsets of a sample space.

Use correct set notation, with appropriate symbols, to identd{ssand subsets.

Define union, intersection, and complement.

Draw Venn diagrams that show relationships between sets within a sample space.

Theintersectionof two setsAandBis the set of elements that are common to both gedndsetB. It is denoté by
Aé Bl YR A &AintddektiBnBE
1 Aé Binthe diagramigl, 5

9 This means: BOTH/AND U

Theunion of two setsAandBis the set of elements, which are Awor in B, or in both. It is denoted by é B, and is
read GAunionBé @

1 Ae Binthe diagramigl12, 3,4,5,7

9 This means: EITHER/OR/ANY

1 Could be both

Thecomplementof the setAé Bis the set of elements that are members of the universaksbtt are not inAée B.
It is denoted byAe B0 Q _
1 (Aé BOifethe diagram i§8} Catinuedon next page

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Explanaionsand Examples SCP.1
Examples:
9 Describe the event that the summing two rolled dice is larger thandeven, and contrast it with the event
that the sum is larger than @r even.

1 Create a Venn diagram to display the informatinrihe table. Describe the set of students who have a cu

odzi R2y Qi R2 OK2NBa & | adzoaSi 2F¥ G(KS 3INPdzLI®
Curfew: Yes | Curfew: No Total
Chores: Yes| 13 5 18
Chores: No | 12 3 15
Total 25 8

Instructional Strategies SCP1-5

TheStandard for Mathematical Practiceprecisionis important for working with conditional probability.
Attention to the definition of an event along with the writing and use of probability function notation are
important requisites for communication of that precisiororExample: Let A: Female and B: Survivor, then
to!lp. 0o o ¢KS dzasS 2F I OSNIAOFt fAYyS F2NJ KS 02
the events B|A and A|B. Moreover, they often find identifying a conditional difficakkmthe problem is
SELINB&&aSR Ay 62NRa Ay 6KAOK G(GKS 62NR &a3IA@Syé¢ Aa
survivor. The standaridllake sense of problems and persevere in solving thelso should be employed so
students can look for ays to construct conditional probability by formulating their own questions and working
through them such as is suggested in standard 4 above. Students should learn to employ the use of Venn @
as a means of finding an entry into a solution to adittonal probability problem.

LG oAttt GF1S F €20 2F LINFOGAOS G2 YIadSNI dKS @2
union{ 0 X AYOGSNBRSOGAZ2Y o 0 YR oKIFEGSOSNI y2GlFGA2Y

The independence of two events igfthed in Standard 2 using the intersection. It is far more intuitive to intrody
the independence of two events in terms of conditional probability (stated in Standard 3), especially where
calculations can be performed in tweay tables.

The Standardsithis cluster deliberately do not mention the use of tree diagrams, the traditional way to treat
conditional probabilities. Instead, probabilities of conditional events are to be found usingraawtable
wherever possible.Using a tweway table begis with calculation of marginal probabilities. Conditional
probabilities and determination of independent events folloowever, tree diagrams may be a helpful tool for
some students. The difficulty is realizing that the second set of branches argé@asdprobabilities.

¢KSNBE |NB Ylyeée 3J22R LINRofSya aGKFrdG OFy FLIWSHKE 1
Students can formulate their questions that concern how certain characteristics of their own identity groups
viewed by sciety and understand how conditional probability is often misunderstood by society as whole.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Common MisconceptionsSCP.15

Students may believe:

That multiplying across branches of a tree diagram has nothing to do with conditional probability.
Thatindependence of events and mutually exclusive events are the same thing.

Tools/Resources

LffdzaGNT A6 KSI & K Bty ifindivd.idustiativenmathematics.org/illustations/949

For detailed information seédigh School Statistics and Probabil@Brogression
http://commoncoretools.files.wordpess.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Oportunities(DO)


http://www.illustrativemathematics.org/illustrations/949
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Conditional Probabilityand the Rules of Probability (SCP)

Clster: Understand independencand conditional probability and use them to interpret data.

Standard: SCP2 uUnderstand that two eventé andBare independent if the probability g% andBoccurring
togetheris the product of their probabilities, and use this characterization to determine if they are indepengen

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving theMP.6 Attend to precision.
MP.2 Reason abstractly and quantitatively. MP.7 Look for and make use of structt
MP.3 Construct viable arguments and critique the reasoning of others.
MP.4 Model with mathemats.

Gonnections. SeeS.CHRL Common Misconceptions:SeeS.CPL

Explanaionsand Examples SCP2

Define and identify independent event&xplain properties of Independence and Conditional Probabilities.
Use appropriate probability notation for individual events as well as their intersection (joint probability).

Calculate probabilities farvents, including joint probabilities, using various methods (e.g., Venn diagrams, freq
table).

Compare the product of probabilities for individual even&A) 1 P(B) ) with their joint probability (P(Aé B) ).
Understand that independent evenssitisfy the relationshi(A) 1P(B) =P(Aé B).
Predict if two events are independent, explain reasoning and check.

Examples:
1 When rolling two number cubes:
0 What is the probability of rolling a sum that is greater than 7?
0 What is the probability of rdlhg a sum that is odd?

0 Are the events, rolling a sum greater than 7, and rolling a sum that is odd, independent?
Justify your response.

1 Roll a pair of dice 100 times and keep track of the outcomes. Find pairs of events that are independen
pairs that are not. Justify your conclusions. (For example, the probability of rolling doubles and the pro
of rolling 7 vs. the probability of rolling doubles and the probability of rolling a sum that is less than 4).

Instructional Strategis: SeeSCP.1

Convert frequencies from a Venn diagram or a-may frequency table into probabilities with correct notation.

Generate a tweway frequency table to describe characteristics of your class (e.g. gender and eye colgsg dnel
table to determine if eye color and gender are independent.

Compare experimental results to theoretical (long run) probabilities.

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resources
LftfdzadNI GABS al G§KSYI (A Gtp¥www.dlustratiiB@athemyities.otgiEsHBatidBsyOR3S
LffdzaadNF GADBS al KSY hftd&//@\évmIIustr:étivetnéthémaltic&f.tﬁtq/iIluﬂraiﬁné/yllzy 3¢

LtfdzZaGNI GADS al (K St/ wwwddstrativensathératics:okglillistfakidds/9BE

For detailed informdion see High School Statistics and Probability Progression
http://commoncoretools.files.wordpress.com/2012/06/ccss progression sp hs 2012 104ipdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/943
http://www.illustrativemathematics.org/illustrations/1112
http://www.illustrativemathematics.org/illustrations/950
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Conditional Probabilityand the Rules of Probability (SCP)

Clster: Understand independencand conditional probability and use them to interpret data.

Standard: SCP3 Understand the conditional probability oA givenBasP (A and B/P (B), and interpret

independence oA andBas saying that the conditional probabildygivenB is the same as the probability 8f and
the conditional probability oB givenAis the same as #hprobability ofB. (g)

Suggested Standards for Mathematical Practice (MP):

MP.1 Make sense of problems and persevere in solving them.  MP.6 Attend to precision.

MP.2 Reason abstractly and quantitatively. MP.7 bdokédeause of structur
MP.4 Model with mathemats.

Gonnections. Sees.CP.1 Common Migonceptions: SeeS.CP.1

Explanaionsand Examples SCPR3

Define dependent events and conditional probability.

Explain that conditional probability is the probability of an event occurring given the occurrence of somewaher
and give examples that illustrate conditional probabilities.

Explain that for two eventd andB, the probability of even occurring given the occurrence of eveiis:

P(A\B) = H’% and give examples to show how to ube formula.

Determine if two events are independent and justify the conclusion.

Examples:
1 Given the following Venn diagram, determine whether evekigd B are independent.

U

0.4

1 A die is thrown twice. Determine the probability that the suntha rolls is less than 4 given that:
a. Atleast one of therollsis a 1.

b. The firstrollis a 1.

1 Is participation in sports independent t of participation in the arts?

Instructional Strategis: SeeSCP.1

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)
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Tools/Resurces

LtfdzadNI GABS
LtfdzadNI GABS
LtfdzAadGNI G§GAODS
LtfdzadNI GABS

al
al
al

al

i K S Y htti): Aindna.iNustrativd maeein étics D/ iStiatto hB 44 ¢

0 KSYI (A Gt ywww.dlustratid®dathdmyties.otg il EatidSsy9 R3S
0 K S Y | hit ge/n@wYillustrativemathématiog. & g/ilugtrating/¢1A2y 3 ¢
0 K $itypl//mimiv Dl dstyativendathéatics: okalill lisifakicDs/ 9B

For detailed information see High School Statistics and Probability Progression
http://commoncoretools.files.wordpress.com/2012/06/ccss_pregsion _sp_hs 2012 04 21 bis.pdf

Major Clustes Supporting Cluste Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/944
http://www.illustrativemathematics.org/illustrations/943
http://www.illustrativemathematics.org/illustrations/1112
http://www.illustrativemathematics.org/illustrations/950
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
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Statistics and Probability Conditional Probabilityand the Rules of Probability (SCP)

Clster: Understand independencand conditional probability and use them to interpret data.

Standard: SCP4 cConstruct and interpret twavay frequency tables of data when two categories are associ
with each olject being classifiedUse the tweway table as a sample space to decide if events are independent
to approximate conditional probabilitied-or example, collect: data from a random sample of students in your
school on their favorite subject among thascience, and Engliskstimate the probability that a randomly selecté
student from your school will favor science given that the student is in tenth grade. Do the same for other sult
and compare the resultge)

Suggested Standards for Mathematical Practice (MP):
MP.1 Make sense of problems and persevere in solving thenMP.4 Model with mathemats.

MP.2 Reason abstractly and quantitatively. MP.5 Use appropriate tools strategica
MP.3 Construct viable arguments and critique the reasoning of othersMP.6 Attend to precision.
MP.7 Look for and make use of structure. MP.8 Look for andexpgrilarity in repeated reasoni
Gonnections. Sees.CP.1 Common Misconceptions:SeeS.CP.1

BExplanaionsand Examples SCP4

Determine when a twavay frequency table is an appropriate display for a set of data.

Collect data from a random sample.

Construct a tweway frequency tabléor the data using the appropriate categories for each variable.

Calculate probabilities from thimble. Use probabilities form the table to evaluate independence of two variable

Pose a question for which a tweay frequency is appropriate, use statistical techniques to sample the populatio
and design an appropriate product to summarize the psscand report the results.

Students may use spreadsheets, graphing calculators, and simulations to create frequency tables and condug
analyses to determine if events are independent or determine approximate conditional probabilities.

Examples:

1 Collect déa from a random sample of students in your school on their favorite subject among math, science
history, and English. Estimate the probability that a randomly selected student from your school will favor 3
give that the student is in tenth grad®o the same for other subjects and compare the results.

1 A two-way frequency table is shown below displaying the relationship between age and baldness. We took
sample of 100 male subjects and determined who is or is nidt B&/e also recorded the agéthe male subjects
by categories.

Two-way Frequency Table
Bald Age Total
Younger than 45 45 or older
No 35 11 46
Yes 24 30 54
Total | 59 41 100

What is the probability that a man from the sample is bald, given that he is under 45?
Are the events independent? Justify your answer. Catinuedon next page

Major Clustes Qupporting Cluster Additional Clusters ‘
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Explanaionsand Examples SCP.4

1 Jaime randomly surveyed some students at his school to see what they thought of a possible increase t
length of the school day. The results of his survey are showritatile below.

Part A
A newspaper reporter will randomly select a Grade 11 student from this survey to interview.
What is the probability that the student selected is opposetengthening the school day?

Part B
The rewspaper reporter would also like tointerview astudent in favor of lengtheningthe school day.
If astudent in favor is randomly sdected, what is theprobability that this student isalso fom Grade 11?

Solution:
Part A 0.4 (or equivalent)
Part B 0.2 (or equivalent)

I Select two categorical variables and conduct research to answer various probability questions and detg
AYRSLISYRSYOS® 2ZNAUS | aySgag2NUKeeg | NOUAOES F2
relationships between the events.

Instructional Strategies SeeSCP.1

Tools/Resources
LffdzaGNF GA DS al K $tpl/iwmiwddstrativendathértics:okafilllisifakichs/M%E

[aN

Lff dza G NI ( A @ Bhe Ritanic R Ship://indwGllastativemathematics.org/illustrations/950

z z

Lff dza i NY G A @Bhe@A i K \ERd/irdvedlastativermathematics.org/illustrations/951

Lttt dAGNI GAOB241 GRSYRAADSEY (8 {OK22fKé
http://www.illustrativemathematics.org/illustrations/1025

For detailed information seédigh School Statistics and Probabil@rogression
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs 2012 04 21 bis.pdf

Major Clustes SQupporting Cluster Additional Clusters Depth Opportunities(DO)


http://www.illustrativemathematics.org/illustrations/949
http://www.illustrativemathematics.org/illustrations/950
http://www.illustrativemathematics.org/illustrations/951
http://www.illustrativemathematics.org/illustrations/1025
http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_sp_hs_2012_04_21_bis.pdf
















